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Abstract: We present a vector-host deterministic model for the
transmission and control of malaria, using prevention and treatment as
controls. A novel addition to our model is a new prevention function that
highlights the role of prevention in reducing vector populations; an
essential arsenal in the fight against malaria. Another innovation is the use
of a novel treatment function, which reflects the fact that, at any given time,
only a proportion of the infected population has access to proper treatment;
increasing this proportion is key to the effective control of malaria. Optimal
control methods are used to determine a proper combination of prevention
and treatment, necessary to effectively reduce malaria transmission.
Simulations of the solutions of the optimality system, using varying
parameter values, show that malaria infections can be drastically reduced
and possibly eradicated, if contiguous communities implement appropriate
prevention and treatment strategies.
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Introduction

Malaria is a leading cause of mortality and morbidity in
tropical and subtropical regions of the world, where an
estimated two hundred million people are at constant risk
of infection, with Africa being the most impacted.

The World Health Organization (WHO) reports that in
Sub-Saharan Africa, malaria kills at least one million
people annually and it has the potential to increase
significantly due to continuous climate change. In
developing countries, the disease persists and has become
a severe public health and socio-economic challenge.

Human malaria is a mosquito-borne disease caused by
the four species of the genus Plasmodium, a protozoan
parasite. The following species are the causative agents for
malaria in humans: Plasmodium falciparum, the deadliest
human parasite and most prevalent in the tropics;
Plasmodium vivax, the common cause of clinical malaria,
yet it’s rarely fatal, Plasmodium malariae, a rare cause of
clinical malaria, particularly in Africa; it can last for
decades as low-grade parasitaemia. Plasmodium ovale,
causes clinically relevant but not severe disease however, it
can be discovered in infections with some other species.

Transmission of the Plasmodium parasite is through
the bite of an infected female anopheles’ mosquito
(Putri and Jaharuddin, 2014). The vector becomes
infected when it bites an infected human.
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The bites usually occur between dusk and dawn and
their intensity depends on factors related to the
Plasmodium parasite, the vector, the human, the
environment and whether it chooses to bite humans or
animals (WHO, 2019a). Infection of malaria in humans
takes place when mosquitoes inject their saliva containing
sporozoites into humans; they are carried to the liver
within 30-60 min.

They then penetrate the liver hepatocytes and undergo
a phase of asexual multiplication that results in the
production of approximately 8-6 merozoites and these
merozoites penetrate the red blood cells.

This continuous activity is responsible for the cause of
malaria infection. The symptoms of malaria include fever,
chills together with headache, vomiting, anemia, diarrhea,
liver and neurological damage (Adamu et al., 2017).

Personal protection measures are the first line of
defense against mosquito-borne diseases. One of the
methods of personal protection is the use of mosquito
repellents. These are substances applied to exposed
skin or to clothing to prevent human-mosquito contact.
These only repel but do not kill mosquitoes. Other
techniques for personal protection are the use of
Insecticide-Treated Bed Nets (ITNs) and Indoor
Residual Spraying (IRS). The use of ITNs for
individuals against malaria has been shown to reduce
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the morbidity of childhood malaria (below five years of
age) by 50% and global child mortality by 20-30%
(Binka et al., 1996). When used on a large scale ITNs
are considered to represent efficient tools for malaria
vector control. There is, however, a limiting factor of
resistance in the insecticides used for impregnated nets.
Resistance of the most important African malaria
vector Anopheles gambiae S.1. to pyrethroid is already
widespread in several West African countries most
especially Ghana. In addition, government intervention
comes in many forms including mass spraying of
endemic areas. Many of these prevention strategies
contribute to a reduction of the vector population.

The use of mathematical models to investigate the
spread of infectious diseases is widely used by
mathematical biologists and epidemiologists. One of the
first researchers to publish a series of papers on malaria
using mathematical models to study transmission
processes (Ross, 1911). His research was on the
formulation of a differential equation model using
standard incidence and some biological factors such as the
biting frequency of the mosquitoes. Therefore, it is not
necessary to kill all mosquitoes in order to eradicate
malaria. Several malaria models have been developed and
studied. In addition, the application of optimal control
methods to malaria epidemic models, to investigate
prevention and treatment strategies for controlling malaria,
has been investigated by several researchers. Notable among
these studies include (Adamu et al., 2017; Bakare and
Abolarin, 2018; Bala and Gimba, 2019; Blayneh et al.,
2009; Nana-Kyere and Doe, 2017; Yusuf and Benyah,
2012) and others.

Formulation of the Model

We formulate an SEIRS-SI epidemic model for the
spread of malaria in human and mosquito populations,
respectively. The compartments in the human population
consist of susceptible individuals S;,, exposed individuals
E},, infectious individuals I, and recovered individuals R,.
The total human population N, (t), at time t, is given by

Np(8) = Sp(t) + Ep(6) + I, (t) + R (2)

Similarly, the compartments in the mosquito
population are susceptible vectors S, and infectious
vectors I,,. The total vector population N, (t), at time t,
is given by:

Nv(t) = Sv(t) + Iv(t)

Movement from the susceptible classes to either the
exposed class for humans or the infectious class for the
vector population depends on the biting rate b of the
mosquitoes and their transmission probabilities 8, 8,
respectively. The biting rate b is defined as the average
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number of bites per mosquito per day, while the
transmission probabilities 3, B, is the probability that an
infectious bite produces a new case in a susceptible
population only.

This model is related partly, to the one in Esteva and
Vargas (1998), where they assumed that apart from
humans, the mosquitoes have alternative hosts available
as blood sources (Esteva and Vargas, 1998). Let m be the
number of alternative sources for a blood meal. The

probability that a mosquito chooses a human as a host
over the other sources is given by N:’fm. The probability
that an individual receives a bite from a mosquito per unit
of time is given as (%:’) (L) and the rate at which a

Np+m
susceptible human is being infected is (—5 hi’;)
h

For the wvector population, susceptible mosquitoes
become infected when they bite an infected human. Once

infected, they remain infected for life. The probability that

a mosquito takes a human blood meal is (Nb%) per unit
h

time and the rate at which a susceptible vector is being

infected is (ﬁ"%).
h

In the absence of vaccination, the key intervention
strategies for the effective control of malaria are
prevention and treatment.

Prevention as a Means of Reducing Vector
Populations

Many of the prevention methods like Indoor Residual
Spraying (IRS) and Insecticide Treated bed-Nets (ITNs)
kill mosquitoes and hence, contribute to a reduction in the
mosquito population; the fewer the number of mosquitoes
the less likelihood of a human coming into contact with a
mosquito. Analysis from Ross (1911) shows that malaria
can only persist if the number of mosquitoes is above a
certain threshold (Ross, 1911). A major innovation in our
model is the addition of a term that shows the contribution
of prevention efforts in reducing mosquito populations.
With a prevention rate of a per unit time, we represent by
ca, (0 < ¢ < 1) the proportion of the prevention effort
that goes into reducing the vector populations. Given a per
capita natural death rate of p,, for the vector, we define the
total per-capita death rate of the vector as:

@)

For instance, ¢ = 0 corresponds to protection methods
like mosquito repellents applied to exposed skin to
prevent human-mosquito contact. These do not Kkill
mosquitoes. However, the other values of ¢, (0 < ¢ < 1)
corresponds to the use of prevention methods like IRS and
ITNs, which kill the mosquitoes and thus, help to reduce
their population.

U, +ca
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A Novel Treatment Function

Effective treatment of malaria includes the use of
appropriate medications, especially, those recommended
by WHO (2019a). In all the models reviewed, the
treatment (recovery) term is given as:

2

where y is the per-capita recovery rate and I, is the total
infective population. The treatment term given above,
implicitly, assumes that treatment is readily available to
all infected individuals. In fact, there are many instances
in which those infected do not have ready access to
healthcare facilities. Besides, there are individuals who
cannot afford the cost of the medication. The reality of all
of this is that, at any given time, only a proportion k, of
the infected get effective treatment. Another innovation in
our model, is we replace Eq. (1) with the term:

y(xly) 3)

to show that, at any given time, only a proportion of
the infective population receives full treatment.
Bearing in mind that, all untreated cases become
reservoirs for mosquitoes to further transmit malaria to
healthy individuals, part of our strategies for
eliminating malaria in our communities, will be to
ensure that treatment is readily available to all
infectious individuals.
Taking into consideration the aforementioned, the
description of the SEIRS-SI model is presented in Fig. 1.

The resulting system of non-linear ordinary differential
equations with saturation incidence is given as:
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3 bl,S
Sh = Ah - —Blch+mh - (Mh + a)Sh + th
A BrblpS,
Ep = —,Ch:mh — (un + pn)En

In = prEn — (up + v + Iy
Ry =y(xly) + aSy, — (up + @)Ry,
3 BybInSy
S =4y _Nhﬁ — (uy + ca)S,
— Bvblhsv _

Y Np+m

(4)

(4 + ca)l,

W +ca

p+ca

Fig. 1: Schematic diagram for the dynamics of the SEIRS-SI
epidemic model
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Table 1: Description of state variables

State variables Explanation

Sp(t) Susceptible humans at time t
EL(t) Exposed humans at the time t

I, (t) Infectious humans at time t
R(t) Recovered humans at the time t
S, (1) Susceptible mosquitoes at time t
L,(t) Infectious mosquitoes at time t

Table 2: Description of parameters used in the model in Eq. 4

Parameters Detailed explanation

Ap, Recruitment rate for humans
A Recruitment rates for mosquitoes

v
Br Transmission rate from infectious vector to a susceptible human
By Transmission rate from infectious human to a susceptible vector
Un Per-capita natural death rate for humans
8 Disease-induced death rate
y Per-capita recovery rate
a Prevention rate
ca Prevention efforts directed at reducing the mosquito population
Uy Natural per-capita death rate for mosquitoes
(uy + ca) Total per-capita death rate for mosquitoes
Up Per-capita natural death rate for humans
W Rate of loss of immunity for recovered individuals
b Biting rate for the mosquitoes
m Number of alternative hosts for a blood meal
Pn Progression rate from the exposed state to the infectious state
S Latent period
Ph
c Aconstant 0 < c <1
K Aconstant 0 < k <1

The description of the state variables and parameters
for the model are defined in Tables 1-2.

where:
Ny (8) = Sp(t) + Ep(6) + 1, () + Ry (t)
Nv(t) = Sv(t) + Iv(t)
Let:
G =ppta 5)
q, =Hnt Pn
Gz =up+yK+46
Qs = pp tw
qs =ty +ca
Then, Eg. (4) can be written as
s bl,S
Sh = Ah_BNhh—+7nh_q15h+th
S _ BnbInSn
Ep = Np+m G2En
Iy = prEn — qzln (6)

Rh = ]/th + aSh - q4Rh

S — . _ BobInSy _
S =4y Np+m
— Bublhsu _
T Np+m

Model Analysis
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v 5ty

In order for the model in Eq. (6) to be mathematically
and epidemiologically meaningful, all the populations and
subpopulations must be non-negative for t > 0. This can
be achieved by determining an appropriate feasible
region, for the model in Eq. (4).
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Positivity of Solutions

The following proposition would be used to investigate
the positivity of the solutions of state variables for t >0.
Proposition 1 (positivity of solutions).
Let:
0:= 0, x 2, c R* x R?
where:

A
0, = {(sh,Eh,lh,Rh)eRi:sh +E 4+, +Ry < #—:}

and:

0, := {(S,,,I,,)EIR&:SV +1, < s ca}
Suppose that the initial conditions satisfy:

{5,(0) > 0, E,(0) = 0,1,,(0) = 0,R,(0) = 0,5, > 0,1,(0))
>0}en

Then the solution set:

{S,(@®), EL(®), I,(t), Ry(D), S,(t), I,(t)} for Eq. (6) satisfy:
{S,®) > 0,E,(t) = 0,1,(t) = 0,R,(t) = 0,5,(t) =
0,I,(t) =0} forallt >0

Proof. From Eq. (4), the time derivative of S;, satisfies:
ﬁ:Ah_ Bbl, S, -
dt N, +m

L Bbl g
N, +m

(t + @)S;, + R,
()
(4 + )8,

It follows that:

Np+m

%2—<Bhb 1v+(uh+a)>5h ®)

Separating the variables gives:

ﬂz—(’“" I,,+(uh+a)>dt2 9)

dt Np+m

Pnb Jmax d
“\ N, +m® +(up +a) |dt

where, II%* js the maximum of I, in the interval [0, T].
Integrating both sides gives:

b t
InS, = — (N[zﬁfo mexdr + (up, + a)t) +k=
BnbI***
- (Wt + (up, + a)t) +k (10)
where, k is a constant of integration.
Exponentiation gives:

(b,
Sp(t) = e ( et )>Hk (11)
That is:
(b,
Sp(t) = e ( eI )>t (12)

where, A = e¥. From the initial condition, we have
S,(0) = A. This implies that:

52 2 5y Um0t (13)

The time derivative of E}, satisfies:
% = % — (un + pr)En = —(un + pr)En (14)

It follows that:

d‘% 2 —(un + pr)En (15)
Separating the variables gives:

Tz ~(un + pr)dt (16)
Integrating gives:

InE, = —(up +pplt+k an
Exponentiation gives:

Ep(t) > e~(kntpn)t+k (18)

where, k is a constant. The expression can now be written as:
Ep(t) = Be~(ntpnlt (19)

where, B = e*, With the given initial condition and at t =
0, we have E;, (0) = B.

Therefore:
En(t) = E,(0)e~n+rn)t > 0 (20)

Similarly, it can be shown that:

I, (t) = I, (0)e~WntriOt > @ (21)
and:
Ry (1) = Ry (0)e~(n+@)t > (22)

BybI®*

S,(t) = s,,(O)e_( Wit

+(uy+ ))t
P 50 (23)
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and:

L,(t) = 1,(0)e~kntaclt > o (24)
Proposition 2 (invariant region). Theregion 2 = 2, X
0, defined by:

A
0, = {(sh,Eh,Ih,Rh)eRi:sh +E,+1,+R, < #—h,sh
h

>0,E, > 0,1, > 0,R, > 0}
and:

A S, >0, >0}
+ca’™? T

(4

2, = {(s,,,l,,)en&i:s,, +1, < p

Is positively invariant under the flow given by the
system in (6).
Proof. Using the expression for total human population:

Ny, =S, + E, + I, + R, we have:

Nh=“§h+Eh+ih+Rh =Ah_#hNh_6Ih (25)
From the last equation in Eqg. (25), we obtain

we obtain:

Nh +,uhNh =Ah_61h (26)

Nh + .uhNh < Ah

Using integrating factor e#nt, the solution of the linear
system in Eq. (26) gives:

Ny (D) < % + kyehat 27)
h

where, the constant k; = N, (0 —%. Substituting into

(27) and re-arranging gives

Nh(t) + <2_:: - Nh(0)> e_#ht < 2_: (28)

The inequality in (28), shows that:

Ap Ap
N,(0O)S—=>N@t)<—,vt=0
HUn HUn

That is, if the initial population N, (0), lies within the
feasible region £2,,, then N, (t) lies in the feasible region
for the all-time t > 0:

. A
limsup,_,. N, (t) ="
Hy

The host population is bounded above by its carrying
capacity K, = &

Hh
Similarly, for the vector population, it can be shown that:

22

v v

N,(0) <

= N, (t) < ,
U, +ca v U, + ca

That is, if the initial vector N, (0), lies within the
feasible region 2,,, then N, (t) lies in the feasible region
for the all-time t > 0:

Ah
1, +Ca

limsup,_, N, (t) =

The vector population is bounded above by its
carrying K, = L

Myt ca’

The region 2 =0, X 2, is, therefore, positively
invariant. Hence, the model in Eq. (6) is mathematically
and epidemiologically well-posed.

Equilibrium Points

Without loss of generality, we determine the
equilibrium points of the system in Eq. (6), with x = 1.
The equilibrium points are the solutions of:

(29)

The system has unique disease-free and endemic
equilibrium points denoted respectively, by:

0° = (SR, Ep, 15, Ry, S2,19)
and:

* A

0" =(S,.E, 1,,R. S, 1)
The DFE is given by:
00 = (

The endemic equilibrium point is given by:

Apa Ay

Ap(ppt+w) 0)
un(@+up+w)’ actp,’

up(a+pp+w)

(30)

y 4y,

©=(S,,E; 11,R, S, 1))
where:

(Kn +m)?q2q395 (929394 — Ykwp)
g — 2939495 4n P, (Ky +m)

" Ayb?BrBypn (29394 — YEWPR)
+b,q2 039500 (Kn + m)[q194 — aw]

(420342 (Kn +m)?(q104 — aw) )
~AA DB, B, £40, 050

Ayb? B Bypr(q2q394 — YEWPR)
+b,q2 039500 (Kn + m)[q194 — aw]
(0,9,02 (K, +m)2* (qlg4 - aw)) -
I = AL’ BB, on
h
Avbzﬂhﬂv Ph (qzqqu — VK@p, ) +b2, 0,050 0, (Kh + m)[ql q, - aa}]

*

E, =
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(K, +m) 0,052 (g, - yxcqy ) +
R AA DB, B, 10k + Aab B, p, 8,00 ( Ky, +m)
A DB B, py (0,90, — 7, )+, 6,005, (Kn +m)| 6,0, — o |
Abp, (Nh + m)[q2q3q4 - yica)ph:.
. +q2q3q5(Kh+m)2[q1q4 —aa)J
" b5 (Kh+m)| 6,050, — yxwp, |+ A, B, 0,

- 0 (K, +m) (60, —ao] - A/ A9,
! b/, (Kh + m)[qzq3q4 _W(CI)an'I' AP, B, AP,

The Basic Reproduction Number

In epidemiology, the next-generation matrix is a method
used to derive the basic reproduction number, for a
compartmental model of the spread of infectious diseases
and the method is given by Van den Driessche and
Watmough (2002); Diekmann et al. (1990). Many of
today's most important emerging infectious diseases are
multi-host infections by their very nature. As a result,
they require a slightly more complex formalism for
investigating epidemic thresholds, etc. The basic tool for
examining epidemic thresholds in complex, structured
models is the so-called next-generation matrix. Consider
a population of individuals (or species) subdivided into
n compartments, of which m are infected. Let x;
represent the proportion of the population in the i
compartment and let the vector of the proportions in all
the compartments be x.

In order to compute R,, it is important to distinguish
new infections from all other changes in the population.

Let:

F;(x) the rate of appearance of new infections in
compartment i

Vi"(") is the rate of transfer of individuals into
compartment | by all other means and

Vi'(") is the rate of transfer of individuals out of
compartment i

It is assumed that each function is continuously
differentiable at least twice in each variable. The disease
transmission model consists of non-negative initial
conditions together with the following system of equations:

X = f,(x) =F(x) —Vi(x),i =1,..,n (31)

where,V, =V,” -V,* We define the matrices:

o]

X 0x;

where, E° denotes the disease-free equilibrium and the
indicesi,j = 1,---,m. The matrix G, given by:

G=Fyt

is called the next-generation matrix, (Diekmann et al., 1990).
The entries of the matrix give the rate at which infected
individuals of state j generate new infections of type i.

The basic reproduction number R, is the dominant
eigenvalue of G denoted by p(G). That is:

Ro=p(G)=p(FV™H) (32)

One important aspect of the basic reproduction
number is that; it determines whether a disease will persist
or die out if there is an outbreak or there is a small
perturbation of the system. Therefore, using the next-
generation matrix approach (Diekmann et al., 1990) the
appearance of new cases of infections F; and the rate of
transfer of infectious from one compartment to a different
one in the systems V; for Eq. (6) is given as:

Brbl,sn
| K, +m]| (or — Un)En
F, = 0 |andV;=|(6+Ky+ul,
[ﬁvblhsv (up + ca)l,
K, +m

The corresponding Jacobian matrix F and V evaluated
at the DFE respectively is given as:

lo 0 SnbBn ]
| Kyp +m|
F= |o 0 0 |
SybBy
lo K, +m 0 J
and:
Up + Pn 0 0
V=| —pp 6+ky+u, 0
0 0 ac +
The next generation matrix G = FV~1 is given as:
[ 0 0 (App + Ahw)bﬁh]
I ¥ I
G=| o 0 0 I
|Avbﬂvph Avbﬁv 0 |
|, ¥, 1
where:

¥, = (ac + wy)(apn + pi + ppw) Ky +m)
¥, = (ac+ uy) (6 + ky + up) (K, + m)

The eigenvalues obtained from G are:

Ap Ay b2 By B, (up + w)pp
(a+pp + 0)(6 + ky + up)(uy + pr)
up(ac + p,)2 (K, + m)?

9 () = +

_ ApAyb?BrBy(Unt+w)pn
92(0) = = [amuy )B4y i) Gan+om) (33)
unlac+py)? (Kp+m)?
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The spectral radius is the dominant eigenvalue
obtained in Eq. (33). The basic reproduction number, with
prevention at the rate a, denoted by R, (@), is given by:

_ ApAyb?Brfy(pntw)pp
Vi (@) = juh(acwv)(xwm)(awhm)

(34)

(o+ky+pn)(n+pn)

The corresponding basic reproduction number without
prevention (¢ = 0) is:

— AhAvaIBhﬂvph
%, (0) = 35
\//uh(/uv)z(Kh +m)2(5+k7+ﬂh)(ﬂh +p4) (39)
From Eqgs. 34-35 it is easy to see that:
Iy (a) < 9,(0) (36)

The inequality in indicates that it is easier to control
the spread of an infectious disease when there is
prevention than without prevention.

The Endemic Equilibrium Point Expressed in
Terms of %,

Using k = 1, the endemic equilibrium is expressed in
terms of the basic reproduction number as fellow:

A(q29394 — YOPR)
. _ B Y5(@)(a:94 — yo)
") (19, — YO)
. _D(9(a)-1)
T e
I = _Dq3(17i‘20(a) - 1)
T e
App(aqs —vrqy)
R T(Apy + B) 9 () (4194 — aw)

" C"}’%(a)(%% —aw)
. _Gas9%5(@) + Aqg,
! HCIsg?Zo(a)
"o _D(ﬂ?zo(a) -1)
v H

where:

A= Ah/lvbzﬁhﬁhph

B = ApbB,pnq,q3qs (K, +m)

C = A,b*BrBupr (920394 — YWPR)

+b? B, pnq2q3qs (Kn + m) (4194 — Yw)

D = q,q3q; (K, + m)?(q1q4 — aw)

G = A,bBp (K + m)(q2q394 — Y@PR)

H = Apb?BnBypnds + bBnqs(Ky + m)(q2q3qs — yowpy) (37)

Stability Analysis

Local Stability Analysis of the Disease-Free
Equilibrium Point

The following theorem establishes the local stability
of the disease-free equilibrium point.

24

Theorem 1. The disease-free equilibrium point for the
model in 4 is locally asymptotically stable in 2 if R, (0) <
1 and unstable if R,(0) > 1.

Proof. The Jacobian matrix J, for linearizing the
system of differential equation in Eq. 4 at the DFE, with
a = 0, is given by:

7_7vbﬁh -4, 0 0 w 0 _ Shbﬁh ]
K,+m K,+m
7vbﬁh _QZ 0 0 0 Shbﬁh
K,+m K,+m
|0 Py =g 0 0 0
v 0 v -q, 0 0
0 0SB 0 LB,
K,+m K,+m
0 o SPB 06,
| K,+m K,+m
Evaluating J at DFE gives:
J(ao) = Abp
[_ _~—AnPPh ]
0 0 @ 0 G
— _AnbBrn
0 2 0 0 0 (Kp+m)p,
0 pn =3 0 0 0
0 0 k¥ —qs 0 0 (38)
_ _AvbBy _
0 0 Kp+m)p, 0 Ky 0
Avblgv —_
| 0 Kp+m)u, 0 0 y
Three of the eigenvalues of J(6,) is given as:
123 = —Hp —Hp, —(Up + @) <0 (39)

Respectively we now use the corollary of gershgorin's
circle theorem given in Appendix A, to establish the
stability of the 3x3 sub-matrix J; (a,), given by:

[—p, — ApbBp
| Pr = Hn 0 un(Kp+m) |
@)=l pn  —S-—ky-w, 0 | (40)
| [
0 AybPBy _
| (Kp+m) py |

Applying the corollary of Gershgorin's circle theorem
to the Jacobian matrix /5 (a,) gives the inequalities.

_ _ Ahbﬂh

(b, 1)< [(Kh +m)yh] 41)
—(6 +ky +py) < —py (42)
<~ (G o) (43)

The above inequalities can be rewritten respectively, as:

ApbBp

1 ((Kh+m) (Phﬂlh)llh) (44)
Pn

1> ((6 + Ky + uh)) (45)
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1 >( AybBy ) (46)

(Kp+m)ug

Multiplying the inequalities 44-46 gives:

| > MobBubobn _ g2 ) (47)

Bris(Kp+m)?
This implies that:
70 <1 (48)

This shows that all the eigenvalues of the 3x3 sub-
matrix in (40) are negative, or have negative real parts.
Therefore, DFE is locally asymptomatically stable.

Local Stability of Endemic Equilibrium Point

The following theorem establishes the local stability
of the EE, with k = 1.

Theorem 2. The endemic equilibrium is locally
asymptotically stable in 2 if %,(a) > 1 and unstable if
JHa) < 1.

Proof. The Jacobian matrix evaluated at the EE 0- is:

J(6)=
— —_ _ T1
I[ Zi-q¢, 0 0 w 0 c<1<h+m>]|
T
| 4 ¢ 0 0 0 Cnrm |
[ o pn —q3 O 0 0o | (49
| @ 0 ky —qa 0 o |
[ o 0 —Z, 0 —Zy—qs o |
[ o 0 Z, 0 Zs s |
where:

7, = ((a9, — @) BR] (@)d, +(9,0,0, —kywp, ) A)(dq, — 2R3 (a)bp,
(RS (a)-1)Dbg,
YTOH(K, +m)
~ (GR§ (a)as + AqA)ROZ(a)b/}vqs
2 H (K, +m)
(R} ()—1)Dbpva,
C(K,+m)

3=

Using the corollary of Gershgorin's circle theorem in
Appendix A, we have:

(@ +Z)< - (a) + C(K::m)) (50)
2 <~ (Zl + C(Kh:—m)) (51)
—q3 < —pp (52)

—qs < —(a+xy) (53)

_ _ (GR3(@)q5+Aq4)RS(a)bByas

(qs +Z3) < H(Kp+m) (54)
_ _ (GR3(2)qs+Aq,) R5()bByas

s < H(Kp+m) H(K;+m Z3 (55)

The inequalities in Eqgs. 51-55 can be rewritten
respectively, as:

71
(g1 +2Zy)— (w + C(Kh+m)) >0 (56)
71
92~ (21 + C(Kh+m)) >0 (57)
Q3 —pr >0 (58)
qs—(a+ky)>0 (59)
(GR3(@)qs5+Aq4)R5(a)bByas
(g5 +Z3) - ( H(Ky+m) ) >0 (60)
(GR(®)qs5+Aq4)R3 ()b Byas
s~ ( H(Kp+m) + 23) >0 (61)

Adding the inequalities in Egs. 56-61 gives:

(R3(a)—1)DbByq3 (R3(@)=1)DbBy
C(Kp+m) 2 H(Kp+m) +2,>0 (62)
where:

Zy=q1+q+qs+qs +2¢s tw+p,+(a + o) (63)

T (GR3(2)q5+Aq4)RE ()b Byqs
+2 (w + C(Kh+m)) + ( H(Kp+m) )

The inequality in (64) can be rewritten as:

(92 (a) — 1) (2 DbByds | 5 _DbBn ) +Z,>0 (64)

C(Kp+m) H(Kp+m)

Since Z, > 0, then the inequality in (64) is satisfied
provided:

(8@ -1) (2 22 4 222 ) >0 ©
Again, the inequality in (66) is positive if:

(R2(a)—1) >0 (66)
That is:

() > 1 (67)
Or equivalently:

F,(a)>1 (68)

Hence, the endemic equilibrium is locally asymptotically
stable provided #,(«) > 1 and unstable otherwise.

Global Stability of Disease-Free Equilibrium Point

In order to ensure that DFE is independent of the
initial size of the sub-population of the model, it is
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necessary to show that the DFE is globally asymptotically
stable. One of the approaches to studying the global
asymptotic stability of DFE is to construct an appropriate
Lyapunov function (Lazarus, 2018). The following
theorem describes the global stability.

Theorem 3. The DFE is globally asymptotically stable
inNifR, <1.

Proof. Consider a Lyapunov function:
V =coEp + ¢y + 1,

where:
¢ >0,¢0>0,c,>0

The time derivative of the Lyapunov function V gives
the following expression:

V =coEp + c1ly + ¢, 1,

Substituting Ej,, I, and I, into the equation above
gives us:

V=g % = (up + ph)Eh] (69)
+cylonEp — (up + v + 8]
vblhsv I
2 Kh+m (HV+CCI) v]
Note that:
_ Ap(uptow) _ A
Sn = uh(huh:aw) and §, = p+ac (70)
Substituting Eq. (70) into Eq. (69) gives:
Yy BrblL,Ap(up+w) _
V=00 | raran(pm ~ Hnt Pn)En] (71)
+c1[pnEp — (up + vi + ]I,
Bbl A
—_rv-nhv C |
" {(,uv rao) (K, am)  Hraol
Grouping Eq. (71) into En, In and Iv gives:
V = [c1pn — co(pn + pr)1En (72)
BbA
c2——~—~+ ¢l k+0) |l
{ (i + a0 (K, vm) ke KOl
BrbAy, (up, + )
[C" G+ @ + )y 4y 2t Ol
Further simplification gives:
o C1Pn
V = co(n + pr) [co(uh+ph) - 1] Ep
c2B,bA,
e (up + 8+ | c(un+8+yK) |1 (73)
(uy + ca) (Kp + m)

CoBrbAp(pntw) ]I

e (uy + ac) [cz(umc)uh(uh+a+m)(z<h+m) I

Considering the coefficient of I, in Eq. (72), we
choose the constant c,, ¢;, ¢, respectively as:

26

_ Copp(pp + aw)(uy, + ca)(Ky +m)

‘0 BrbAp(py + w)
_ copn + pn)
! Pn
o = c1(up + 6 +vi)(py + ca) (K +m)
2 BobA,

Substituting c,, ¢; and c,into Eq. (73) gives:
o Coln+pPn)Pn _
V= coltn + pn) [Coph(ﬂh’rph) 1] En

c1(pn + 6 +ye)(uy + ca)

(Kn+m)BybAy

¢y (up+8+yK)(uy+ca)

(Kh + m)ﬂvb/lv
CoBuBrb? A, A (uy + @) py
¢ (up + 8 +yK) (y, + ac)?
tn (up + @ + 0) (K + m)?

+c;(pp + 6 +yK) I,

(74)

+c, (u, + ac) I,.

Simplifying Eq. (74) gives:

CoBuBrb? A, A (uy + @) py
¢ (un + 8 +y10) (y + ac)?
tn (up + @ + ©) (K, + m)?

V =c,(u, + ac) I, (75)

Again, substituting ¢; and g from Eq. (77) and Eq. gives:

X CoBuBrb®pnAvAn(nt@)pn _
V =1c,(q5) [ Co(tn+pn)(un+8+yK) I, (76)
(@5)*un (un + @ + @) (Ky, +m)?
Which can be expressed in terms of R? as:
V= ¢, + a0 (@) — 1)1, (77)
Therefore:
V=0 if %=
| 78
{V <0 if %<1 (78)

Hence, the DFE is globally asymptotically stable in 12
if 92 < 1.
Global Stability of the Endemic Equilibrium

The following theorem will be used to prove for global
stability of the EE.

Theorem 4. The EE is globally asymptotically stable
in Qif %,(a) > 1.

Proof. We define the following candidate logarithmic
Lyapunov function as:

N . . Sh
V=c|S,— S, — S log— |+
Sh
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. . Ey
;| En— E, — E log— |+
Eh
. I
el =1, "+
Ih
* * S1;
Cy| Sy — S, — S, log— |+
SV
. N I
s\ L, =1, — Ivlog—i
|

v

where, (¢, ¢;, 5, €4,C5) > 0, are to be determined. Note
that V=0 when (Sy, Eh,Ih,Sv,1,) =
(S.,E;,1;,R,S;,17) and V > 0, otherwise. Hence, V is

h1~vo
radially unbounded. We need to show that the derivative
V > 0. The time derivative of vV is given by:

* *

S E

Ve |1-— |Si+ | 1—— | Ep +c5
Sh Ep

(79)

* * *

I\, SV R I, \.
1—7 Iy +cy 1_5_1; Sy +¢s 1—7 I,

Substitute S, Ey,, I, S,, I,, into Eq. (79) gives:

_ BnbISp
Kp+m

([lh + Q)Sh + (J.)Rh] + Cy

E, —E, ) [Bublys -1
[hEhJ ﬁ_ (up + ph)Eh] + Cs[ n : hj [onEn —
S, -S, BobIyS,
(Hn+VK+5)Ih]+C4( S j[/lv_,(hﬁ_(liv‘l'
Bvblhsv

(80)

ac)S,,] + ¢ [ (ot ac)Iv]

.
IV_IV]
IV

Replacing 4, and A, with the corresponding values at
the endemic equilibrium points gives:

Ve S, — BbL,S,
! Sh K,+m

Sh—S; B.blS, . .
—c | — | | /" —(u, +a)S, —wR
1 s, J{Kﬁm 78 )S, h

- E: lBhbleh _
K,+m

|
h_ hj lonEn — (up + yie + 8)1,]

S, =S,
S,

Kp+m

(1, +@)S; - } (81)

(44, +ph)Eh:|

/Hvblhsv

K,+m

- (= aC)SV*]

27

ﬁvbIhSu
Kh +m

—Cy [SVS_ S\, j - (:uv + aC)Sv]
I — I\j I:ﬁvblhsv _
Kp+m

+C5[ VI

Factorizing like terms gives:
VoSS | [ BR1S,
S, K,+m
S-S, - .
hs hj [(#h"‘a)(sh_ Sh)_w(Rh_Rh) ]

ﬁhblvsh
K,+m

(up + v+ OI]

(uy + o)1,

(82)

mmﬁq

K, +m

E.-E,

_(Mph)gh}

lonEn —

Bol’. S,
K,+m

K+m

1))

(o + (ZC)IV]

s
i

=

((yv+ac)(
+cs ( Iv ;I Iv ) [3;:&:[1; _

Multiplying out all of Eq. (82) is given as:
1%

_ Clﬂhbl\js*h _ C1ﬂhb|\:8*i _ ¢1BnbLySy Clﬂth\jS*ﬁ
K,+m (K,+m)S, Kp+m K,+m
G+ @) (8,-5) +eo(R,R) (5,-5)
- S S
¢, BnbSy1, —C2BnbSyl, E,
K, +m) (K, +m)E, 2 (un + pr)En
. c3pnEp |;
+ ¢, (un + pn) B, + c3prEn — I,
. Cafyb I, S
—_ C3(ﬂh +]/k +6)1h + C3([,lh+]/k+ 6) Ih +W
CBob 1 S2 —c,pbl,S,  CBobln S
(Kp+m)S, Kp+m K, +m

s Bybly S, |;
(K, + m)I,
(83)

<\ 2
v SV ) +6‘5ﬁvb1h5v
Sv Kh+m

~es(y +ac) (I, = 1)

cut + ) s

bIL,S
Clﬁh_"h cancels
htm

Csﬁvblhsv

It is clearly seen that when ¢; = ¢,, —

C4ﬁvb1h5v
Kp+m

,c3ppEy, cancels —c, ph)Eh.

cancels and

_ G2 (unt+pn)
p

Equation (83) now simplifies to:
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V= _Cz(ﬂh +a)(S, Sy + c,A,b1,S; _ c,4,b1,S; n

S, Ky+m (K, +m)s,
CADLS I, CoR -R)S, -S) CAbS I
K,+m I S, (K, +m)
E'S,| .
e +C, (1, + ) By — (1, + 7K+ )1, -
EhShlv
- (84)

o | .
ca(yh+yk+5)|h—caphEhl—I“E*+ca(yh+yk+y)lh—
h*=h
CA(:uv +Ca)(sv _S;)Z + C4ﬂvb|;S;2 +
S (K, +m)S,

v

CAﬂvbIhS\: _Czlﬁvbll:sv* I\jl):sv
K,+m (K, +m) LIS

From the Equilibrium points in Eg. (80), we obtain
the following:

. ﬂhbs;:l*
+p)E =20 h v
(u+p)E, K +m
Cs(ﬂ+7k+5)|:202(ﬂh+ph)E;
CzﬂhbSEI* *IEEh
=20 1V cpE "= +
K, +m 3P0 En I.E 2ty + ) (85)

*

ol _GABSI; LE,
"ILE,  K,+m IE

Now, we have:

2
*
N _52(#h+a)<5h_ Sy ) c,Bnb I\j S; —CyBpb |;Sﬁ
V =

Sh Kp+m (Kp+m)Sp,
* *
b Iy Spy 1y +Czw<Rh— Rn )(Sh— Sh) caBub Spy 1y
N - Kp+m '
(Kh+m)l\7 h (Kp+m)

* * * * * * * *
Ep Suly +c2Bub Sy Iy e2Bub Sy 1y IhEn  cBub Sy |

* Kp+m Kp+m

* * Kp+m
EnSp 1y I Ep, "

2
*
cutrre (S-S0 ) seypn 1 S

cs(up + vk + 01, —

Sy Kp+m
* * * * * *
CaPyb Ih 51? CaPBvbln SV Ih —C4fBvb Ih SV I\/ InSy
(Kp+m)S, Knam | x (Kptm) | x x4 (uy +
Ih I, Ih SV
ac) (I,, - I;) (86)

This implies that:

V:

2
—CZ(uh+a)(Sh - Sh) +c,Bp 1, S

Sh Kh +m

Sy EnlySn IpEn

Sh E, ) Sh 1y En

+Cof3b 1, Sy Lo (Rh— R;)(sh - s;)

Kh +m Sh
—c3(pp + vk + I,

2
04(Mu+ca)(sv - SV) +c,Bp 1 Sy

SV Kh +m

Sy Iy LS, [+oBbln S,
-

Svo 11y sy

—c4(py + 0) (Iv - IC)

Ky +m

Again, suppose we have the relation
ST and ¢ ~ +C4B:;i\<, my’

Brb Sp HptYEK htm
becomes:

2
_Cz(ﬂh‘l'a)(sh - Sh) +cBb 1, S,

Sh Kh +m

*

Sh _ Eh Iy Sh _ IhEh +c(Up+ca)(Kp+m)

Sh B, Iy Sn IhEn Bub Sp

Bubl, S, +cla)(Rh - R;)(sh - s;)
. Kh+m Sh

—c,Ab sy (uh+7k+5)1h

Hp +yK+O (Kh+m)

64(;11; +ca)(SV - S\T)Z C4ﬂvb|;8\7
— +

Sy Kp+m

se LS, | CAPIRS

v
2—-——

* *
SV Iv Ih Sv

Kh+m

eyt + ) 1]

This simplifies to:

V:
Sh Kh+m

2
—Ca(pn + @) ( Sh — Sh ) oAbl S
+

(87)

C, =

then Eq. (87)

(88)
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Sv EnlySh  I'E, Cz‘“( Rh_Rh><Sh _Sh>
3————— ey -
Sho B, 1y Sy InEn Sh
2
c4(uv+ca>< SVSV> caBub 1y Sy Sy IynS,
+ 2-— 12|
SV Kh +m SV I, |; S:;
¢y (y + ac) ( I;) (89)
Substituting 1, into Eq. (89) gives:
R _Cz(ﬂh"'a)( Sh - Sh ) +cyB8pb |\7 S; S;
V= 3———
Sh Kh +m Sh
EnlvSn ITE, Czw<Rh—Rh><5h—Sh>
* * - * + -
Ey Iy Sp InEn Sh
c4<u,,+ca>< Sy-Sy ) cbob 1 S0
+
SV Kh +m
, S s ]
v Iv Ih Sv
caluntpn)(up+yr+8)K?
(ﬂh(ﬂh+a+w))[Rg(a)_1] (90)
bBrK[pn(un+yK+8)(Up+w)+wpp (i +8)]
+Apb? BBy (kntw)pn
where, K = (u, + ca)(K, + m).
Ry —Ry) (Sh—Sp) iy
The term is non-positive

Sh
because S,, decreases monotonically s, and R, increases

monotonically to R, . The expression in Eq is, therefore,

negative if R2(a) > 1.
Hence, the endemic equilibrium
asymptotically stable in 2, if R2(a) > 1.

is globally

Parameter Estimation

The main tool for estimating the parameters of the
model given in Eq. (91), is the use of demographic
estimates and implementation of the least-square method
approach in Python, using the daily confirmed cases in
Ghana, obtained from WHO from 2004-2017.

Demographic Estimates

Here, pre-estimating some demographic parameters
such as A, and p, using information obtained from
(FactBook, 2019; WHO, 2019b).

The total population of Ghana as of 2016 was given as
28,207,000 and the life expectancy at birth was given as
64 years (WHO, 2019b).

29

Hence, the estimated daily natural death y, rate is
given as:

Up =0.000042808219

~ 64 x 365

We assume that the birthrate = deathrate = y, .
The carrying capacity for humans Kj, is given as

A
Khz_h
Hn

So the recruitment rate is given by:
Ay = Kp X i,

Therefore, the estimated daily recruitment rate for
humans is computed as:

Ap = Ky X up = 28000000 x 0.000042808219.~ 1200

The life expectancy for mosquitoes to live is 30 days
(WHO, 2018). Hence, the estimated death rate for
mosquitoes was given as:

= ! =0.03
Ky = 30
The remaining parameters A,, b, By, By, v, &, @, § and
m were obtained by fitting the model solution to the
observed infection data.

Ghana Malaria Infection Data Sets and the Curve
Fitting Process

The data for confirmed cases of malaria from Ghana
obtained from WHO ranges from the year 2004 to the year
2017 and is shown in Table 3.

The data points in Table 3 is graphically represented
in Fig. 2.

Table 3: Yearly Confirmed cases of malaria in Ghana from 2004-17

Years Confirmed cases
2004 475441
2005 655093
2006 472255
2007 476484
2008 1094483
2009 1104370
2010 1071637
2011 1041260
2012 3755166
2013 1639451
2014 3415912
2015 4319919
2016 4535167
2017 4348694
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Fig. 2: Plot of average daily cases of malaria from the world
health organization
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Fig. 3: Model in Eq. (4) fitted to the data in Table 1

Table 4: Parameters obtained from the best fit and demographics

Units
Parameters  (day™) Values Sources
Ap day* 2367 (WHO)
A, day* 11007.6970 Estimated from data
Br day* 0.61844195 Estimated from data
By day* 0.62695935 Estimated from data
tn day m (fact book) and (WHO)
6 day? 0.00900000 Estimated from data
y day? [0.1,0.2] Per-capita treatment rate
a day? [0.05, 0.8] Per-capita prevention rate
1y day* 0.03 Estimated from data
w day! 0.00100000 Estimated from data
b day* 0.79276092 Estimated from data
c day! [0,1] Constant of proportionality
m day* 3 Assumed
Ph day! 0.07142857 Estimated from data

Figure 2 the blue stars represent the data points. The
least square best fit is shown in Fig. 3.

A plot of the daily infection is shown with a
representation of the data in Fig. 2 fit for the model is done
using an implementation of the least square's curve fit
approach in Python to estimate a new set of values of
parameters at a given bound. The estimated values of
parameters obtained from the demographic point of view
were maintained. The best-fit diagram is given in Fig. 3.

Figure 3 The blue star represents the data while the red
solid colored curve represents the curve of best fit to the data.

The parameters obtained from the best fit and the
demographics are given in Table 4.

Optimal Control Formulation

In this section, we formulate the strategy for
effective control of malaria transmission as an optimal
control problem. We then use pontryagin's maximum
principle to determine an optimal combination of the
prevention and treatment efforts needed to reduce the
transmission. Numerical simulations will then be
performed to determine the evolution of the disease,
over a finite time horizon.

Let u, (t) represent the rate of prevention and u, (t)
the rate at which infected individuals get treatment.

Replacing « and y in the model Eq. (4) with the
controls u, (t) and u, (t) respectively, gives:

5 Brbl,S
Sp=Ap — ﬁ — UnSp — U1 (£)Sp + WRy,

R bl,S
En = Lublyn _ (un + pr)Ey

Kp+m
i In = pnEp — tnln — Ktz ()1, — 81, (91)
Ry = kup ()1, — up Ry — wRy + uy (B)Sy
Sp = Ay =EZE% — (i, + 1, ()OS,

Kp+m

N bILS,
=B _ 4wy (DO,

v Kp+m

We define our objective functional as
J(ug,up) = 1n(T) + L,(T) + %IOT(Bluf + Byuj)dt (92)

With u,, u, € U, the set of admissible controls of the
Lebesgue measure is defined as:

U = {u,(£),u,(t) € L'(0,T) VO < u; < 13}

The terms%Bluf and ngug, (B;,B, > 0)
gives the cost associated with implementing prevention
and treatment. The choice of the quadratic cost for the
controls indicates that the cost of applying the controls is
nonlinear. The interval [0, T] is the time horizon and T is
the terminal time.

Also, I,,(T) and I,,(T)represent the number of infected
humans and vectors respectively, at the end of the
terminal time.

The maximum values for u; and u, are denoted by
Uq max AN Uy o TESPECtively.

The optimal control pair z4 4, is given by:
(44 45) = in s s ) € 0)) (93)

Existence of the Optimal Control Pair

The necessary condition for the existence of the optimal
control pair proposed by Fleming and Rishel (2012); Panetta
and Fister (2000); Yusuf and Benyah (2012) is established
in this section. According to Fleming and Rishel (2012), the
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existence of an optimal control pair ( " ;[5) is guaranteed

by the compactness of the states and the convexity of the
problem. Therefore, the essential requirement cited in
Yusuf and Benyah (2012) is given by:

1. The set of all solutions to system (91) with
corresponding admissible control functions in U is
non-empty

2. The state system can be written as a linear function of
the control variables u;'s, with coefficients depending
on time and the state variables

3. The integrand of J(u,,u,)is convex on U and is
bounded above by:

By || (ug, u)||* = B,
where:
B;, B, >0
First Order Necessary Condition

In this section, we establish conditions that would
help us solve our objective function. Using
Pontryagin's Maximum Principles, the necessary
conditions are derived using the following theorem by
Panetta and Fister (2000).

Theorem 5. Suppose (;11*,;1;) is an optimal control

PR

pair, with corresponding optimal states, S;E;I;R:S,I. that
minimizes the objective functional in Eq. 92, then there
exists a co-state variables 4 ,...,4; such that the following

necessary conditions are satisfied.
State equations:

ds, oH dl, OH
dt ~— 0A," dt 9l
where:
dasp BnbI,Sp Ep _ BnbLSh _
@ = AT e T HnSh — wa (OSy + @Ry 7 =S
dRy,

dl

(un + Ph)Ehd_: = prEp — tnly — rup (O — 81, — * =
ds, DILS,

Ky ()] = upRy — WRy +us (S, — = Ay = BoblnSy _

Kp+m
dl,  BybIxS,
(ﬂv +u (t)C)SUE = Kh+hm - (/lv +u (t)c)lv

(94)
With initial conditions:

S,(0) > 0,E,(0) > 0,1,(0) > 0, R, (0)
0,5,(0) > 0,1,(0) > 0

Co-state equations:

dA, —0H dis —0H
dt — as,’ ’'dt dl,

Given by:

31

dll _ _ﬁhblv ﬁhblv/lz
ar <Kh+m_lih_u1(t) A+ K, +m +u (O
Az
e —[=(npr)Az + prsl
dd;  dl, i )]
dt . dt WAy — (0 + pp)dy
dis _ —Bybly ByblyAe
it~ |\x, +m (ty +u 1 (0)0) |25 + K, +m
dds _ _ [~BubSpdy |, BnbSnls _
o= - [ B0 — (, + 1, ()0 (95)
With the transversality condition:
A (T) =2,(T) = 24(T) As5(T) =0, and (96)

A3 W) Ae =1,

Optimality conditions:

2L = Bty + (A — A)Sy — (AsS, + Ashy)c = 0
! on (97)
0, Bouy; + (44— A3)I, =0

where, H is the Hamiltonian of the system given by:

1 BrblsS
H =3 (Buf + Buf) + 14 [Ah .~ HnSn = ur (OSn +
Brbl,sS
th] + 1 [ﬁ— (un + ph)Eh] + A3lpnEn — tnln —

U (O, — 81y + Aa[un (DI — pp Ry — wRp, + uy (£)Sk] +
oDIRS, vbIpSy
A5 A = B2% (4w, (0)S, | + A |25 — (u, +

Kp+m Kp+m

w (e,

Solving Egs. 95-97 and for u; and u, gives
respectively, the optimal controls:

o (A=2)S +(AS 4 A )e L (=),

= =
B B,

(98)

Since the controls are bounded, that is, 0 < y; <
Uimax 0 < Hy < Homay the optimal controls in (98) are
replaced by:

=2 S +(zg s +/16|;)c
By

Ui =min {max 0,

(13—14) | ; (99)

* .
Mo = min{ maxy0,
B,
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Numerical Solution of the Optimality System

The two-point boundary-value problem given in
Eqgs. (94-97), was solved using the forward-backward
sweep method, developed by (Lenhart and Workman, 2007).

The values of the constants B;, B, > 0 in the
integrand are chosen first, to balance the units in the
objective functional. Secondly, varying the constants
during numerical simulations, show the effects of
emphasizing one control over the other.

The procedure outlined below was implemented in
Octave, a MATLAB-like public domain software. Choose
an initial guess for ,4 4, and.

Solve the state Eg. (94), with the given initial
conditions forward in time and solve the costate Eq. (94).
With the given transversality conditions backward in
time, Update the expression for .4 s, and in Eqg. (99).
with the new values of the state and the costate variables.
Repeat steps (2-4) until convergence criteria are met.

Simulations on the Effect of Weight B,, B, on
Infected Human Populations

We investigate how different weight combinations
affect the infected human populations.

We consider three cases: (a) B < B,, (b) B, =B,
and (c) B; > B,.

The numerical values of B, and B, used in our
simulations  were  selected from  the  set
{400000,800000}. These values were chosen first, to
balance the units in the objective function and secondly,
to investigate the effects on the infected human
populations, by putting different weights on each control.

The plots in Figs. 4a-c, show the infected human
populations, when (Figs. 4a-c) respectively.

Figure 4, different combination of the weights reduces
the human population respectively.

The plots in Fig. (5a-c) shows prevention functions,
when; (Figs. 5a-c) respectively.
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Figure 5 giving equal weights, B, = — B, reduces
the vector population than giving different combination
of the weights.

The plots in Figs. 6a-c shows treatment functions,
when respectively.

Figure 6, giving more weights to B; reduces the
treatment function than giving equal or more weight to B,.

Materials and Methods

The yearly malaria transmission data for Ghana,
from 2004-17, obtained from WHO, was used to obtain
a least-squares estimate of the parameters for the
model. To determine an optimal combination of
prevention and treatment, we formulated an optimal
control problem. Pontryagin's maximum principle was
used to obtain the first-order necessary conditions. A
forward-backward sweep method was then used to
solve the optimality system.

Numerical Simulations

The following simulations were performed using optimal
control functions y; (t) and w3 (t), with parameter values:

Uimax = 0.5, SO that uy,,.,. S, represents a maximum of
50% of the susceptible population using adequate
prevention methods. u,max = 0.2, corresponds to a
treatment period of about 1/0.2 =5 days and weights
B, = B, = 400000.

Simulations on the Effect of ¢ on Infected Vector
Population

We investigate the effect of the parameter ¢ on the
vector population using increasing values of ¢ =
0.0,0.1,0.2 , with the following fixed values of
Uimaxr YUzmax and K.

w1 (1) - Prevention

Control ut: (Prevtion)

Time

(@)

34

eatment)
o

Control u2: (Tr

Fig. 8: Optimal Function with w4, = 0.5, Upmax = 0.2; (3)
Optimal control function u, (t); (b) Optimal control
function u, (t)
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Fig. 9: Infected human with  differential

treatment regimes

populations

Uimax = 0.5, SO that uy,,,,.S, represents a maximum
of 50% the susceptible population using adequate
prevention methods.

Let k =1, so that y x (xI,) =yI,, gives the best
scenario for treatment availability.

Figure 7 shows a plot of the infected vector
populations, with ¢ = 0.0,0.10,0.20 respectively.
Figure 7, we notice a dramatic reduction in the infected
vector population, with increasing values of c.

The corresponding optimal control functions are
displayed in Fig. 8a-b.

The control functions prevention p,and treatment u,
in Fig. 8 starts from maximum 0.5 and 0.2 respectively
and decreases gradually as infected population also
decreases in Fig. 7.
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Simulations with Differential Treatment y(xI;)
Regimes

We investigate the effects on the total infected human
populations when effective treatment is only available to a
proportion 0 < x < 1 of the infected population in Fig. 9.
This scenario happens for a variety of reasons including, lack
of medical facilities in some communities, as well as
affordability for the cost of treatment. The labels “p251,",
“p501," and “pl," in Fig. 9 represents respectively, the
effect on the total infected human populations, when 25, 20
and 100% of the infected population receive treatment.

Figure 9 shows that the total infected human
populations decrease faster, when treatment is accessible
to a greater proportion of those infected.

Results and Discussion

A unique and novel feature of our model is the effect
of prevention on reducing the vector population by
increasing their death rate Eq. (1); a key strategy in
controlling malaria. A proportion ca ; (0 < ¢ < 1) ofthe
prevention effort «, is directed at increasing the vector
death rate. Our simulations clearly shows that increasing
the parameter ¢ reduces the vector population.
Furthermore, increasing the prevention rate a (= y, ), has
the dual effect of reducing the susceptible human population
as well as increasing the vector death rate even further.

Another unique feature of our model is our treatment
function Eq. (2) which models the fact that only a
proportion k, of the infected population have access to
effective treatment. Our simulations show that increasing
the parameter k ensures more access treatment for
diagnosed cases, which reduces the overall infected
human population. The fewer the infected population,
the less the transmission rate. In fact, every untreated
case becomes a reservoir for mosquitoes to further
transmit malaria.

Conclusion

The key to successfully containing the spread of
malaria lies in prevention as well as effective and rapid
treatment for those infected with the disease. The fewer
the infected population, the less the transmission rate.
Proper prevention efforts in contiguous communities, can
play the role of a vaccine and therefore are essential for
the eventual eradication of malaria. The simulations show
that if at least, 50% of the susceptible population follows
proper prevention protocols, the reduction in transmission
will be remarkable. A rapid reduction in the infected
population through effective treatment, may be achieved
by making treatment accessible to everyone infected.

The following recommendations are based on the
results of our simulation, together with the maxim that the

35

key to effectively controlling any infectious disease lies in
a rapid reduction in the susceptible population, through
appropriate prevention efforts, plus a rapid reduction in
the infected population through effective treatment.

Prevention methods that reduce vector populations
include:

1. Indoor spraying with residual insecticides. This is when
the inside of house structures is prayed once or twice a
year with insecticide spray. This activity should be
regularly done since it reduces the proportion of the
resident mosquitoes whether susceptible or infectious

2. The use of insecticide-treated mosquito Nets (ITN).
This reduces the contact rates

3. Larval control. This activity may be implemented
through environmental modification such as draining
and killing or the use of larvacides

Treatment strategies must include:

1. Early diagnosis and effective treatment. Each
untreated case becomes a reservoir for mosquitoes to
further transmit to other susceptible

2. The use of WHO-approved Anti-malarial medications
including Coartem 80/480, Hydroxyl-Chloroquine and
Fansidar (Sulfadoxine and Pyrimethamine)

In order to eradicate malaria, especially in
developing countries, where most people cannot afford
the cost of treatment:

Malaria medication must be free, or at least, highly
subsidized in order to ensure a rapid reduction in the
infected population

The prevention methods listed above must be
enforced in all contiguous neighborhoods
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Appendix A

Corollary to Gershgorin's Circle Theorem
Let M be an n X n matrix with real entries m;;. If the
diagonal entries m;;, of M satisfy:

(100)

my; <1y, where r; = ijl,j¢i|mij| ,j=1..n

then, all the eigenvalues of M are negative or have
negative real parts.


https://www.cia.gov/library/publications/the-world-factbook/geos/gh.html
https://www.cia.gov/library/publications/the-world-factbook/geos/gh.html
https://www.who.int/malaria/media/world-malaria-day-2018/en/
https://www.who.int/malaria/media/world-malaria-day-2018/en/
https://www.who.int/
https://www.who.int/countries/gha/en/

