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1. Introduction 

Browder (1965) showed that every nonexpansive 
mapping defined on a bounded, closed and convex 
subset C of a uniformly convex Banach space X has 
fixed points. A mapping with assumption weaker than 
the contractivity is given as: 

Definition 1. (Suzuki, 2008) 

The self mapping A is called quasi nonexpansive iff: 
 

( ) ( )|| || || ||z A x x z for all x X and z F A− ≤ − ∈ ∈  

 
where, F(A) = {x: A(x) = x}. 

In 2007, Tomonari Suzuki introduced an intermediate 
condition between nonexpansiveness and quasi 
nonexpansiveness on the self mappings A, A: X→X and 
gave some fixed point and convergence theorems for 
such types of mappings (Suzuki, 2008). 

Definition 2 (Suzuki, 2008) 

The self mapping A is said to satisfy the weak (C) 
condition iff: 
 

( )

( ) ( )

1
, || || || ||

2

|| || || ||

if x y X and x A x x y

then A x A y x y

 
∈ − ≤ − 

 
− ≤ −

                           (C) 

Suzuki (2008) showed that any mapping satisfying 

condition (C) on compact and closed subsets of Banach 

spaces has fixed point. 

In the sequel; the space X is considered to be 

normed space, the Cartesian product X × X has the 

maximum norm ||(x, y)||∞ = max{||x||, ||y||} and the 

normed space X × X  with this norm will be denoted 

by (X × X, ||.||∞). The mapping σ(x, y, z) is defined by: 

 

( ) { }, , max || ||,|| ||x y z x y x zσ = − −  

 

This paper is divided into two main sections, the 

first is on a fixed point theory of mappings into 

Cartesian product spaces and the second is on a fixed 

point theory of mappings from Cartesian product 

spaces, those are as follows: 

2. Mappings Satisfying Weak Nonexpansivity 

Condition into Cartesian Products of Normed 

Spaces 

We are going to define a new class of weak 

nonexpansive type of mappings: 

Definition 3 

The mapping A, A: X → X × X is: 
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• Satisfying the weak nonexpansivity (CC) condition 

iff A satisfies the following: 
 

( )( )(
( ) ( )

1
, || ||

2

|| || || ||

if x y X and x A x x y

then A x A y x y

σ

∞

 ∈ − ≤ − 
 

− ≤ −

 (CC) 

 

• Called quasi nonexpansive iff: 
 

( )( )( ( ), || ||z A x x z for all x X and z F Aσ ≤ − ∈ ∈  

 
In this study; we showed that the weak 

nonexpansivity (CC) condition on the mapping A: X→X 

× X is weaker than the nonexpansivity condition and it is 

stronger than the quasi nonexpansivity condition, we 

also discussed basic properties on condition (CC). 

2.1 Preliminaries 

The normed space X × X × X with σ is characterized 

by the following: 
 

• σ(x, y, z) = 0 if and only if x = y = z 

• Homogenous property: If λ is a given number, then: 
 

( )( ) ( ), , | | , ,x y z x y zσ λ λ σ=  

 

• Subadditivity property: For any x, y, z, r, s and w in 

X, we have: 
 

( ) ( )( ) ( )( ) ( )( ),  ,  ,  , ,  ,  ,  ,x y z r s w x y z r s wσ σ σ+ ≤ +  

 
If x, y and z are elements in X, then we denote (x, (y, 

z)) to be the triple (x, y, z) and write x∈(y, z) to mean x is 

one of the two entries of (y, z), equivalently; x∈{y, z}, 

that is; x∈(y, z) if and only if x = y or x = z. 

We have: 

Definition 4. (Turkoglu, 2011) 

Let T be a mapping from X into X × X, T: X→X × X. 

Then the point x is said to be pre fixed point of T if and 

only if x∈T(x) and x is a fixed point of T iff T(x) = (x, x). 

Remark 

The point x is fixed point of A iff σ(x, A(x)) = 0. In 

fact; assume A(x) = (y, z), then σ(x, A(x)) = 0 if and 

only if σ(x, (y, z)) = 0; equivalently σ(x, y, z) = 0. 

Therefore, it is equivalent to x = y = z which is 

equivalent to A(x) = (x, x). 

2.2 Basic Characterization of Mapping Satisfying 

the (CC) Condition 

The main properties of mapping satisfying the (CC) 

condition are collected in the next few propositions: 

Proposition 1 

Let A be a nonexpansive mapping with a fixed point, 

A: X→X × X. Then A is quasi nonexpansive but the 

converse is not true. 

Proof 

Using the direct definitions of nonexpansive and 

quasi nonexpansive clears the doubts. To show that the 

converse is not true in general, we have the following 

counter example: Let A be the mapping defined from [0, 

6] into [0, 6] × [0, 6] by the following: 
 

( )
( )
( )
0,0 6

4,4 6

if x
A x

if x

 ≠
= 

=
 

 
A has the unique fixed point z = 0, as A(0) = (0, 0), 

hence F(A) is nonempty set and we have: 

 

• If x = 6, then σ(z, A(x)) = σ(0, (4, 4)) = max{|0-

4|,|0-4|} = 4 < 6 = |6| = ||x|| = ||x-0|| = ||x-z|| 

• If x ≠ 6, then σ(z, A(x)) = σ(0, (0, 0)) = max{|0-0|,|0-

0|} = 0 ≤ ||x|| = ||x-0|| = ||x-z|| 
 

These showed that A is quasi nonexpansive mapping, 

it is not nonexpansive because it is not continuous. 

Proposition 2 

Let A be a nonexpansive mapping, A: X→X × X. 

Then A is satisfying the weak nonexpansivity (CC) 

condition, the converse is not necessarily true in general. 

Proof 

Let A be nonexpansive. Then: 
 

( ) ( )|| || || || ,A x A y x y for every x y X∞− ≤ − ∈  

 
no restrictions have been taken on x, y in X, hence it is 

true in particular for every x, y in X those satisfying 
1

2

 
  

 

σ(x, A(x)) ≤ ||x-y||. Hence in particular if x and y are 

elements in X and 
1

2

 
  

 σ(x, A(x)) ≤ ||x-y||, then ||A(x)-

A(y)||∞ ≤ ||x-y||. To show that there is mapping satisfying 

condition (CC) which is not nonexpansive, we consider 

counter example: Let A be the mapping de fined from [0, 

7] into [0, 7] × [0, 7] by the following: 
 

( )
( )
( )

7
0, 7

1,1 7

x if x
A x

if x

 ≠
= 

=
 

 
A has the unique fixed point z = 0. In fact; if x = 7, 

then 7 is not one of the two entries of the ordered pair (1, 
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1), this shows that 7 is not a pre fixed or fixed of A, 

while if x does not equal 7, x is one of the two entries of 

A(x) = ( )7
0, x , then x∈ { }7

0, x , thus either x = 0 or x = 
7

x , in 

both we have x = 0. The mapping A is not nonexpansive 

because for x = 6.5 and y = 7, we have A(6.5) = 
65

0,
70

 
 
 

, 

A(7) = (1, 1), hence ||A(x)-A(y)||∞ = ||(0-1, (65/70-1)||∞ = 1 

and ||x-y|| = |6.5-7| = 0.5. Consequently: 

 

( ) ( )|| || || ||A x A y x y∞− > −  

 

On the other side we show that A satisfies the weak 

nonexpansivity condition (CC); for that we study the 

possibilities of x and y in X those satisfying condition 

(CC). We have the following cases: 

 

• If x = y = 7, then: 

 

( )( ) ( )

{ }

1 1
, 7,1,1

2 2

1
max || 7 1||,|| 7 1|| 3

2

| 7 7 | 0 || ||

x A x

x y

σ σ   
=      

 = − − =  
< − = = −/

 

 

This case is out of discussion. 

• If x = 7 and y∈[1, 4], then: 

 

( )( ) ( )

{ }

1 1
, 7,1,1

2 2

1
max || 7 1||,|| 7 1|| 3

2

| 7 | || || 3

x A x

and y x y

σ σ   
=      

 = − − =  
− = − ≥

 

 

Hence: 

 

( )( )1
, || ||

2
x A x x yσ  ≤ −  

 

 

for such a y, we see that: 

 

( ) ( ) ( )|| || || 1,1 0, || || 1,1 || 1,
7 7

3 | , | | 7 | 6

y y
A x A y

and x y y

∞ ∞ ∞
   

− = − = −   
   

≤ = − <

 

 

Hence: 

 

( ) ( ) [ ]|| || || ||, 7 1,4A x A y x y for x and each y∞− − = ∈  

 

• If x = 7 and y∈(4, 7], then: 

( )( ) ( )

{ }

1 1
, 7,1,1

2 2

1
max || 7 1||,|| 7 1|| 3

7

0 | 7 | || || 3

x A x

and y x y

σ σ   
=      

 = − − =  
< − = − <

 

 

Hence case out of discussion. 

• If 
14

0,  
3

x
 ∈  

 and y = 7, then: 

 

( )( )1 1
, ,0,

2 2 7

1
max || 0 ||,|| ||

2 7 2

14 7
| 7 | || || 7 7

2 6 3

x
x A x x

x x
x x

x
and x x y x

σ σ     
=          

   = − − =     

< = ≤ − = − = − <

 

 

Hence 
1

2

 
  

σ(x, A(x)) ≤ ||x-y||, for such x and y, we 

see that: 

 

( ) ( ) ( )|| || || 0, 1,1 || || 1,1 || 1,
7 7

7 21 14 14
1 7 | | 7 |

3 3 3 3

x x
A x A y

and x y x

∞ ∞ ∞
   − = − = − =   
   

< = − = − < − = −

 

 

Hence: 

 

( ) ( ) 14
|| || || ||, 0, 7

3
A x A y x y for each x and y∞

 − < − ∈ = 
 

 

• If x∈
14

,7
3

 
  

 and y = 7, then: 

 

( )( )1 1
, ,0,

2 2 7

1
max || 0 ||,|| ||

2 7 2

28 14
| 7 | || ||

2 6 3

x
x A x x

x x
x x

x
and x x y

σ σ     
=          

   = − − =     

< = > − = −

 

 

Hence case out of discussion. More clearly, for x = 

6.5 and y = 7 we have: 

 

( )( )1 1
, ,0,

2 2 7

1 13
max || 0 ||,|| ||

2 7 4

13 1
| 6.5 7 | || ||

2 4 2

x
x A x x

x
x x

x
and x y

σ σ     
=          

   = − − =     

= > − = = −
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• If x ≠ 7 and  ≠ 7, then A is nonexpansive from (0, 7) 

into (0, 7) × (0, 7): 
 

( ) ( ) ( )

( )

1
|| || || 0, 0, || || 0, ||

7 7 7

1
|| ||, , 0,7

7

x y
A x A y x y

x y for x y

∞ ∞ ∞
    − = − = −    
    

− − ∈

 

 
That is why no need to study the (CC) condition 

because it is noexpansive in this domain. Hence T is a 

mapping satisfying the weak nonxpansivity (CC) condition. 

Proposition 3 

If A is satisfying the (CC) condition and owns a fixed 

point, then it is quasi nonexpansive, the converse may 

not be true in general. 

Proof 

Let z be a fixed point of A, A(z) = (z, z) and x be an 

arbitrarily element of X, x∈X. Since: 
 

( )( ) ( )1
, , , 0 || ||

2
z A z z z z z xσ σ  = = ≤ −  

 

 
The weak nonexpansivity (CC) condition implies: 

 

( ) ( )|| || || ||A x A z z x∞− ≤ −  

 
Hence; if A(x) = (x1, x2), then we have: 

 

( ) ( ) ( ) ( )
{ }

( )
( )( )

1 2

1 2

1 2

|| || || , , || || ||,

max || ||,|| || || ||,

, , || ||,

, || ||

A z A y z z x x z x

z x z x z x

z x x z x

z A x z x

σ

σ

∞ ∞− = − ≤ −

− − ≤ −

≤ −

≤ −

 

 
To show that there is a quasi nonexpansive mapping 

which does not satisfy the (CC) condition, we consider 

the mapping A that is defined from [0, 5] into [0, 5] × [0, 

5] by the following: 
 

( )
( )
( )
0,0 5

4,4 5

if x
A x

if x

 ≠
= 

=
 

 
It has the unique fixed point z = 0, as A(0) = (0, 0), 

F(T) is nonempty set and A is quasi nonexpansive 

mapping. However, since for x = 5 and y = 4, we have: 
 

( )( ) ( )( ) ( )

{ }

1 1 1
, 5, 5 5,4,4

2 2 2

1
max | 5 4 |,| 5 4 | 1 | 5 4 |

2

x A x Aσ σ σ     
= =          

 = − − = = −  

 

 
and: 

( ) ( ) ( ) ( )|| || || 4,4 0,0 || 4

1 | 5 4 |

A x A y ∞ ∞− = − =

> = −
 

 
Hence; A is not satisfying the weak nonexpansivity 

(CC) condition. 

We have the following: 

Definition 5 

If A is a mapping, A: X→X × X, then the two 

components of A denoted by A1 and A2 are the operators 

defined by A1(x) = the first entry of A(x) and A2(x) = the 

second entry of A(x) respectively: 
 

( ) ( ) ( )( )1 2,A x A x A x=  

 
We also have the following propositions: 

Proposition 4 

Let A be a mapping from X into (X × X, ||.||∞). Then A 

is satisfying the weak nonexpansivity (CC) condition if 

and only if both A1 and A2 are satisfying the weak 

nonexpansivity (C) condition. 

Proof 

Let A satisfy the weak nonexpansivity (CC) 

condition, we are going to show that the two operators A1 

and A2 are satisfying the weak nonexpansivity (C) 

condition. Suppose that 
1

2

 
  

 ||x-A1(x)|| ≤ ||x-y|| and 

1

2

 
  

||x-A2(x)|| ≤ ||x-y||. Then: 

 

( ) ( )1 2

1 1
max || ||, || || || ||

2 2
x A x x A x x y

    − − ≤ −        
 

 
or: 
 

( ) ( ){ }1 2

1
max || ||,|| || || ||

2
x A x x A x x y

  − − ≤ −  
 

 
or: 
 

( ) ( )( )1 2

1
, , || ||

2
x A x A x x yσ  ≤ −  

. 

 
Hence: 

 

( )( )1
, || ||

2
x A x x yσ  ≤ −  

 

 
Using the weak nonexpansivity (CC) condition of A, 

we see that: 
 

( ) ( )|| || || ||A x A y x y∞− ≤ −  (1.1) 
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Thus: 

 

( ) ( )
( ) ( ) ( ) ( ){ }

( ) ( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )

( ) ( )

1 1

1 1 2 2

1 1 2 2

1 2 1 2

|| ||

max || ||,|| ||

|| , ||

|| , , ||

|| ||

A x A y

A y A x A y A x

A y A x A y A x

A x A x A y A y

A x A y

∞

∞

∞

∞

−

≤ − −

= − −

= −

= −

 (1.2) 

 

Using (1.1) and (1.2) shows that ||A1(y) -A1(x)||≤||x-y|| 

this proves that A1 satisfies the weak nonexpansivity (C) 

condition. Similarly, since: 

 

( ) ( )
( ) ( ) ( ) ( ){ }

( ) ( )

2 2

1 1 2 2

|| ||

max || ||,|| ||

|| ||

A x A y

A y A x A y A x

A x A y ∞

−

≤ − −

= −

 (1.3) 

 

Using (1.1) and (1.3) gives ||A2(y)-A2(x)|| ≤ ||x-y|| 

which proves that A2 satisfies the weak nonexpansivity 

(C) condition. Conversely, suppose that both A1 and A2 

are satisfying the weak nonexpansivity (C) condition and 

1

2

 
  

 σ(x, A(x)) ≤ ||x-y||, since: 

 

( )

( ) ( ){ } ( )( )

1

1 2

1
|| ||

2

1 1
max || ||,|| || ,

2 2

x A x

x A x x A x x A xσ

 
−  

   ≤ − − =      

 

 

and: 

 

( )

( ) ( ){ } ( )( )

2

1 2

1
|| ||

2

1 1
max || ||,|| || ,

2 2

x A x

x A x x A x x A xσ

 
−  

   ≤ − − =      

 

 

We get 
1

2

 
  

||x-A1(x)|| ≤ σ(x, A(x)) and 
1

2

 
  

 ||x-A2(x)|| 

≤ σ(x, A(x)). These imply ||A1(x)-A1(y)|| ≤ ||x-y|| and 

||A2(x)-A2(y)|| ≤ ||x-y||. Therefore: 

 

( ) ( ) ( ) ( ){ }1 1 2 2max || ||,|| || || ||A x A y A x A y x y− − ≤ −  (1.4) 

 

Now: 

 

( ) ( ) ( ) ( )( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

( ) ( ) ( ) ( ){ }

1 2 1 2

1 1 2 2

1 1 2 2

|| || || , , ||

|| , ||

max || ||,|| ||

A x A y A x A x A y A y

A x A y A x A y

A x A y A x A y

∞ ∞

∞

− = −

= − −

= − −

 (1.5) 

Using (1.4) and (1.5) gives ||A(y)-A(x)||∞ ≤ ||x-y|| 

which proves that A satisfies the weak nonexpansivity 

(CC) condition. 

Proposition 5 

The element x∈X is common fixed point of the two 

components A1 and A2 iff it is fixed point of A. 

Proof 

If x is fixed of both  A1 and A2, then A1(x) = x and A2(x) 

= x, therefore (A1(x), A2(x)) = (x, x), hence A(x) = (x,x). 

Now; if x is a fixed of A, then A(x) = (x, x), thus (A1(x), 

A2(x)) = (x, x), consequently A1(x) = x and A2(x) = x. 

Proposition 6 

The element x is prefixed of A iff it is fixed of either 

A1 or A2. 

Proof 

Suppose that x is a prefixed of A. Hence x∈A(x), 

x∈(A1(x), A2(x)), that is; either x = A1(x) or x = A2(x) and 

vice versa. 

Finally; we have: 

Corollary 1 

Suppose that K is a compact convex subset of a Banach 

space X, A is a mapping A: K → K × K. If A satisfies the 

weak (CC) condition, then A has at least one prefixed point. 

Proof 

Let A satisfy the weak (CC) from K into K × K, A: 

K→K × K. Using Proposition (4) shows that both A1 and 

A2 are satisfying the weak (C) condition as mappings 

from K into K, this implies the existence of two elements 

x and y in K such that A1(x) = x and A2(y) = y. Now; A(x) 

= (A1(x), A2(x)) = (x, A2(y)) and A(y) = (A1(y), A2(y)) = 

(A1(y), y) proves that x ∈ A(x) and y∈A(y). That is; both 

x and y are prefixed points of A. 

For mappings defined on Cartesian products spaces, 

we have the following: 

3. Fixed Point Theorems for Mappings 

Satisfying Weak Contraction Condition from 

the Cartesian product of Normed Spaces 

In this section, we introduce new type of contraction 

mappings, these types will be denoted by {a, b, c} M-

first and {a, b, c} M-second, the types are defined from 

X × X into X, where X is a sequentially ordered Banach 

space and having mixed monotone property and then 

we prove the existence of pair, first-anti-second and 

second-anti-first couple fixed points of such mappings 

which is in fact generalization of fixed point theorem 

given in (Ali, 2013). 
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3.1 Introduction and Preliminaries 

Definition 6. (Jain et al., 2014)  

A point x0∈X is a pair fixed point of the mapping T 

from X × X into X iff T((x0, x0)) = x0. 

Gnana Bhaskar and Lakshmikanthan (2006) 

considered a mixed monotone mapping in a Banach 

space endowed with partial order, using a weak 

contractivity type assumption to prove the following: 

Theorem 1 

Suppose that X is a sequentially lower-upper ordered 

Banach space, A: X × X→X a mapping having the first-

anti-second and first-second mixed monotone properties 

and satisfy the following condition: 

 

( ) ( ) [ ]|| , , || || || || ||
2

k
A x y A u v x u y v− ≤ − + −  

 

for all x, y, u and v in X with x ≥ u and y ≤ v, where 0 ≤ k < 

1. Then A has a first-anti-second couple fixed point in X. 

Ali (2013) generalized the T. G. Bhaskar and V. 

Lakshmikantham's result to the mixed monotone 

mapping on a closed convex and weakly Cauchy subset 

of a sequentially ordered normed space those satisfying 

the condition: 

 

( ) ( )
{ } ( )

( ) ( ){ }

|| , , ||

max || ||,|| || , ||

max || , ||,|| , ||

T x y T u v

a x u y v b T x y x

c T u v u T v u v

−

≤ − − + −

+ − −

 

 

for all x, y, u and v in C with x ≥ u and y ≤ v, where 0 ≤ 

a, b, c < 1 and a + b + c < 1. 

We have the following definitions: 

Definition 7. (Ali, 2013) 

Let (X, ≤) be a partially ordered set and T be a 

mapping from X × X into X. Then: 

 

• T is having the first-second mixed monotone 

property iff T(x, y) is monotone non decreasing in x 

and is monotone non increasing in y, that is; for any 

x, y∈X: 

 

( ) ( )1 2 1 2 1 2, , , ,if x x X and x x thenT x y T x y∈ ≤ ≤      (2.1) 

 

and: 

 

( ) ( )1 2 1 2 1 2, , , ,if y y X and y y thenT x y T x y∈ ≤ ≥     (2.2) 

 

• T is having the second-first mixed monotone 

property iff T(x, y) is monotone non increasing in x 

and is monotone non decreasing in y, that is, for any 

x, y∈X: 
 

 ( ) ( )1 2 1 2 1 2, , , ,if x x X and x x thenT x y T x y∈ ≤ ≥     (2.3) 

 

and: 

 

( ) ( )1 2 1 2 1 2, , , ,if y y X and y y thenT x y T x y∈ ≤ ≤     (2.4) 

 

• The element (x, y) is first-anti-second couple fixed 

point of the mapping T iff T(x, y) = x and T(y, x) = y 

• The element (x, y) is second-anti-first couple fixed 

point of the mapping T iff T(x, y) = y and T(y, x) = x 

 

Definition 8 

Let (X, ≤, ||.||) be a partially ordered normed space. 

Then X is sequentially lower-upper ordered space if it 

fulfills the following: 

 

• If {xn}n∈N is a non decreasing sequence in X which 

converges strongly to x, then xn ≤ x for all n∈N 

• If {yn}n∈N is a non increasing sequence in X which 

converges strongly to y, then yn ≥ y for all n∈N 

 

Definition 9 

Let (X,≤, ||.||) be a partially ordered normed space and 

T be a mapping from X × X into X. Then: 

 

• T is {a, b, c} first-type contraction mapping on X iff 

there are real numbers 0 ≤ a, b, c < 1 with a + b + c 

< 1 and: 

 

( ) ( )
{ } ( )

( ) ( ){ }

|| , , ||

max || ||,|| || , ||

max || , ||,|| , ||

T x y T u v

a x u y v b T x y x

c T u v u T v u v

−

≤ − − + −

+ − −

 

 

for all x, y, u and v in X with x ≥ u and y ≤ v. 

• T is {a, b, c} second-type contraction on X iff there are 

real numbers 0 ≤ a, b, c < 1 with a + b + c < 1 and: 

 

( ) ( )
{ } ( )

( ) ( ){ }

|| , , ||

max || ||,|| || , ||

max || , ||,|| , ||

T x y T u v

a x u y v b T x y x

c T u v u T v u v

−

≤ − − + −

+ − −

 

 

for all x, y, u and v in X with u ≥ x and v ≤ y. 

• A couple (x0, y0) is lower-anti-upper coupled of T 

iff: 

 

( ) ( )0 0 0 0 0 0, ,x T x y and y T y x≤ ≥  
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• T is said to have a lower-upper property if and only 

if T has at least one lower-anti-upper coupled point 

• A couple (x0, y0) is said to be upper-anti-lower 

coupled of T iff: 

 

( ) ( )0 0 0 0 0 0,  and ,T x y x T y x y≤ ≥  

 

• T is said to have an upper-lower property if and only 

if T has at least one upper-anti-lower coupled point 

 

Now; we introduce the following new defined types 

of contraction mappings: 

Definition 10: 

• T is {a, b, c} M first-type contraction mapping on X 

iff there exist real numbers 0 ≤ a, b, c < 1 with b < 

1

2
, a + 2b + c < 1 and: 

 

( ) ( ) { }
( ) ( ){ }
( ) ( ){ }

|| , , || max || ||,|| ||

max || , ||,|| , ||

max || , ||,|| , ||

T x y T u v a x u y v

b T x y x T y x y

c T u v u T v u v

− ≤ − −

+ − −

+ − −

 

 

for all x, y, u and v in X with x ≥ u and y ≤ v. 

• T is {a, b, c} Msecond-type contraction on X if and 

only if there are real numbers 0 ≤ a, b, c < 1 with b 

< 
1

2
, a + 2b + c < 1 and: 

 

( ) ( ) { }
( ) ( ){ }
( ) ( ){ }

|| , , || max || ||,|| ||

max || , ||,|| , ||

max || , ||,|| , ||

T x y T u v a x u y v

b T x y x T y x y

c T u v u T v u v

− ≤ − −

+ − −

+ − −

 

 

for all x, y, u and v in X with u ≥ x and v ≤ y 

3.2 Main Results 

We have the following: 

Lemma 1 

Suppose that X is a partially ordered normed space, 

T: X × X→X is an {a, b, c} M first-type contraction 

mapping satisfying (2.1) and (2.2) and (x0, y0) is 

lower-anti-upper couple of T. Define the sequences 

{xn}n∈N and {yn}n∈N iteratively by: 

 

{ } { }

( ) ( )
( ) ( )

( ) ( )

1 0 0 1 0 0

2 1 1 2 1 1

1 1 1 1

, , ,

, , ,
,

, , ,

n nn N n N

n n n n n n

x T x y y T y x

x T x y y T y x
x y

x T x y y T y x

∈ ∈

− − − −

 = =

 = =




= =

⋯

 (2.5) 

Then the following hold: 

(1) If we take K=max{||T(y0, x0)-y0||,||T(x0, y0)-x0||}, then: 
 

1
|| ||

1 2

n

n n

a c
x x K

b
+

+ − ≤  − 
 (2.6) 

 

1
|| ||

1 2

n

n n

a c
y y K

b
+

+ − ≤  − 
 (2.7) 

 

(2) Both of {xn}n∈N and {yn}n∈N are Cauchy sequences. 

Proof 

Using the properties (2.1) and (2.2) of the mixed 

monotone mapping T gives: 
 

0 1 1 0
,x x y y≤ ≤  

 
Consequently: 

 

( ) ( ) ( )0 0 1 0 1 1 2, , ,T x y T x y T x y x≤ ≤ =  

 
In general, one has: 

 

0 1 0 1
..., ,... ,..., ,...

n n
x x x and y y y≤ ≤ ≥ ≥  

 

We have the following: 

 

( ) ( )
{ }
{ }
{ }

( ) { }

1 1 1 2 2

1 2 1 2

1 1

1 2 1 2

1 2 1 2

1 1

|| || || , , ||

max || ||,|| ||

max ||,|| ||

max ||,||

max || ||,||

|| || || ||

n n n n n n

n n n n

n n n n

n n n n

n n n n

n n n n

x x T x y T x y

a x x y y

b x x y y

c x x y y

a c x x y y

b x x b y y

− − − − −

− − − −

− −

− − − −

− − − −

− −

− = −

≤ − −

+ − −

+ − −

≤ + − −

+ − + −

 

 
and: 
 

{ }1 1 2 1 2

1

|| || max || ||,|| ||
1

|| ||
1

n n n n n n

n n

a c
x x x x y y

b

b
y y

b

− − − − −

−

+ 
− ≤ − − − 

 + − − 

 (2.8) 

 
Similarly: 

 

{ }1 1 2 1 2

1

|| || max || ||,|| ||
1

|| ||
1

n n n n n n

n n

a c
y y x x y y

b

b
x x

b

− − − − −

−

+ 
− ≤ − − − 

 + − − 

 (2.9) 

 
Substituting from (2.9) into (2.8) gives: 
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{ }

{ }

{ }

1 1 2 1 2

1 2 1 2

1

1 2 1 2

|| || max || ||,||
1

max || ||,|| ||
1 1

|| ||
1 1

1 max || ||,|| ||
1 1

1

n n n n n n

n n n n

n n

n n n n

a c
x x x x y y

b

b a c
x x y y

b b

b b
x x

b b

a c b
x x y y

b b

b

b

− − − − −

− − − −

−

− − − −

+ − ≤ − − − 
+   + − −   − −   

   + −   − −   

+   ≤ + − −   − −   

+  −

2

1|| ||n nx x −

 −  

 

 
Hence: 

 

{ }

2

1

1 2 1 2

1 || ||
1

1 max || ||,||
1 1

n n

n n n n

b
x x

b

a c b
x x y y

b b

−

− − − −

  
− −  −   

+   
≤ + − −   − −   

 

 

Hence: 

 

{ }

{ }

1

1 2 1 22

1 2 1 2

|| ||

1
1 max || ||,|| ||

1
1

1

1
max || ||,|| ||

1 1 2

n n

n n n n

n n n n

x x

b
a c b x x y y

b b

b

a c b
x x y y

b b

−

− − − −

− − − −

−

 
 ++  − ≤ − −   −   −  −  

+ −   ≤ − −   − −   

 

 
Consequently: 

 

{ }1 1 2 1 2
|| || max || ||,||

1 2
n n n n n n

a c
x x x x y y

b
− − − − −

+ − ≤ − − − 
 (2.6) 

 
Similarly: 

 

{ }1 1 2 1 2
|| || max || ||,||

1 2
n n n n n n

a c
y y x x y y

b
− − − − −

+ − ≤ − − − 
 

 
Continuing n-2 same steps proves (2.6). The 

inequalities (2.7) can be proved by a similar way. Now, 

let n, m∈N with n ≤ m, we have: 
 

1 2 1 1

1 2 1

|| || || || ... || || || ||

...
1 2 1 2 1 2

1 2

1
1 2

m n m m n n n n

m n n

n

x x x x x x x x

a c a c a c
K

b b b

a c

b
K

a c

b

− − − −

− − −

− ≤ − + + − + −

 + + +     ≤ + + +      − − −       

+ 
 − ≤

+ −  − 

 

Taking the limit as n→∞ proves that ||xm-xn||→m,n→∞0. 

because 
1 2

a c

b

+

−
<1. 

Using the same steps of lemma (1) proves the 

following Lemma: 

Lemma 2 

Given a partially ordered normed space X, T an 

{a,b,c} second-type contraction mapping satisfying (2.3) 

and (2.4) and an upper-anti-lower couple point (x0, y0) of 

T, then the inequalities (2.6) and (2.7) hold. 

Theorem 2 

Let X be a sequentially lower-upper ordered Banach 

space X and T: X × X→X be a {a, b, c} M first-type 

contraction mapping having the first-second mixed 

monotone and lower-upper properties on X. Then T has 

first-anti-second couple fixed point in X. Moreover, for 

every lower-anti-upper couple (x0, y0) of T there is first-anti-

second couple fixed point (x, y) of T such that the sequences 

(2.5) are converging strongly to x and y respectively, Also: 
 

• If in addition X is totally ordered and (x, y) is a 

couple fixed of T, then x = y 

• If in addition X is totally ordered, T on the diagonal 

satisfies ||T(x, x)-T(y, y)||<||x-y||, then T has a unique 

pair fixed, that is; there is x∈X such that T(x, x) = x 
 

Proof 

Let (x0, y0) be a lower-anti-upper couple of T. Then 

using lemma (1) shows that both {xn}n∈N and {yn}n∈N 

given in iteration (2.5) are Cauchy sequences in X, 

because of the completeness of X, these sequences are 

converging strongly to some elements x and y in X 

respectively. Using the sequentially lower-upper ordered 

normed space assumption of X gives xn ≤ x, y ≤ yn for 

every n∈N, we get the following: 
 

( ) ( )
( ) ( )

{ }
( ) ( ){ }
( ) ( ){ }

1 1

1 1

1 1 1 1 1 1

|| , || || , || || ||

|| , , || || ||

max || ,|| ||

max || , ||,|| , ||

max || ||,|| , ||

|| ||

n n

n n n

n n

n n n n n n

n

T x y x T x y x x x

T x y T x y x x

a x x y y

b T x y x T y x y

c T x y x T y x y

x x

− −

− −

− − − − − −

− ≤ − + −

= − + −

≤ − −

+ − −

+ − − −

+ −

 

 
That is: 

 

( )

( ) { }

{ }

1 1

1 1

|| , ||

1
|| , || max || ||,|| ||

1

max || ||,|| || || ||

n n

n n n n n

T x y x

b T y x y a x x y y
b

c x x y y x x

− −

− −

−

  ≤ − + − −  − 

+ − − + − 
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Taking the limit as n→∞ proves that: 

 

( ) ( )|| , || || , ||
1

b
T x y x T y x y

b

 − ≤ − − 
. 

 

Similarly: 

 

( ) ( )|| , || || , ||
1

b
T y x y T x y x

b

 − ≤ − − 
. 

 

thus: 

 

( ) ( )

( )
2

|| , || || , ||
1 1

|| , ||
1

b b
T x y x T y x x

b b

b
T x y x

b

  − ≤ −  − −  

 = − − 

 

 

Suppose that ||T(x, y)-x|| ≠ 0, hence 1≤
2

1

b

b

 
 − 

, 1≤ 

1

b

b−
, 1-b ≤ b, 1 ≤ 2b, b ≥ 

1

2
 contradicting our assumption 

b < 
1

2
, consequently, ||T(x, y)-x|| = 0, hence T(x, y) = x, 

similarly T(y, x) = y and (x, y) is a couple fixed of T. 

Now, given X a totally ordered space, (x, y) a couple 

fixed of T and x ≠ y. Then the following gives an obvious 

contradiction: 

 

( ) ( )
{ }

( ) ( ){ }
( ) ( ){ }

( ) { }

|| || || , , ||

max || ||,|| ||

max || , ||,|| , ||

max , ||,|| , ||

|| || max || ||,|| ||

|| || ||

x y T x y T y x

a x y y x

b T x y x T y x y

c T y x y T x y x

a x y b c x x y y

a x y x y

− = −

≤ − −

+ − −

+ − −

= − + + − −

= − < −

 

 

Finally, suppose that X is totally ordered, T on the 

diagonal satisfies ||T(x, x)-||T(y, y)|| < ||x-y|| and (x, x) and 

(y, y) are two pair fixed points with x ≠ y. Then ||x-y|| = 

||T(x, x) -||T(y, y)|| <||x- y|| is a contradiction. 

Corollary 2 

Let X be a sequentially lower-upper ordered 

complete normed space and T: X × X→X be a {a, b, c} 

first-type contraction mapping having the first-second 

mixed monotone and lower-upper properties on X. Then 

T has a first-anti-second couple fixed point in X. 

Moreover, for every lower-anti-upper couple (x0, y0) of T 

there is first-anti-second couple fixed point (x, y) of T 

such that the sequences (2.5) are converging strongly to 

x and y respectively. Also: 

• If in addition X is totally ordered and (x, y) is a 

couple fixed of T, then x = y 

• If in addition X is totally ordered, T on the diagonal 

satisfies ||T(x, x)-||T(y, y)|| <||x-y||, then T has a 

unique fixed point 
 

Proof 

Using: 
 

( ) ( )
{ } ( )

( ) ( ){ }
{ }

( ) ( ){ }
( ) ( ){ }

|| , . ||

max || ||,|| || || , ||

max || , ||,|| , ||

max || ||,|| ||

max || , ||,|| , ||

max || , ||,|| , ||

T x y T u v

a x u y v b T x y x

c T u v u T v u v

a x u y v

b T x y x T y x y

c T u v u T v u v

−

≤ − − + −

+ − −

≤ − −

+ − −

+ − −

 

 

for all x, y, u and v in X with x ≥ u and y ≤ v shows that 

every {a, b, c} first-type contraction mapping is {a, b, c} 

M first-type contraction mapping, using Theorem (2) 

completes the proof. 

Conclusion 

We introduced new class for contraction types of 

mappings, the mappings defined from normed space into 

its Cartesian product, proved that this defined class is 

lying between the nonexpansive and quasi nonexpansive 

classes and studied the concept of fixed points for the 

mappings in this new defined class to extend the concept 

of C contractivity condition studied in (Suzuki, 2008). 

We also defined new contraction types of mappings with 

a mixed monotone property, M first and M second 

contraction types of mappings, the mappings defined 

from the Cartesian product of a sequentially ordered 

Banach space into itself and proved the existence of pair, 

first-anti-second and second-anti-first couple fixed 

points of such mappings to generalize some of the results 

given in (Ali, 2013). 
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