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Abstract: Problem statement: In reliability theory and operations research, there are many methods 
and techniques to improve the performance of a system. The aim of this study is to generalize 
reliability equivalence technique to apply it to a mixed failure lifetimes system f1 (t), f2 (t) with delayed 
time. Approach: We shall improve the system by using some reliability techniques: (i) reducing the 
failure for some lifetimes; (ii) add hot duplication components; (iii) add cold duplication components; 
(iv) add cold duplication components with imperfect switches. We start by establishing two different 
types of reliability equivalence factors, the Survival Reliability Equivalence (SRE) and Mean 
Reliability Equivalence (MRE) factors. Also, we introduced some numerical results. Results: The 
system reliability function and mean time to failure will be used as reference of the system 
performances. For this reason, we obtain the reliability functions and mean time to failures of the 
original and improved systems using each improving methods. Conclusion: The results can be used to 
distinguish between the original and improved systems performances and calculate the equivalent 
between different cases of improving methods. 
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INTRODUCTION 

 
 Operations Research, in its various fields, is 
concerned with the problem of system performance in 
the best possible way. In reliability theory, one way to 
improve the performance of a system is to use the 
redundancy method. There are two main such methods: 
Hot duplication method; in this case, it is assumed that 
some of the system components are duplicated in 
parallel. Cold duplication method: In this case, it is 
assumed that some of the system components are 
duplicated in parallel via a perfect switch. 
Unfortunately, for many different reasons, such as 
space limitation, high cost, it is not always possible to 
improve a system by duplicating some or all of its 
components, Rushdi and Alsulami (2007) and Haggag 
(2009). For example, satellites and space aircrafts have 
limited space which doesn’t allow component 
duplication. Also, some microchips are so expansive 

that manufacturers cannot afford to duplicate them. In 
such cases where duplication is not possible, the 
engineer turns to another well-known method in 
reliability theory,   the   so-called   reduction    method, 
Mokaddis et al. (2009) and Gupta et al. (2006). In this 
method, it is assumed that the failure rates of some of 
the system components are reduced by a factor ρ, 
0<ρ<1. Now, once the reduction method is adopted, the 
main problem facing the engineer is to decide to what 
degree the failure rate should be decreased in order to 
improve the system. To solve this problem, one can 
make equivalence between the reduction method and 
the duplication method based on some reliability 
measures. In other words, the design of the system 
improved by the reduction method should be equivalent 
to the design of the system improved by one of the 
duplication methods. The comparison of the designs 
produces the so-called reliability equivalence factors, 
Sarhan et al. (2000). Sarhan and Mustafa (2006) 
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introduced different vectors of the reliability equivalence 
factors of a series system consists of n independent and 
non- identical components. Mustafa, et al. (2007), 
introduced three different types of the reliability 
equivalence factors of a parallel-series system consists 
of four independent and identical components. The 
lifetime of the system component is assumed to follow 
exponential distribution. Xia and Zhang (2007), applied 
the concept of the reliability equivalence on n 
components parallel system with non-constant failure 
rates, authors considered the life distribution of the 
components are Gamma distribution. Gamma 
distribution can be reduced to the exponential 
distribution when n = 1, this means GD(1, λ) ≡ ED(λ) 
Mustafa (2009b) applied the concept of reliability 
equivalence when the components have mixture 
Weibull failure rates, Mustafa (2008), generalized 
reliability equivalence techniques to apply to a system 
consists of two independent and non-identical 
components connected in series (parallel) system, that 
have constant failure rates. The system improved by 
using one component only with redundant methods. 
Sarhan (2002), introduced equivalence factors of a 
general series-parallel system, Sarhan, et al. (2008), 
introduced equivalence factors of a general parallel-
series system and assumed that all components are 
independent and follow the exponential distribution 
with the same parameter¸ λ>0.  Mustafa (2009a) studied 
the reliability equivalence factor of a series system. The 
failure rates of the system components are functions of 
time t and introduced two cases of non-constant failure 
rates (i) Weibull distribution (ii) linear increasing 
failure rate distribution. There are two methods are used 
to improve the given system. Mustafa (2009b) 
introduced reliability equivalence factors for some 
systems with mixture weibull failure rates and studied 
two cases (i) the mixture of two stages of life time 
distribution with weibull failure rates, (ii) the mixture 
of two stages failure rates with weibull distribution. 
Mustafa and El-Bassiouny (2009), introduced the 
reliability equivalence factor of the system such that the 
failure rates of the system’s components are functions 
of time t, studied two cases (i) the life time distribution 
of a components has two stages with increasing failure 
rates, (ii) the failure rates of the components have the 
two stages. Mustafa et al. (2009), applied the reliability 
equivalence techniques to a system consists of n 
independent and non-identical components connected 
in series system, which have mixing constant failure 
rates. Mustafa and El-Faheem (2011), generalized 
reliability equivalence technique to apply it to a system 

consists of m independent and non-identical lifetimes 
distributions, with mixed failure lifetimes f1(t), 
f2(t),…,fm(t). In this article, we consider a system with 
mixing lifetimes, delayed time. This modal is 
applicable when each component or product experience 
two (or more) failure modes. For example, a 
mechanical component, such as a load-carrying bearing 
or a cutting tool, may fail due to wear-out or when the 
applied stress exceeds the design strength of component 
material. Since the component or the tool can fail in 
either of the failure modes, it is then appropriate to 
describe the hazard rate by a mixed model, it is 
expressed as follows, Everitt and Hand (1981) and 
Teamah and El-Bar (2009): 
 
f (t) = p1 f1 (t) + p2 f2(t)  (1) 
 
where, 0 ≤ pi ≤ 1, i = 1,2, p1+p2 = 1, the quantity p1 is 
the probability that the component or the tool fails in the 
first failure mode and p2 is the probability that it fails in 
the second failure, if the second failure mode occurs after 
a delay time δ from the first failure mode, then: 
 
fd (t) = p1 f1 (t)+p2 f2(t-δ), 0 ≤δ≤ t  (2) 
 
Original system: We derive the reliability function and 
mean time to failure for a system with two non-
identical mixing lifetime distribution and delayed time. 
Assuming the failure rates of the two types of mixed 
lifetimes are, λi i= 1, 2, that is the failure time for the 
system is given as, El-Said and El-Sherbeny (2005): 
 
f (t) = λ1 p1 exp{- λ 1 t} + λ2 p2 exp{- λ2(t- δ)} (2a) 
 
 Reliability function R(t), for the original system 
can be obtained as follows: 
 
R (t) = p1 exp {- λ 1 t} + p2 exp {- λ2 (t- δ)} (2b) 
 
 From Eq. 2b, one can easily obtain the mean time 
to failure, say MTTF, as follows: 
 

{ }2 21

1 2

p expp
MTTF

λ δ
= +

λ λ
  (2c)  

 
The improved systems: The quality of the system 
reliability can be improved by using four different 
methods of the system improvements. 
 
Reduction method: Let Rρ (t) denote to the reliability 
function of the improved system, when the failure rate 
of the mixing components are reduced by the factor ρi, 
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0<ρi<1, i = 1, 2. One can obtain the function Rρ(t), as 
follows: 
 
Rρ (t) = p1 exp {- ρ1 λ1 t}+ p2 exp{- ρ2 λ2 (t- δ)} (3a) 
 
 From Eq. 3a, the mean time to failure of the 
improved system, say MTTFρ, becomes: 
 

{ }2 2 21

1 1 2 2

p expp
MTTFρ

ρ λ δ
= +

λ ρ ρ λ
 (3b)  

 
Hot duplication method: Let RH (t) be the reliability 
function of the improved system obtained by assuming 
hot duplications of the system component. The function 
RH (t) can be obtained as follows, Lewis (1996): 
  
RH (t) = [2-R (t)] R (t) (3c) 
 
Where:  
 
 R (t) = p1 exp {-λ1 t} + p2 exp {- λ2 (t- δ)}    
 
 Let MTTFH be the mean time to failure of the 
improved system assuming hot duplication method. 
Using Eq. 3c, one can deduce MTTFH as: 
 

{ }

{ } { }

{ }

{ } { }

2 2H 1 1

1 2

1 2 2

2 2
1 2

2 21 1

1 2

1 2 2

2 2
1 2

p exp(4 p )p
MTTF

2 2

2p p exp
4 p exp

p exp(2 p )p
MTTF

2 2

2p p exp
2 p exp

λ δ−= +
λ λ

λ δ
 − λ δ −  λ + λ

λ δ−= + +
λ λ

λ δ
 − λ δ −  λ + λ

   (3d)  

 
 That is, hot duplication of a single component 
increases the mean time to system failure by the 
amount: 
 

{ } { } { }2 2 1 2 21 1
2 2

1 2 1 2

p exp 2p p exp(2 p )p
2 p exp

2 2

λ δ λ δ−
 + − λ δ − λ λ λ + λ

 

 
Cold duplication method: Let RC (t) be the reliability 
function of the improved system obtained by assuming 
cold duplications of the mixing system components. 
The function RC(t) can be obtained as follows, Billinton 
and Allan (1983): 
 

( ) { } { }

{ }
{ } ( ) { }

1 2 2C 2
1 1 1

2 1

2 1 2
2 2 2

1 2

2p p exp
R (t) p 1 t exp t

exp t
p 1 t exp (t 2 )

exp t

λ δ
= + λ −λ +

λ − λ

 λ −λ
 + + λ −λ − δ
 −λ −λ 

  (3e)  

 From Eq. 3e, the mean time to failure of the 
improved system, say MTTFC, assuming cold 
duplications method is given as: 
 

( ) { } { }

( ) ( ) { }

{ }

22
1 2 1 2 2 2 2C 1

1 1 2 2

2 1 1 2 1 21 1

1 1 2

2
2 2

2

p p exp p exp 2p
MTTF 2

p 2p expp 2p 1
MTTF

2p exp 2

 λ +λ λ δ δλ
 = + +
λ λ λ λ  

 λ +λ −λ λ δ−  = + +
λ λ λ

δλ
+

λ

 (3f)  

 
 That is, cold duplication of the system component 
increases the mean time to system failure by the amount: 
 

( ) { }

{ }

2 1 1 2 1 21 1

1 1 2

2
2 2

2

p 2p expp (2p 1)

2p exp 2

  λ + λ − λ λ δ−   +
 λ λ λ
 

δλ 
+ λ 

 

 
Imperfect switching duplication method: Let us 
consider now that, the system reliability can be 
improved assuming cold duplication method with 
imperfect switch of the mixing component. In such 
method, it is assumed that the component is 
connected by a cold redundant standby component 
via a random switch having a constant failure rate, 
say β. Let RI (t) be the reliability function of the 
improved system when the system component is 
improved according to the cold duplication method 
with imperfect switch for the mixing components. 
The function RI (t) is given as follows: 
 

{ } { }
( ) { }

( ){ }

{ }
( ) { }

( ){ }
{ } { }

{ }

2
I 1

1 1 1

1 2
1 2

1 2 2 1

2 1
1 2

2
2 1 1 2

2
2

2 2 2

2

p
R (t) exp t exp t

exp tp p

exp t

exp tp p
exp

exp t

p
exp exp t

exp (t 2 )

 = λ + β − λ −β −λ β
 λ + β −λ
 +
 λ + β − λ −λ − β + λ
 

 λ + β −λ
 δλ +
 λ + β − λ −λ − β + λ
 

 δλ + λ + β − λ −β β

−λ − δ

 (3g)  

 
 From Eq. 3g, the mean time to failure of the 
improved system, say MTTFI is given by: 
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 −λ λ +

λ λ λ + β λ + β

 (3h)  

 

 That is, cold duplication with imperfect switch of 
the system component increases the mean time to 
system failure by the amount:  
 

( ) ( )
( )

( ) { }
( )

( ) ( )
( ) { }

( )( )

2
1 1 1 1 2 2 2

1 1 2 2

1 2 1 2
2 1 2 1 2 2

1 1
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p 2p 1 p 1 p 2 exp 2

p 2
p exp

p 1

  − λ + − β λ + β δλ  +
 λ λ + β λ λ + β
 
   λ λ + β +
   λ + λ + β − λ λ δ λ
   − λ β   + λ λ λ + β λ + β 

  

 
MATERIALS AND METHODS 

 
The αααα-fractiles: Let L(α) be the a-fractile of the 
original system and LD (α), D = H, C, I, are the α-
fractiles of the improved systems. The α-fractiles 
L(α) and LD(α) are defined as the solution of the 
following equations, respectively: 
 

D
DL( ) L ( )

R , R
 α α  = α = α  Λ Λ   

  (4a) 

 
Where: 1 2Λ = λ + λ  

 It follows from Eq. (2b) and the first Eq. (4a) that L= 
L (α), satisfies the following equation: 
 

1
1 2 2

L L
p exp p exp

   λ  − + −λ − δ = α    Λ Λ   
   (4b)  

 From the second Eq. 4a, when D = H and Eq. 3c, 
one can verify that L = LH (α) satisfies the following 
equation: 

 

( ){ }

1
1 2 2

2 21
1 2 2

1 2 2

L L
2p exp 2p exp

2 L L
p exp p exp 2

2p p exp L

   λ  − + −λ − δ    Λ Λ   

   λ  − − − − λ − δ −    Λ Λ   

− − λ δ = α

  (4c)  

 
 Similarly, from Eq. 3e and the second Eq. of 4a, 
when D = C, L = LC (α) can be obtained by solving the 
following equation: 
 

{ }1 2 22 1
1 1

2 1

1 2
2 1

2 2
2 2

2p p expL L
p 1 exp

L L
exp exp

L L
p 1 exp 2

λ δ λ + λ − +  Λ Λ λ − λ   

    λ λλ − − λ −    Λ Λ    

   λ  + + −λ − δ = α    Λ Λ   

  (4d)  

 
 Finally, from equation (3g) and the second 
equation of (4a), when D = I, L = LI (α) satisfies the 
following equation: 
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2
1 1
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1 2 2

1 2

2
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1

1
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1 2 2
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2
2
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L
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p ex

  β λ λ + β − λ − −    β Λ Λ    

λ δ
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λ + β − λ
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+
{ }
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2

2 2

2

p 2 L
exp
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exp
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 λ + − = α Λ  

 (4e)  
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 Equation 4b-4e has no closed form solutions and 
can be solved using some numerical program such as 
mathematic program system. 

 
The survival reliability equivalence factor: We 
shall derive the SREF, when the mixing failure 
lifetime of the system component are reduced by the 
factor ρ, these factors will be denoted by ρD (α), 
D=H, C, I. The factor ρD(α) is defined as the solution 
ρ of the equation: 
 
RD (t) = Rρ (t) = α   (4f)  
 
 Using Eq. 3a together with Eq. 4f, one can verify 
that ρi = ρi

D satisfies the following system of equations: 
 

{ } ( ){ }1 1 1 2 2 2

D

p exp t p exp t ,

R (t)

−ρ λ + −ρ λ − δ = α 


= α 

  (4g)  

 
 By using Eq. 4g, together with Eq. 3c, 3e and 3g, 
one can verify that the factor ρi

H,  ρi
C, ρi

I, i = 1, 2, 
satisfies the systems of equations which have no 
closed form solutions and can be solved using some 
numerical program such as mathematic program 
system. 
 
The mean reliability equivalence factor: The MREF, 
say ζD, for D=H, C, I can be obtained by solving the 
following equation: 
 
 MTTHρ = MTTFD  (4h)  
 
 Using Eq. 3b together with Eq. 3h, one can verify 
that ζi

 = ζi
D, i = 1, 2 satisfies the equation:  

 

{ }2 2 2 D1

1 2 2

p expp
MTTF

λ ξ δ
+ =

λξ λ ξ
   (4i)  

 
 Equation (4i) can be solved numerically by using 
Mathematic Program System, to get ζi

D for given λi, δ 
and MTTFD. The MTTFD are given, for D = H, C and I, 
from Eq. 3d, 3f and 3h respectively. 
 

RESULTS 
 
 To explain how one can utilize the previously 
obtained theoretical results, we introduce a numerical 

example. In such example, we calculate the two 
different reliability equivalence factors of a system of 
one component with two non-identical mixing 
lifetimes, under the following assumptions: 

 
• The failure rates of the mixing lifetime is λ1 = 0.07, 

λ2 = 0.09  
• The probability p = 0.4 
• The system reliability will be improved when the 

system component of mixing lifetimes are 
improved according to one of the previous 
duplication methods  

• In the reduction method, we improve the system 
reliability when the failure rates of mixing lifetime 
are reducing by the factor, ρi, i = 1,2  

• In the imperfect switch duplication method, β = 0.01 
• The delayed time δ = 0.03  

 
 For this example, we have found that, the mean 
time to failure of the original and improved systems 
assuming HDM, CDM, IDM are presented in Table 1. 
The α-fractiles L(α), LD(α) and the reliability 
equivalence factors ρD(α), D = H, C, I are calculated 
using Mathematica Program System according to the 
previous theoretical formulae. In such calculations the 
level α is chosen to be 0.1, 0.2,…, 0.9. 
 Table 2 represents the α-fractiles of the original 
and improved systems that are obtained by improving 
the system component according to the previously 
mentioned methods. Table 3 shows the SREF of the 
improved systems using each duplication method. 
Table 4 shows the MREF of the improved systems 
using each duplication method. 

 

Table 1: The MTTF of the original and improved systems 

MTTF MTTFH MTTFI MTTFC 

12.3990 18.6362 23.4532 24.8382 

 

Table 2: The α-fractiles of the original and improved system 

α L LH LI LC 

0.1 4.5737 5.9289 7.3153 7.7472 
0.2 3.1808 4.4642 5.6070 5.9384 
0.3 2.3729 3.5861 4.5564 4.8257 
0.4 1.8028 2.9420 3.7715 3.9945 
0.5 1.3623 2.4206 3.1267 3.3116 
0.6 1.0035 1.9702 2.5628 2.7144 
0.7 0.7008 1.5601 2.0436 2.1645 
0.8 0.4392 1.1646 1.5378 1.6288 
0.9 0.2089 0.7468 0.9992 1.0584
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Table 3: The SREF ρD (α) 

ρ2
D=1                                         ρ1

D=1  ρ1
D=ρ2

D=1 
 ---------------------------------------- ----------------------------------------------- ---------------------------------------------------- 

α ρ1
H ρ1

I ρ1
C ρ2

H ρ2
I ρ2

C ρH ρI ρC 

0.1 0.6274 0.4655 0.4327 0.6443 0.4789 0.4447 0.7713 0.6251 0.5902 
0.2 0.4982 0.3386 0.3102 0.5710 0.4085 0.3774 0.7123 0.5671 0.5354 
0.3 0.3811 0.2286 0.2038 0.5056 0.3490 0.3205 0.6614 0.5205 0.4914 
0.4 0.2633 0.1205 0.0991 0.4409 0.2920 0.2659 0.6124 0.4776 0.4509 
0.5 0.1374 0.0067 NA 0.3733 0.2335 0.2099 0.5623 0.4352 0.4108 
0.6 NA NA NA 0.2991 0.1702 0.1491 0.5085 0.3908 0.3689 
0.7 NA NA NA 0.2133 0.0977 0.0794 0.4481 0.3419 0.3228 
0.8 NA NA NA 0.1066 0.0079 0.0070 0.3755 0.2842 0.2683 
0.9 NA NA NA 0.0454 NA NA 0.2766 0.2065 0.1949 

 
Table 4: The MREF, ζ

D
 

ζ2
D=1 ζ1

D =1 ζ1
D = ζ2

D
  

ζ1
H

 = 0.4781 ζ2
H

 = 0.5166 ζ
H

 = 0.6649 

ζ1
I
 = 0.3408 ζ2

I
 = 0.3762 ζ

I
 = 0.5283 

ζ1
C
 = 0.3148 ζ2

C
 = 0.3489 ζ

C
 = 0.4988 

 

DISCUSSION 
 
 From Table 1, one can conclude that: 
 
MTTF < MTTFH < MTTFI < MTTFC 

 
 Based on the results presented in Table 2, it seems 
that: L(α) < LH(α) < LI(a) < LC(α) in allstudied cases. 
 This is confirmed by the results obtained for 
MTTF. According to the results presented in Table 3, it 
may be observed that: 
 Hot duplication of the mixing lifetime will increase 

L (0.1) from 
4.5737 5.9289

to
Λ Λ

 Table 2. The same effect 

on L(0.1) can occur by reducing the failure rates of (i) 
the first type of mixing lifetimes by the factor ρ1

H = 
0.6274 (ii) the second type of mixing lifetimes by the 
factor ρ2

H = 0.6442 , (iii) the two types of mixing 
lifetimes by the factor ρH = 0.7713, Table 3. 
 Imperfect duplication of the mixing lifetimes will 

increase L (0.1) from 
4.5737 7.3153

to
Λ Λ

 see Table 2. The 

same effect on L(0.1) can occur by reducing the failure 
rates of (i) the first type of mixing lifetimes by the 
factor ρ1

I
 = 0.4655 (ii) the second type of mixing 

lifetimes by the factor ρ2
I = 0.47842 , (iii) the two types 

of mixing lifetimes by the factor ρI ,= 0.6251, see Table 
3 
Cold duplication of the mixing lifetime will increase 

L(0.1) from 
4.5737 7.7472

to
Λ Λ

 Table 2. The same effect 

on L(0.1) can occur by reducing the failure rates of (i) 
the first type of mixing lifetimes by the factor ρ1

C = 

0.4327, (ii) the second type of mixing lifetimes by the 
factor ρ2

C = 0.4447, (iii) the two types of mixing 
lifetimes by the factor ρC = 0.5902, see Table 3, 
 In the same manner, one can read the rest of results 
presented in Tables 3. 
 The notation NA, means that there is no 
equivalence between the two improved systems: one 
obtained by reducing the failure rates of the only one 
type of the mixing lifetime and the other obtained by 
improving the system component according to the 
duplication methods. 
 Based on the results presented in Table 4, one can 
conclude that. 
 The improved system that can be obtained by 
improving the mixing lifetime according to hot 
duplication method, has the same mean time to 
failure of that system which can be obtained by 
reducing (i) the first type of the mixing failure rates 
by the factor ζ1

H =0.4781, (ii) the second type of the 
mixing    failure   rates  by the factor ζ2

H = 0.5166, 
(iii) the two types of the mixing failure rates by the 
factor ζH = 0.6649, Table 4. 
 The improved system that can be obtained by 
improving the mixing lifetime according to imperfect 
duplication method, has the same mean time to 
failure of that system which can be obtained by 
reducing (i) the first type of the mixing failure rates 
by the factor ζ1

I = 0.3408, (ii) the second type of the 
mixing failure rates by the factor ζ2

I = 0.3762, (iii) 
the two types of the mixing failure rates by the factor 
ζ

I = 0.5283, Table 4. 
 The improved system that can be obtained by 
improving mixing lifetime according to cold 
duplication method, has the same mean time to 
failure of that system which can be obtained by 
reducing (i) the first type of the mixing failure rates 
by the factor ζ1

C = 0.3148, (ii) the second type of the 
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mixing failure rates by the factor ζ2
C = 0.3489, (iii) 

the two types of the mixing failure rates by the factor 
ζ

C = 0.4988, Table 4. 
 

CONCLUSION 
 
 The quality of the system reliability can be 
improved using four different methods of the system 
improvements. The results can be used to distinguish 
between the original and improved systems 
performances and calculate the equivalent between 
different cases of improving methods.  
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