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Abstract: In the article, the theory of optimal filtering of information
processes is used to synthesize optimal one-stage estimation algorithm for
the object orientation angles using the signals of the satellite navigation
system. The article also provides equations of optimal filtering, as well as
their representation in the form of the tracking system comprising of an
orientation angles discriminator and a smoothing filter. The synthesized
algorithm has no tracking systems for the phases of the received signals (or
phase differences) and the procedures for resolving the ambiguity of phase
measurements that enhance its noise immunity while maintaining high
precision in estimating the orientation angles. The article provides
expressions for the calculation of the Cramer-Rao lower limit for the
dispersion errors matrix for estimating object orientation angles when
receiving signals of an arbitrary number of navigation satellites. The results
of the simulation of the synthesized system are provided in the study.
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Introduction

Satellite navigation systems are now widely used for
a variety of technical problems, including extracting
information from the phase of the received signals
(Misra and Enge, 2012; Kaplan and Hegarty, 2006). One
of such application is the determination of the orientation
angles of the object on the signals of satellite radio
navigation system, taken spaced points (Cohen, 1992;
Parkinson and Spilker, 1996). The approach is because
the signals coming from the navigation satellite in two
spaced points have a phase shift depending on the angle
between the reference line connecting the two points of
reception and the direction of arrival of the satellite
navigation signal. Measuring this angle and knowing the
direction of satellite navigation, we can determine the
orientation angle of the reference line. To implement this
approach, navigation receivers are placed in the
receiving points, which measure the phases of the
received navigation signals. Further, the phase difference
is formed, which carries information about the angle
between the reference line and the direction of arrival of
the signal from the navigation satellite. The main
problem consists in that the measured phase difference is
different from the true phase difference proportional to
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the phase difference between the arrival times of the
signal phase edge in the receiving point on an integer
number of periods of the high-frequency filling. That is,
there is ambiguity of phase measurements. Various
algorithms for ambiguity resolution of phase
measurements are presented extensively in literature
(Povalyaev, 2008; Lipkin, 2008; Boriskin er al., 2010;
Perov and Kharisov, 2010; Knight, 1994; Hodgart and
Purivigraipong, 2000; Lin et al., 2004; Verhagen and
Teunissen, 2006).

The described ideology for determining the orientation
angles using signals of satellite navigation systems is
based on the principle of two-stage processing of signals
from navigation satellites (Perov and Kharisov, 2010), in
which the first stage is estimation of parameters of the
received radio signals (delay, phase and the Doppler
frequency shift) and the second stage solves the navigation
task-formation of estimations of coordinates, velocity and
orientation angles of the consumer. At the same time in
relation to a standard navigation equipment, recently there
are proposed and studied one-stage processing algorithms,
where, in a single complex filter processing the signals of
all visible navigation satellites, the desired estimations of
position and velocity of the consumer (Perov, 2004) are
formed. One-stage algorithm has no intermediate stage of
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forming pseudo-range and pseudo phases estimations and
estimations of the desired parameters are formed by
processing the outputs of discriminators (temporal and
phase), which allows disambiguating phase measurements
for prolonged observation time. This ideology, in
principle, can be used to solve the problem of estimating
the orientation angles of the object at the reception of
navigation signals on several spatially separated antennas.
The paper by (Perov and Kharisov, 2010) developed this
approach for the task of determining the orientation of the
reference line in a vertical plane and shown to be
effective. This article contains the synthesis and analysis
of the one-stage tracking algorithm for estimating the
orientation angles of the object in space with the signal
processing of all visible navigation satellites.

Research Methodology
Statement of the Problem for Synthesis

Let us consider a geocentric coordinate system OXYZ
rigidly connected with the Earth (1) and the triangle ABC
defining the reference plane, which bind tightly
Coordinate System (CS) O, X, Y. Z,, the centre of which
O, lies in the plane ABC, axis O, X, is directed along the
line AB, axis O, Y, lies in the reference plane, axis O, Z,
completes the system of coordinates to the right hand.

Orientation of a triangle 4BC in CS OXYZ is given by
the Euler angles ¢, o and o5 (roll, pitch and yaw,
respectively) or in the vector form = |a; @, as|', which are
the rotation angles in CS O, X, Y. Z, relatively to CS OXYZ.

Assume that the triangle ABC moves in CS OXYZ, so
that the orientation angles vector varies in time, i.e., of(?).

Points A, B and C are used to receive radio signals
from » navigation satellites.

The result of processing the received signals is the
task to synthesize the optimal filtration system for vector
angles (7).

Let us introduce the directing cosines of the i th
navigation satellite, identifying them, for example,
relatively to the point O, and assuming they are the same
for all the other points of the triangle ABC (which is
permissible for small triangles relatively to distances to
the navigation satellites):

_ 5T X, V= Vo, 2T 2y,
By = s ”’yr -

R R 7" R

i i i

Vi

where, x, ., y, ., z, are coordinates of the point O. in
CS OXYZ; R; is the distance to i-th navigation satellite.
Let us introduce unit vectors e, i = |t My yz,|T,
i=1n to CS OXYZ and unit vectors L, ., Ly, .» Lo >

specifying the direction of points 4, B and C respectively
to the point O, in CS O X, Y. Z.
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Let us transform unit vectors /,, ., ly, .» Lo . > SEL IN
CS O X, Y. Z.into vectors 1, 5, Ly, 55 Loy 5 in CS OXYZ:

Lo, 3 (0‘) - Uj (a)lAOC,c’

, , (D
1305,3 (a) = U: (a)lBUc.c'l('()cj (a) = U; (a)l(‘oc.c

where, U/ is transformation matrix for coordinates from
CS O.X,Y.Z,to CS OXYZ, defined as:

cos(a;) —sin(a;) 0

Ul(a)=|sin(a;) cos(a;) 0|
0 0 1
cos(ar,) 0 sin(a,)| |1 0 0
0 1 0 |-{0 cos(e) -sin(e,)

—sin(a,) 0 cos(a,) [0 sin(ey) cos(a,)
Let us consider satellite radio signal with code

division coming from i-th navigation satellite to the point
O, for which let us write the expression:

So.i (Z) = Ah;u(.r (t ~ Yo )COS((('OO + (’O:LI )l + TESHCJ + (pO.r) (2)

where, 4 is the amplitude; o, is the signal carrying
frequency; o,; is the Doppler frequency shift due to

the movement of the point 4 (O,) of the triangle ABC;
7y, is the delay of the envelope curve of the signal at
its distribution from the navigation satellite to
receiver, ¢ ; is the initial phase of the signal received
from the i-th navigation satellite, ,;is the Doppler

signal frequency shift; 4 ,(¢) is the function of

modulation by the ranging code, 9y¢ ; are the
navigation data taking the value of 0 or 1.
Representation (2) is valid for a certain time

interval T in which the parameterso,;, 7, can be

considered as constant.

At points A, B and C, the received signals are shifted
in phase relatively to similar signals received at the point
O, into the phase angles:

_ 2T[LA0¢ l‘]r;(',ileg 3 (a)

(o) = oo 1) N
3
_ 2nLlo Hpcilso, 3 (a) _ 2nLco, Hpcilco, 3 (a)
i) = Pt () ) e ko ()

where L, , Ly, , L, mean the distance between the

exact O, and points 4, B and C respectively.
Therefore, it is possible to write (for the same time
slot 7) the following:
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A
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where, @, ,, ®s,:, @, are the Doppler signals
frequency shifts in points 4, B and C respectively due to
the rotation of the triangle ABC relatively the point O,
T4, Tpi Tc; 1S the delays of the envelope curve of the
signal from the i-th NS in the receiving points 4, B and C.

Strictly speaking, the delays 7y, 73, 7c; depend on
the vector of angles «. However, the consideration of
this dependence has little effect on the accuracy of
estimating the orientation angles of the phase of the
carrier frequency (v, (@),(ywp, (@),(yc,; (). Thus, this
dependence is not taken into account further.

When receiving n satellite radio signals, the total
signal over small time intervals (for example, equal to
the period ranging code) are described by the following
expressions:

3, b, (>[()

t+ Sy, + 0y, + Wy,

((1)+ a)A,t//Jt]’
55(0)= Y55, (1)

i=1

n

> iy (11, )COS[(% +o,,)

i=

4)
t+ Ay, T 0y, t Wy, ((1) + g, t ’

se(1)= IZ;:S(” (1)
R

t+ ”SHCJ + (/)0,1 + ‘//C,l (0’) + w(,l//,rl]

Let us write the equations of observation in the points
A, Band C:

va(t)=s,(t)+n, (). v, (1)

=s5,(t)+n,(t). v ()= s (t) +n. (1)

where, n4(f), nz(t) and no(f) are independent white
Gaussian noises with equal bilateral spectral densities
Ny/2.

Let us introduce the vector surveillance y(t) = [y4(¢)
() ye(@)|", for which let us write:
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y(1)=s(¢)+n(r)

where, s(t) = [s.4(t) s5(0) sc(D)|", n(0) = |s4(0) sp(t) sc(@|" is
white Gaussian noise vector with a matrix of bilateral
spectral densities Ny = I Ny/2.

Let us assume that receivers carry synchronous
sampling of the input process in time, so that the
processing system receives an implementation in discrete
time #; (Fig. 2):

Yii = S(tkp‘/’k,: ) +m,

where, t,; = kT+iT;; T = NT, is a step of discrete
processing in the tracking system loop; 7, is a
discretisation period in an analogue-digital converter; #y;
is a vector of independent discrete white Gaussian noises

. . . N, . .

with equal dispersions o} =ﬁ , where N, is one-sided
d

power spectral density of the internal noise of the receiver.

The dynamics of change of the orientation angles is

defined by equations in sampling times #;:

O =0 + TV, s Vo = Vo T8,

where, £a, k-1 is the vector of discrete white Gaussian
noise with dispersion matrix D.

Synthesis of Optimal Filtering Algorithm for
Orientation Angles

O

Let us introduce a state vector X, = , for which

ak

let us write the matrix equation:

Xy =FX,  +G<

I 71 0] . . . . .
where, F=O | ,G= iE I is an identity matrix with a
size of 3x3.
In this problem, the observations

YIf—LI={yk—LLyk—l,Z*"'*yk—l,N} the time interval [#., 1,4]

(Fig. 1) give information about the state vector Xy,
relevant to the time 7,.,. Therefore, if we are interested in
assessing the current state vector x,; according to the

observationsYOk={)’0"1,)’L21,...,Ykk,lnl}, it is necessary to

consider the a posteriori probability density p(X,H ‘Y(;‘ ) ,

for which it is possible to write the equations
(Tikhonov and Kharisov, 2004; Perov, 2012):

p(Xk—l ‘Yok) = cp(Xk—l‘Y;)kil)p(n}il,l‘Xk—l)’

p(Xk—l ‘Yok_l) = oj[p(kaz‘nk_l)p(kal‘kaz)kafz
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Fig. 1. Geometric scheme of the objectives
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Fig. 2. Time indexing scheme

Therefore, at the time ¢, processing all of the
available to the time observations Y, we will form a

state vector estimate X, ,, corresponding to the state
vector X}, at the time 7;.;.

Let us write the equations of optimal filtering of the
vector X; in the Gaussian approximation (Tikhonov and
Kharisov, 2004), assuming the delays z,;, 73;, 7; and
Doppler frequency shifts o,,, @,,,, o.,,, i=ln

known as:

L ar (X))

Xy =X, + Dy, [ka(Xk)] (5)
XA =F)A(k—1’

Where:
X, = The estimation of the filtered process

X, = The extrapolated process estimation
Dy, = The filtering errors dispersion matrix

Dy, = The extrapolation errors dispersion matrix:

F(X,)=Inp(¥"

%)

In (5), (6) the derivative of the scalar according to vector
is understood as a row vector (Perov and Kharisov, 2010).

Let us write signal functions (4) in the discrete time
for the moments f; €[y, tead, Where ;= 45T, Ty is
the discretisation step for analogue-to-digital converter,
MT, = T is the time interval, multiple to periods of the
ranging code:

Nt + T8c i
SA_kJ — zn:Ahm, (th _TAJ;k)COS (a)o + w,!l,h/t)t}s,l + 7T HC.i:k ]
i=l

U TRAIT (ak) F Oy il ’
n o, +o, )t + 71

sB_kJ — ZAhJKJ (th _ TB,,;k)COS ( 0 J,?.]t) k.l HC. ik i (7)
i=l TP T Ws, (ak) +@p il

(a)O + w:,,r.k)tk,/ + ]

+0,,; t Ve, (ak) + @O, il

n
Scu = ZAh:mz (tk,l - T('.I:k)COS
i=1

In these equations, parameters ¢ ;; and Jyc ;; are not
informative. Therefore, let us consider the likelihood
function averaged by these parameters:

p(YIAlH Xk)

TR (8)

= g:'.:[p(YAAlH Xk’¢0.1,k3HC,r,k>i = lsin)d%,l_k-ud%_mk =v

where, Iy(x) is the zero-order Bessel function of
imaginary argument:

U? (ak) =U;, (o) + U, (ak) ®
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A M
(]L‘,l (ak) =O_2%:

v, (L ”) h (t—rA -;v) Describe the multi-channel correlator, during the
' ' implementation of which, the Doppler frequencies o

ik 2

t [-1)T
(Q‘”'Jr( D+ Oy ) (11T, +%'(a’)) Odyiks Opyuiks Ocyix shall be replaced by the

. (t )h (t—z- )COS o, +( ik~ w) corresponding estimations @,,,, @,,,.> @y, 5> Bcpii»
Yo\l [\~ Tha (I-)T,+, (o) which are formed in independent tracking rings such as
: those described in (Perov and Kharisov, 2010).
P ay, +(0m ¢ Ty ,) Let us note that the correlation integrals (11) shall be
e, (b 1= )oos| (=0T, 41, () calculated in a single timeline.
o Substituting (9) into (7) and performing the necessary
o (t )h (t_r )OOS of, +(a)m Ty ,) (10) transformations, we obtain the following:
Ci\"kl )" " Cik
(=N +vesl(@) Ulog ) =13+ Ol + L+ Oy + 10, + O +
k) T TAik 14i.k Bi.k Bi.k Cik Cik
U (otk)=£ SIEE (tk'l)h’"’ (t_TA"’k) +2COS(‘//A1 k (al.) Yk (al. ))( aiid i+ OuiiOpi )
‘ O—j = Sm(m”t"‘l ( e T ‘)(Z_I)E-H//A”*(a")) +2$1n(l//A1k (ak) Y. )( AkaBr QAwk Bik )"’
- (t )h (t—r )sm[%t“ +( i~ Dg, V/rk)]]+ +2COS(‘/’A, k (ak) Yeir (ak ))( ek T Qaisleis )"' (12)
Bi\"kl)"'m B.ik
(=T +wy, (o) +2$1n(l//Axk(ak) Ve (o ))( Ly iQci = Quind )"’
N ) a)ol‘“+( O~ vnk) +2COS(‘/’BIL(0‘L) Ve k(ak))( Teip + Op Qi )+
Ve, (tk.l) :x(l_T('.uk)sm )
(1_1)7:1""//0,,‘/;(%) + Sm(‘/’& & (ak) Yeik (O‘L )( piiQcii = Opial )
Let us represent (10) in the form of: Let us introduce the vector:
Uei (o) =14, COS(WAz.k (ak)) Ly, COS(WEI.IC (o )) V=W W U Ve Ve e Vel
+1e, i c08(We, i (o)) - Ous (¥4 (1)) + O sin And a matrix ¢ such that o = cX.
' ' (W () + Ocy e sin (e 1 () Let us transform the derivative:
U, (0) = Oy 08(Wg () + O 08 (Wi () + O
. i I( A,I i Bk [ B-l- i ) Cik aFk(Xk)=6Fk(y/(ak))ai/%=8Fk(ak)ai/c (13)
cos(l//ﬁ, (a, )+ ik Sln(l//At,k (ak ))+ Bik Sln(Wgz,k (ak)) ox oy do. X oy oa
ey sin (‘/’ﬁ,k (ak ))

Let us consider the following:

where:
OF, (W(ak)) 0 |: N ]
—_— = In/, (X, (o,
[ iiy/“( ) ,]KI( TA!I) a‘/’ aW ;(n “( l(ak)))
o, i3 cos(wot D+ Dy, k)(l )7, ) alj (lnlO (Ul(ak)))
4 wne) m< 1) -
Iy =— —
O-j ;COS(Q)O[ :uk B(//I/»)(l I)T ) al//Bl (lnIO(U" (ak))) a‘r//(“n (lnIO(U" (ak)))
I. i yF!( ) ,]Kl( TF!I) Here-
Cik O'f 1COS(a)0t mk+a)( V/Ik)(l—l)Td)’ an :
2 el e) o (0 (o A(0@) U )
Our = ::;Sln(a)ol‘ B0+ 0, V”k)(l 1) ) aWA(B,F),( 0( r( A))) [o(U, (ak)) OV 4.0y
0 _4 iy ( ) :kr( rB,,) Is phase difference discriminator.
Bi.k 2
oni Sm(a) & + Dk T Op *)(l 7. ) The derivative U {w) is obtained by differentiating
A M Ve, ( k I)h;uu (t ~Tc.. k) . Vawo )
Oui =752 (12) with respect to the corresponding parameter i/ cy;
T Sm(a)“t* i+ (a)m et ey *)(l nr, ) and, for example, for v ; it has the following form:
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oU(a) 1 0Ua,)
al//m

20U, (a) oy,
= U (O‘k) [—sin (‘/’Az,k (ak) Wik (ak ))(IAchIBch + QA:,kQBr,k) +
+COS(WA17I: (ak) “Vair (ak ))(]AI,kQBz7k =Ouilp ) -

—sin (l//Ach (ak )- Yeik-1 (ak ))(IAr,kIG,k + QA:,kQG,k) +
+COS(WA1,L‘ (ak) “VYeir (ak))(]Ax.,kQG,k - QAr,k]G,k):I

Let us write the phases wy (), i), wei(aq) with
regard to (1), (4) in the following form:

_ 2”LA0J‘1TIC_,,UC3 (ak)lAOC o

‘//A7I (ak) = - ,
Wgi (ak) — 277[,3()&”:[0:;']3 ((Xk )IBOMC ’
v ()= ”‘T“”ff (6)lco.c

Let us represent the vector y in the form

w=lwy wy W ' , where VaB.0) =‘l//A1 Yin " and
write the derivative 2 as a block matrix:
(e
Wy
o
o _ |,
oa oa
We
oo
Where:
oy, a’//m‘ oW
oa oa oa
oy, _ Oy _ oy _
=] .. =] .. = .. (14)
o oa oa
oa oa oa
Let us consider the derivative:
2L .
e o G AN (15)

oa A oa

Let us introduce the matrix:

T
Hyc,

M= ,U;Ic,z

T
Huc.p

Then in view of (14), (15), the following expression
can be written:

Oy, 2mLy, 0
R R CHCA)

(16)

Similar expressions can be written for derivatives:

2L
Sy, _ 27l Mi(yg(ak)zw )-

oa A Oa (17
oy Z”L('()C 0

TR S

Let us note that in (16), (17) differentiation with
respect to the orientation angles o shall be
applied only to elements of the transformation

matrix U} (a), e.g.:

U (a) cos(a;) —sin(e;) 0

=|si 0
2e, sm(()a3) cos(()a3) ;
cos(ar,) 0 sin(a,)| |0 0 0
0 1 0 |0 —sin(e) —cos(e,),
—sin(a,) 0 cos(a,) |0 cos(a,) —sin(e,)
s cos(a;) —sin(a;) 0
() =|sin(a;) cos(a;) 0
oet 0 0o 1
—sin(a,) 0 cos(a,)| |1 0 0
0 0 0 |0 cos(ey) -sin(a,).
—cos(e,) 0 =sin(a,) [0 sin(e;) cos(e,)
s —sin(a;) —cos(a;) 0
Uele) _ cos(a;) —sin(a;) 0
oat 0 0 0
cos(ar,) 0 sin(a,)| |1 0 0
0 1 0 |-{0 cos(ey) -sin(e,)
—sin(a,) 0 cos(a,) [0 sin(ey) cos(a,)

In view of the obtained expressions, let us write:

0
Lo M 'a(UC3 (ak)let,c)
Oy 2r& 0
57: = 7 Lyo M ’&(U: (ak)lB()c.c)
0
Loo M 'a(UC3 (ak)lFOC,c)

Then, let us represent (17) in the form of:
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0
LM 'a(Uf (ak)lAOC.c)

oF, (X,) =216Fk(ak)
oxX Oy

E(US (ak)lsot,c) c (18)

oa

0
Leg M - a(Uc3 (ak )l('()c .c)

LB()C M-

oF, (a,)Y
Ugisy ke = ( : (ak )]

oy

Is the vector of discriminators of phase difference
according to the signals of visible NS:

a T
. . . . Lo M 87((]3 (ak)lA();,c)
where, the matrix ¢ is determined by the ratio & = cJX; i.e., o
¢ = |3 03,3, where 1,5 is the identity matrix of 3x3 size. Wy, = 2z Lyy M .i((ﬁ () g ) Uy, .
Substituting (18) into (5), let us write an equation for T4t da "
. . h : a
estimating the state vector LogM - (ch (@)leo, ’C)
Lo M 3(UC3 (o)1 AOC,C) Is the vector of discriminators for the orientation angles.
da . Generalized block diagram of a single-stage
X =X, +D..c 2z L M.ﬁ U3 (ay)1 ok («) filtration system for orientation angles of the object is
k k x k€ BO, ¢ (G )igo, o A
A o oy shown in Fig. 3.
9 (113 Let us note that in the diagram of Fig. 3 has a
Loo M-—\U; (0,)] .
o 6a( Je o) multichannel correlator.
[ Lol (U2 (a)! ) ] The Potential Accuracy of the Estimation of
a0 Mo e % ) ho, e Orientation Angles
=X, +D, " 2z Ly, M-E(Uf(ak)lm C) Uy, It is known (Perov and Kharisov, 2010) that the
" A0 da ’ discriminator is a device for which the parameters of the
L. M- K (U3( o)l ) received signal and their evaluation are constant at the
R AN duration of the interval T. To characterize the quality of
_ % 4D N ) the estimates generated in the optimal discriminator, one
= At Pl can use the lower limit of the Cramer-Rao for the
dispersion of the parameter estimates. Let us calculate
Where: this boundary for the problem.
M Former of
’7 oUS (o) / oo
1y
ralis) T 3
— : >| 8 |HUdis ap,k
—_— I3 Q| 1 >
([ ) g 8 & —
Y\l g = Q G Ugis okl &
= R N Ak e} —
QL ——— 4 [ s~
g= g 0 Vi
Yc (tk,]) § o QB,k g Ugis OL3,/£
e
Oc .k - M
} ‘ OC,y.k
~ & Former of
Opr By k ~ ~ ~
’ Ok Opyi OC .k
O A,k

Fig. 3. Generalized block diagram of a single-stage filtration system for orientation angles of the object
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To simplify notations, let us turn to continuous time
and consider the time interval [0, 7]. Lower boundary for
the matrix D), of the dispersion of estimation errors of
the orientation angles « is determined by the expression
(Tikhonov and Kharisov, 2004; Perov, 2012):

Dy ==J" (19)
where, J is the Fisher's information matrix:
oln(p(Y|a '
gl (p(7])) 20)
Oa Oa

where, p(YOT\a) is described by (8), E[*] is a sign of the
mathematical expectation of a random variable in
brackets.

Let us consider the derivative of the natural logarithm
(7) by o

omn(p(1]a)) & 1 (x(

da =X (

) 2X,(a)
)) oa

- @1
a
where, [;(x) is the first order Bessel function of

imaginary argument.
In the standard signal/noise ratio corresponding to the

I (X
Interface Control Document (n.a., 2011)1(7’(0!))z
1,(X,(a))

Therefore, (21) takes the form of:

(22)

(17 fe)) _g-2%, ()

da = oo

Taking into account (22), let us write (20) in the
form of:

sl 2]

As X; is determined by synphase and quadrature
components I;;, O;;, then in order to perform the
averaging in (23), it is necessary to have the
mathematical expectations /;; and Q;;. Therefore, let us
perform averaging in (11):

(23)

M[I]J =2q,,T cos((pw Wy, (a)),

(24)
M[QHJ =-2q,, T'sin ((poﬂ Wy (a))
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where, g./ny = Py/Ny is the ratio of signal power to the
power of spectral density of the internal noise.

Taking into account (24) and the relations (9) and (3),
let us calculate M[.X;] = 6q./n,T.

Performing in (23) differentiation with respect to o
and averaging the result obtained by realizations of
noise, taking into account (24), let us write the
expression for the matrix elements J:

[a‘//A,,z (a) al//A,,x (0()]

oa oa,

v

o, (a) ) &
=

(25)

/:l_l i a‘r//A,,l(a)
3 J=1 J=1

oa,

0

=£

U (a
/‘;C,w ( ( )lA,OC,c]

oa,

a‘r//A/ o (a)
oa,

v

[ZﬁLA,OC#;Ic,I (US(O‘)[A,OC&)]

A
U (a
H;IC,7[ 8( )ZA,OC,CJ
a,

2L 4,0,
A

2L 40,
o

Let us consider the special case where the distance
L, , from the point O, to all points of reception A

j=1Lm are the same and equal to /. Then (25) can be
written as follows:

(26)

= j=1_l Zm:aszP,(a) ia%ﬂ,(a)
m\ 51 605‘/ = aa’y
where:
00, (@) (U (a)
= HUuc, lec,c
oa, oa,

From (26) it follows that the elements J,, of the
Fisher's information matrix contain the same factor

2
2q,, T 27 , i.e., it is possible to write the following:
o/ny 2

271Y
J= —2qc/mr(7j J 27

Where:
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oa, oa

14

7 (a) ) &
oa, J[Z

[am (a) 27, (a)]

J

m

’“—1[2

i=l

m\ - j=1

am,l(a)]

oa,
Substituting (27) into (19), let us write:

1 ~
me‘_a =T i J!
(]
qdm 2

About (28) is the source of well-known provisions
that the potential accuracy of the estimation of the
orientation angle is as higher as better is the signal/noise
ratio g/myT and as higher is the ratio /A, which
characterize the ratio of some characteristic linear
dimension / of the receiving system to the wavelength of
the received navigation signal. About (28) also means
that the potential accuracy of the estimation of
orientation angles of the object by the NS signals is
dependent on the spatial angle between the lines
connecting the receiving points and the direction of arrival
of navigation signals from the number # of the processed
NS signals and the number m of reception points.

To analyse the expressions (19) and (25), let us use
the following procedure. Let the values of the vector of
orientation angles « be independent random variables
that take values from a given range, for example o[-
30°, 30°], Be[-20°, 20°], ye[0°, 360°]. We also believe
the location of navigation satellites relatively to the
object to be random with uniform distribution law in the
upper hemisphere. We are interested in the histogram of

(28)

distribution of the values of standard errors estimation of
the angular orientation vector Dy, o1, Dpos,a2s Dpores (19).
Let us assume q./ny, expressed in decibels g, =

45dBHz, T = 5 ms, 4 = c/fy, fo = 1575.42 Hz. Let us
consider the 3 reception point located in the plane O X.Y,
and lying at the vertices of an equilateral triangle
inscribed in a circle of radius R = 1 m centred at the
point O...

Figures 4-6 show histograms of the distribution of
values of standard errors estimation of different angles at
the reception n = 4 signals from navigation satellites.

Figures 5 and 6 show that the histogram
distributions for the various components of the
angular orientation are close enough to each other.
Therefore, we will only talk about one component, for
example «. The most probable value of the mean
square error of the angle estimation is o, = 3.15 arc.
min., mean square scatter of values is ~ 1 arc. min.

Let us consider the effect of the number of navigation
satellites for distribution histogram of mean square
errors for angle estimation. Figures 7 and 8 show
distribution histograms of values of mean square error of
o angle estimations calculated at » = 10 and » = 24 and
when receiving signals in the same three points.

From the histogram it is clear that with the increase
of the number of NS processed signals, there is a
decrease of the most probable value of the mean squared
error of angle estimation (o, = 3.15 arc. min. for n = 4;
o, = 2 arc. min. for n = 10; o, = 1.3 arc. min. for n =
24); the range of possible values of the mean square
errors of the angle estimation is narrowed.

16000+ oo
14000
12000
10000
8000

Histogram of angle estimation error RMS value

0 1 2 3 4

5 6 7 8 9 10

RMS of Alfa, angle estimation error, angular minute

Fig. 4. Histogram of the distribution of values of mean square errors of estimation of the angle o at n =4
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Fig. 5. Histogram of the distribution of values of mean square errors of estimation of the angle o, at n =4
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Fig. 6. Histogram of the distribution of values of mean square errors of estimation of the angle o at n =4
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Fig. 7. Histogram of the distribution of values of mean square errors of estimation of the angle ¢ at n =10

1009



Alexandr Perov / American Journal of Applied Sciences 2015, 12 (12): 1000.1013
DOI: 10.3844/ajassp.2015.1000.1013

4000 T T
3500
3000
2500
2000
1500

1000

Histogram of angle estimation error RMS value
th
g

3 4

3 6 7 8 9 10

RMS of Alfa, angle estimation error, angular minute

Fig. 8. Histogram of the distribution of values of mean square errors of estimation of the angle ¢ at n =24

Results
Simulation of the Synthesized Tracking System

To carry out a simulation of the synthesized tracking
system for orientation angles, let us simplify the
dispersion Equations 6.

The essence of this simplification is to replace the

~ ~ T
o o [oF,(X,) o
derivative —|——2% with its mean value
ox| ox
_ N
o | oF (X k) . . .
E| —| ——— . Carrying out this averaging,
ox| ox ~
L X, =X,

we obtain the following:

0

B

oa Oa
Taking into account (29) and (19), the dispersion
Equations 6 can be written as follows:

=

ox

29

Dy, =FDy, ,F"+GD.G", D}, =D\, +¢'D,}, ¢

ot (30)

Equation 30 is a matrix equation with constant
coefficients, which solution in the steady state shall be
denoted as Dy ead-

Synthesized algorithm of optimal filtering for
orientation angles of the object was simulated on a
computer at a steady value of Dy ead-

For clarity, we present the results of a simplified
version. Assume that the triangle 4BC is isosceles with a

1010

side length of /, point O, CS O.X.Y.Z, is located in the
middle of the line 4B, the axis O.X; is directed to the
point B and the axis O_.Y.-to the point C. The object is
rotated around the axis O.Y, only.

In the simulation, we assume that ¥, = 300 m s™'; a,
=40 m/s v=—2"" g, =40 dBHz, /= 1.5m.

5% 60 !

In a tracking system (20), we shall use a filter with

constant parameters of gains:

K, =K,I.K,=K,T.K,,= (Afcc/0= 53)2’](1“ = \IZKzH

where, Af,. is the bandwidth of the Tracking System (TS).

We assume that the errors on Doppler frequencies are
not presented. Let us consider first the case of zero initial
error in the angle and angular velocity. Assume that Af,
= 2 Hz and the number of NS is 8 and is uniformly
distributed angularly in sight. Figure 9 shows the
implementation of the tracking error in the angle. Mean
square error of the estimation is o= 0.75 arc. min.

Let us narrow TS bandwidth Af,. = 0.5 Hz. Figure 10
shows the implementation of the tracking error in the angle.
Mean square error of the estimation is o5 = 0.34 arc. min.

Assume Af,. = 2 Hz and the number of navigation
satellites is 2 (the first two of the preceding 8). Figure 11
shows the implementation of the tracking error in the angle.
Mean square error of the estimation is o3 = 5.48 arc. min.

Let us consider the effect of the initial error in the
angular coordinate (with zero error in the angular velocity).

Let wus set the initial error in the angular
coordinate AS,, =5°, Af,. = 2 Hz and the number of
navigation satellites is 8. Figure 12 shows the

implementation of the tracking error in the angle. Mean
square error estimation of the angle in that mode is of
=0.77 arc. min.
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Fig. 11. Tracking error in the angle at Af,. =2 Hz, n=2
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Discussion

From the simulation results, it is clear that the
synthesized filter algorithm for orientation angles of the
object is successfully working in various tactical
situations when the initial error on the orientation angles
not exceeding 5 degrees. We also note the following:

The synthesized estimation algorithm for orientation
angles of the object has no tracking systems for the
phase differences of the received signals, as was the
case in the algorithm described in (Perov and
Kharisov, 2010)

The synthesized estimation algorithm of orientation
angles of the object has no procedures for resolving
ambiguity of the phase measurements on signals of
navigation satellites

Conclusion

In this study, the theory of optimal filtering of
information processes was used to synthesize the optimal
one-stage algorithm for estimation of orientation angles of
the object by the signals of satellite radio navigation system.

Equations of optimal filtering are obtained, as well as
their representation in the form of a tracking system
including a discriminator for orientation angles and a
smoothing filter.

The synthesized algorithms have no tracking systems
for the phases of the received signals (or phase
differences) and procedures for resolving ambiguity of
phase measurements, which enhances its noise
immunity, while maintaining high precision estimation
of orientation angles.

Expressions are obtained for the calculation of the
lower limit of matrix of dispersion estimation errors
for orientation angles of the object when receiving

20

40

Time, s
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. 12. Tracking error in the angle at Af;,, =2 Hz, n=8, Af_ =5 deg

signals from an arbitrary number of navigation
satellites in the interval with duration of 7, in which
the orientation angles do not change over the signals
of satellite navigation systems with an arbitrary
number of navigation signals.

Examples of receiving from 4 to 24 signals from
navigation satellites at three points show that an increase
of the received signals decreases the most probable value
of the mean squared error for estimation of angles (3 to
1.2 arc minutes respectively at the signal/noise ratio of
45 dBHz and T = 5 ms). The range of possible values of
the standard errors for angles estimation is narrowed.
The results of simulation are provided, from which it
follows that at the length of the spaced receiving points
of / = 1.5 m, there can be achieved a mean square error
estimation of the orientation of angles in the steady state
0f 0.5...0.7 arc. min.
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