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Foldings and Defor mation Retract of Hyperhelix
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Abstract: our aim in the present study is to introduce andynew types of retractions of hyperhelix
in Minkowski space. Types of the deformation retsaof hyperhelix in Minkowski space were
discussed. The relations between the foldings badie¢formation retracts of hyperhelix in Minkowski
space were deduced. Types of minimal retractionsypgerhelix in Minkowski space were obtained.
Also, the connection between retractions and TB NK andt, of hyperhelix in Minkowski space were
presented. New types of the minimal retractions thiedend of the limits of foldings of hyperhelix in
Minkowski space are deduced.
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INTRODUCTION does not preserve lengths (El-Ahmady, 2004a; 2004b;
2011; EI-Ahmady and Al-Hesiny, 2011). A subset A of
An n-dimensional topological manifold M is a a topological space X is called a retract of Xhére
Hausdorff topological space with a countable bémis exists a continuous map r:XOO-A such

the topology which is locally homeomorphicgto If h:  thatr(a)=al al A, where A'is closed and X is open (EI-
U-U'is a homeomorphism of U M onto UJg=, then Ahmady, 2006; 1994; 2011; MiChaEI, 2003; Baraatti
h is called a chart of M and U is the associateartch & 2003; Pellicer-Covarrubias, 2004). Also, a stl#se

domain. A collection fy U, is said to be an atlas for M ©f @ topological space X is a deformation retra¢tX if

if Uana Ug= M. Given two charts hand i such that tqr)lg)r(ex Ieélztsxashe(;trrwa;(;]tg!nzx HB-A and a homotopy
U = Us n Ug # O, the transformation charg 0 ht ' '

between open sets @ is defined and if all of these o(x,0)=x
charts transformation are “@nappings, then the o(x,1) =r(x) } bXx
manifolds under consideration is a-@anifolds. A o(at)=a & A 0 [0,1]

differentiable structure on M is a differentiabldaa

and a differentiable manifold is a topological nialui (El-Ahmady, 2004b; El-Ahmady and Shamara, 2001;
with a differentiable strupture (Catorst .al., 2008; El-Ahmady, 2011b; Naber, 2011b; Reid and Szendroi,
Naber, 2011a; 2011b; Reid and Szendroi. 2005; Lopez(os). The helix is one of the most fascinatingvesr
2008; Shick, 2_007)- _ in science and nature. From the view of differdntia
Most folding problems are attractive from a puregeometry, a helix is a geometrical curve with non-
mathematical standpoint, for the beauty of the lerob  yanishing constant curvature (or first curvaturethu
themselves. The folding problems have close commect cyrve and denoted by;Kand non-vanishing constant
to important industrial applications. Linkage foigihas  torsion (or second curvature of the curve and dmhot
applications in robotics and hydraulic tube bendiP@per  py K,. A curve of constant slope or general helix in
folding has applied in sheet-metal bending, pacigggnd  Euclidean 3-space’Eis defined by the property that
air-bag folding (Demainel, 2001). Isometric folding the tangent makes a constant angle with a fixed
between two Riemannian manifolds may be charaetériz straight line (Yaliniz and Hacisalihoglu, 2007;
as maps that send piecewise geodesic segments towalrave, 1995; Kocayigit and Onder, 2007; llarslan
piecewise geodesic segment of the same length (Eind Boyacioglu, 2008).
Ahmady, 2007a; El-Ahmady and Rafat, 2006; DI-  The aim of this study is to describe the hypexhieli
Francesco, 2000). For a topological folding the snap Minkowski space geometrically, specifically conasn
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with the study of the new types of retraction, defation

retract and the folding of hyperhelix in Minkowsipace ~ space like curve;i(H) = [
from viewpoint of the variation of the density ftiot on

chaotic spheres in chaotic space-like Minkowskicepa this retraction r, (H') = 0 and 7 (H )) = 0 then this
time, folding of fuzzyhypertori and their retraci® retraction is a space like curve.g r(H) =
limits of fuzzy retractions of fuzzy hyperspherasda (_ B3 1 5

fﬁan

2 2 74

],t=3T.In
4

their foldings, fuzzy folding of fuzzy horocycleyuAzy — a; J , t= E[, re (HY) = (-a, 0,h), t =Tt
Lobachevski a space and its folding. The deformatio 2 2°6 6
retract and topological folding of Buchdahi space,in this retraction?, (H ) =0and ¢ (H ) > (H ))
retraction of chaotic Ricci space, a calculation of
geodesics in chaotic flat space and its foldingzyu
deformation retract of fuzzy horospheres, on fuzzy
spheres in fuzzy Minkowski space, retraction ofatlta
black hole, the topological folding of the hyperdboh
Minkowski 3-space and The geodesic deformation
retract of Klein Bottle and its folding as presehbgy (El-
Ahmady, 2007a; 2007b; El-Ahmady and Rafat, 2006; EI 51 = _ ( 1,3, 4:1] 1:7 )
Ahmady, 2004a; 2004b; ElI-Ahmady, 1994; El-Ahmady 4% 2 ' 2 73 o5
and Rafat, 2009; El-Ahmady and Shamara, 2001; El-
Ahmady and El-Araby, 2010; El-Ahmady, 201la: [ 3m j 3 ):[ e } Bt
4

= 0, then this retraction is a space like curve:

—\/§ qﬁ(HFJZ Jz S5

r, (H*
10( ) 2 6 4

2011b; EIl-Ahmady and Al-Hesiny, 2011). 3 %3

Main results: Now, we introduce types of retractions

of the open helix {(accost, asint, bto} = H* with ﬁ -
non O-curvature and its velocity is: ne(HY) = (2 5 a; 3 J ,
H* (t) = (-asint, acost, oz 0, ( -acost, -asirt, t=_1" . M r(HY = (*/2— , f m J ,
"4
1 . .
T = -asint, acost, b ,N( -cost, K n fz -2 -m -
N (-asint, acost, o ,N( -cost, sin} t= 4,17(H1) ( ay % £
1 . a -b
B = (-bsint, bcost, p Kk ——— and=——
-1 a-p &- 8 B -1 1 3.-1-n
s (H)=Ca g us (HHE
Since (HY(t), H(t)) = &-b? then this helix is a
space like curve if%b? a time like curve if Zb”* and n . -
a null like curve if A= b Let i H'~ 7, i* 0 H' be T = fo(H)=(-0.1423a 0.9898z, ). In

the retraction map of Hbuch that: H') = (&, 0, 0), 1= s case g, (HY) = 0 and (1 (H) 0 (HY) = 0, then
0. In this case {(H) = 0 and (r(H'), ri(H)) = 0 then  thjs retraction is a space like curve.
this retraction is a space like curve: Hence, we can formulate the following theorems:

V3.1 m J_Z fz I T Theorem 1: Let r (H) be the retraction map of the

HY=| = b|, H E— ) : . b
L(H)= [ %% { HFZ5 % 4 helix H'O E. If dim r (HY) = 0, then T, N, B, K and

r, (HY) = [; x/§an

of the retraction of the helix are unlimited.
tﬂ
2

Theorem 2: Let r (H') be the retraction map of the
helix H'O E%. If dim r (HY) = 0, then this retraction of

o . . the helix is a space like curve.
~—. In this case g

Theorem 3: Under the retraction map a spacelike helix

HHY=0 and(rB(Hl)r;(Hl)]:Othen this retraction is a H'0 E:® has curvature identically zero if and only if r
(HY O E®is a part of a straight line.
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Theorem 4: Under the retraction map a space like helixthe folding of H into itself is f: H- H. Then there
H* O E;®has torsion identically zero if and only if r{H induce deformation retract, retractions and folding
0 Eis a planar curve. such that the following diagram is commutative.

In this position, we present new types of retoangi _ ) 1 . _
which preserve the dimension given bys(HY) = Proof: Let the deformation retract of 'HI E}is Dy:
(acost*, asint*, bt*), 0 < t* < n 1 w. In this retraction H'xlI - H', the folding of Hxl and D (H'xI) are
o (HY) = (- asint*, accost*, b) and g(HY), ru(HY)) =  defined byfi: (H'xl) - H'xl and f5: Dy (H'xI) - H*,
& - I, then this retraction is a space like curvée it &,

. 1 1 - 1
a time like curve if &b? or a null like curve if a= 7. Dy f1(H'xI) - H" and the retractions of Lf; (H'x1))

and f, (Dy (H'xI)) are given by 1 D, (fi(H'xI)) - H°
and B f, ((Dy(H**I))) -H° H® is a O-dimensional

o — * int* — ¥ . . . .
() = (acost, asint, bt} = n< t& 0, AN space. Hence, the following diagram is commutative:

. D
r23(H1) = (acost*, asint*, bt} ,& ‘t< T @R (H''x D f;, Hlsx | —— o gt
D, "
ra(H') = (acost*, asint*, bty << t< c,ER ,AN
n Jag! f—b H! 7-— 10
2 2
ns(H') = (acost, asint, bt} = re ‘t< n AN i.e., 0D 0 f (HXI) =1, 0% Dy (H'I)
. _ ) Theorem 9: Let H'O E* be the helix in 3-
rze(H) = (acostt, asint*, bty  |c¢ ‘< |c|[6R Minkowski space, then the relation between the

retraction r: HoH™, H* O H' and the limit of the
foldings limy.o fm: H'- H® discussed from the

r..(H') = (acost, asin|t], bjt : : :
27( ) ( . il following commutative diagram.

ne(H') = (acost, asint*, bt} ,& ‘t< d,cHR € ¢ Proof: Let the retraction of helix;r H' - H™, the
limit of the foldings of helix H is limy.o fm:
H S H, limp .o fmer 1 (HY - H% and 6: limy o fm
e(H') = (acost, asint, [§] (HY) -H° H° is a O-dimensional space, then the
following diagram is commutative:
This leads to the following theorems:

Theorem 5: Under the retraction map a spacelike o SN -

helix H* O E? has torsion identically zero and )

curvature is bigger than zero if and only if rjH] WM, e fon J‘ llin-‘:n—x fon=a

Elis a part of a circle. _ 4
HO——— e

r-

Theorem 6: Let r (H') is the retraction map of the
helix H'O E2. If dim r (H") = dim H', then T, N, B, i.e., limy_ 0 fme1 0 1 (HY = 1,0 limm_ o fm (HY).
K andt of r (H") are the same as or different from T,

N. B, K andt of H. Theorem 10: The end of the limits of folding of Hnto

itself coincides with the minimal retractions.

Theorem 7: Let r (H) be the retraction map of the
helix H'O E:. If dim r (H) = dim H, then this
retraction of the helix is a space like curve i#t%, a
time like curve if &<b? or a null like curve if 2= 1.

Proof: Let r, be the retractionsf; are the foldings and
o, are the homeomorphisms. Then:

£ £ 1M

H*—2 » g} = g . Hi, 5 HO
Theorem 8: If the deformation retract of the helix'H - i & . o
E2 is D: H'xI - H*, where | is the closed interval [0, 1],
the retraction of HO E? isr: H - H*, H'O H! and H'—— H} »H? Hi, o H

img.,

1
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Theorem 11: Given a deformation retract D:#

 HY retraction r: Bl - H*Y, H? O H! and the limit of
the folding is lim,.o fm: H*=H? then lim,_.o fmon

(H'xI) = r,0 D (H'xI).

Proof: Let the retraction  H* x | —H", the
deformation retract of helix is D: Ml - H, the
retraction of D (HxI) is r,: D (H'xI) - H° and the limit
of the folding of ¢ (H*x1) is limm_ o fm: r (H*x1) - H°
Then from the following diagram, we have:

.

Hix | —— p-1

D l lhrnm_.:e fn
Hl Hl:l

lim,_f,or(HxI)=r,0 D(H"xI).

Now, consider the open hyperhelix in Minkowski
4-space F E! defined as:

[l ) e )
ol | »otetes )l o

be a point in hyperhelix in Minkowski 4-space. The

velocity is:
sin t|,
[x/azrz+ b ]

Hz(t)=[—a
r r 1
a co tl - b
Jai + 1 {Ja2r2+ b ] Jar+ g
. 1 1 1
sin t|,b co {
[\/a2r2+ b? ] Jar+ i {\/azh 4] ]J
i.e., H is a regular curve i . Since:
(L ]
" _[ : Os[x/azr2+ b? t]
r? . r . 1
a\/azerr = sm[\/azr2+ = t], ba2r2+ b?

CO’S{# fJ 21 > sir[ L ij] ‘
“a?r? + p? a‘r'+b NEX

Then the curvature of the helix#0.

r
\/32 2 + b2

r

2

r
c
Jazrt + p?

Now, we discuss the retractions of the open

hyperhelix H. Let f: H> — H?, H20 H? be the
retraction map of Bisuch that: y(H) = (a, 0, b, 0,), t =
0. In this case ' (HY) = 0 and (r,r'y) = O then this
retraction is a space like curve:
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2y _ s [T1r\v/3b b b 3
r(H )—[aco{G) ,asnﬁgj 5 ] .t%«/m
2y — \/% a T T Tt
I'3(H )—(Z(ZJ,bCO{&} ,bSIVE&j] ,F%Jm
n,(HZ):[ oo{ﬂ] ,asiE»Ej a iFEjJ?—bbJ Bulrvet
4 4 4) 2 2] "4
r5(H?) = (ﬁﬂ bco{ ) bsi(nn £ ar+ b
2 4r 4r 6
rG(H2)=(aco{ng 'aSiG%] 5 ] £ @ b
r(H*) = (a Ve bco:{grj bsi {gj} \/ a%+ b

i

2

I, (H?) =(aco{T2[r) ,asiE%

rg(Hz):(O,a,bcoED ,bsign E
rlo(H2)=(a 00{523 asuE»Ej Ebg] 5[\/ 228 %
rn(HZ):( ﬁajbm{ﬁ‘j ,bsiﬁgj] T

2 er
rlz(HZ):(acos(rtb ,asifimy 5 b,)) 2+ @ b
In this retraction > (H?) = 0 and (r,, ') = 0, then
this retraction is a space like curve; (H?) = (-a, 0,b

cos (), b sin (), t= ZJa2@+ 17 . In this case K
r r r

(H) = 0 and (113 r'1g) = 0, then this retraction is a
space like curve:

r,,(H%) :[aco{sr} ,asiE»Z]
re(H) = ( \/% J2a
b _J?b} ,

—,—,bco
re(H )—(aco{mrj asiEﬂj 5=
3 4 2

o} <1

g\/ 2 B

20

2 2

{4J bS'ELJJ ey T

22
41 > 3
> ¢—3\/2a|+ h

In this retraction ks (H) = 0 and (1 ') = O,

then this retraction is a space like curve:
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' Si [ t
a’rr+ b’ Jar+ g )’
r r 1
a co ti-b
Jair + {\/azl’z+ o3 j Jar+ i
et e
Jair + p? Jar+ i NET

And:

[rZB’rZES] = a2 r2 + bZ

. 1 R b? 1

sin? t |- cog t].
! [\/a2r2+b2 ] &+ b (Jaembz ]

Then this retraction is a space like curve if:

I’éG(HZ) = [_a

\/2r27+ b5, (H) (O a bcc{ez’rj bs[niTD

2r

a2 r.2 b2

2.2 2 2
ZrVET g () 2P+

=(0,0rb,) ,& 0%

|'21(H2) = (_a,0,0,0),tF E '

rzz(H)—(aObcogb} bs{b]] T 0c 'k € IR
e(H?) :[a Co{f] ,aSiEf] ,0,} b 0l ¢ ?cOR
a a

In this case g3 (H3) = (- sin (tg ), cos (tE ), 0,0) and

a’r . b?
arr+bp* &r+ it

sin’ 1 t|>
\/azrz_'_ b2

a time like curve if:

b cod 1 t
a’r’+ b’ NETE

(r'o3 '23) = 1, then this retraction is a space like curve: a2r? . b
ar+p &rf+ i

r
2 T — t y
,.(H?) (a co{ T J

nz[ L t*j< 2b2 coé[ ! f}
Nl AT e WF

) r r .
asif| ——— {|,b cos—— |,
(\/a2r2+ b? j E\/ ar+ 1t J and a null like curve if:
n +
ar+b ar+p? &+’

i},

rs(H?) = [a co{r

sin? L t|= b’ cod 1 t
Jair+ 2 a’r’+ b’ Jar+ 8 )

asin[m f} b coE\/ﬁ2 *tj , Hence, we can formulate the following theorems:
Theorem 12: Let r (H) be the retractions map of the
hyperhelixH?0 E/. If dim r (H) = 0, then T, N, B, K
andt of the retractions of hyperhelix are unlimited. If
dim r (H) = dim H, then T, N, B, K and of r (H%) are
the same as or different from T, N, B, K andf H%.

c<st<n|cl,@ R,A |

b sin[l f}
Jair + b’ '
r,s(H?) :[a co{r ij ,
a2 r2 + b2

. r 1. . .
a sm( ’EJ b coE t] , Theorem 13: The retractions of the hyperheli#0 E!
2.2 2 2
varr+b Var+ are retractions which preserve the dimension and

c<tsdo dod F retractions which do not preserve the dimension.

. 1 .
bsin ———1t ||,
(x/a2r2+ b? D

In this retraction:

Theorem 14: Let r (H) be the retraction map of the
hyperhelix HO E!. If dim r (H) = 0, then this
245
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retraction of the hyperhelix is a space like curve.fidi Theorem 16: Let HOE!be the hyperhelix in 4-

2 _ . . . . .
r (H) = dim H, then this retraction of the hyperhelix is \jinkowski space, then the relation between the folding
a space like curve if: H?_ H? and the limit of the retractions limg rmy H2 -

2P B2 i ( 1 ] H*, discussed from the following commutative diagram.
sin t
ar+bh a&r+ b’ Jair + 1 Proof: Let the folding befy: H?—H? the limit of the
b? P 1 ) retractions of B and f, (H%) are limn_ fm: H*= H' and
T s th M- fmes: f1 (H)>H" and f2 (limm_ o tm (H)) - HY
Then, the following commutative diagram exists:
a time like curve if: 7
- 1 -
a’r? b? 1 H® —— H-
5t sin’ t
ar+p a&r+ 1 Jazrt + 1?
b? 1 , lim, .7, limy, Lo 721
ar+b vair+ b? ; ;
H* — H°
or a null like curve if: /2
e v (1. €., 1Mo Tmea O fi (HY) = f2.0 liM oty (HD).
22,2 2 sin ——— | ) ; Ris 1 P H H
ar+p® a&r+ 1 Jair + b Theorem 17: Let the retraction of Hs r: H" -~ H", H'O
b? ( 1 j H? and the folding of Blis f: H?~ H? then
=———CO —_—— f
arep  Vatr ey * fon(H)=r0ofi(H)
o 0,+1° (lim (f2i" raca) (.. (fsa 0 rs (f2 0 r
Theorem 15: If the deformations retract of the n2 e _l 2'(; ! 2 '
hyperhelix HO E!is D: H*xI - H? where | is the closed (H))...)) = (lim (f2i~ rze2) (... (0 fs (20 f1
interval [0, 1], the retraction of # Elis r: H - H, (H%))...)) 00y

12 Lo : P .
EZDH :Pd_me “mt':]Of th(_a LOldmngffH'S “tr.nm”u r”t" tProof: Let the retraction of the hyperhelix in 4-
N ) en there induce deformation retract, yinowski space Blis r; H2oHY i H?LH? the

retracf[ions_and thg limit of thg foldings such that the,gaction offy (H3) is b f1 (HY) - H' and the folding of,r
following diagram is commutative. (HY) is f: 1y (H)  HL. Thenf, 0 1, (HY) = 1, 0 f1 (HY).

) . 2 s . Let fo 0 ni—land b o f;—1 are the compositions
Proof: Let the deformation retract of“H E;is Di: between the retractions of the hyperhelix in 4-

H?xI - H?, the retraction of Pkl is defined by £  Minkowski space B and the foldings of Finto itself.

(HxI) > HXI, limy.o fn D1 (HX)-H' the  Also, g, are the homeomorphisms. Then:
deformation retract of,r(H?x1) isD.: r; (H?x1) - H*, the

retraction of lim,.o fm (D1((H?x1))) is given by §: Jhen b o)
imm.o fn (DuHXD)-H® and limy o fmey D, & MM o o= ¥
(ry(H*x1) -~ H®, H%is a O-dimensional space. Hence, the” { ”:J “3{ 0‘ ”""\
following diagram is commutative: B H} —i} . B, —
" D, o
(H*x ) —— H'x [ — H Theorem 18: Given the deformation retract of’H
D, e E;is D: Hxl - H?, the limit of the folding of AxI is
limm_ o fm H?xl - H'xI. Then, the following diagram
yz —— H' —— H° is commutative.
limpy, o fin Ty
Proof: Let the limit of the folding of (BxI) is
i.e., liMy.o fme10 D20 (HX) =10 liMy_g fm 0 lIMm_p fm: H?%I - H?xI, the deformation retract of
D, (HxI) H*0 Elis Dy H?xl - H? the limit of the folding of
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D; (HI) is limm.g fms: D1 (H?x1) o H! and the El-Ahmady, A.E., 1994. The deformation retract and
deformation retract of lig.y fm (H>xI) is Dy topological folding of Buchdahi space. Periodica
limm_ o fm (H31) - HY. Hence: Math. Hungarica, 28: 19-30. _
- El-Ahmady, A.E., 2004a. Fuzzy folding of fuzzy
horocycle. Rendiconti del Circolo Matematico di

HEX I "Mm=<h H" X I Palermo, 53: 443-450. DOI: 10.1007/BF02875737
El-Ahmady, A.E., 2004b. Fuzzy Lobachevskian space
- l l 5 and its folding. J. Fuzzy Math., 12: 609-614.
% = El-Ahmady, A.E., 2006. Limits of fuzzy retractions of
. fuzzy hyperspheres and them folding. Tamkang J.
H? —» H? Math., 37: 47-55.
el bl El-Ahmady, A.E., 2007a. The variation of the density
on chaotic spheres in chaotic space-like Minkowski
i.e., Dolimm. o fm (H?XI) = liMpy .o fmer © Dy (H?X1) . space time. Chaos Solitons Fractals, 31: 1272-
1278.DOI: 10.1016/j.chaos.2005.10.s112
CONCLUSION El-Ahmady, A.E., 2007b. Folding of fuzzy hypertori

and their retractions. Proc. Math. Phys. Soc.
In this study we achieved the approval of the Egypt., 85: 1-10.
importance of the retractions of the hyperhelix inEl-Ahmady, A.E., 2011a. Retraction of chaotic black
Minkowski space. The relations between foldings, hole. J. Fuzzy Math., 19: 833-838.
retractions and deformation retract, limits of folglin El-Ahmady, A.E., 2011b. The geodesic deformation
and the limits of retractions of hyperhelix in Minkowski retract of Klein bottle and its folding. Inter. J.
space are discussed. A theorem which governs these Nonlinear Sci., 12: 323-330.
relations is presented. llarslan, K. and O. Boyacioglu, 2008. Position vectors
of a time like a null helix in Minkowski 3-space.
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