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Abstract: Problem statement: The object of this study is to obtain certain eliéntial subordinations.
Approach: Here we use known generalized differential opergiteen by Darus and Ibrahim and well
known lemmas given by Miller and MocarResults. We will pose several results on subordination
theoremsConclusion: Many other results can be obtained by using theaipr defined.
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INTRODUCTION MATERIAL AND METHODS

Let 4 be the class of analytic functions in Basically, the method that we will use in thisdstu
U:={zOC:z|<1} and H[a,n] be the subclass of is via differential subordination given by the famso
consisting of functions of the form mathematicians, Miller and Mocanu. We now state the
f(z)=a+a, 2 + a., 21+ ..Let A be the subclass of lemmas needed to prove our results.

H consisting of functions of the form Eq. 1:
Lemma 1 (Miller and Mocanu 2003): Let h be convex
) ) in U with h(0)=ayzC with 0O{y =0, and
f(z)=z+Ya,7 y . . .
n=2 pOH[a,n]n Q. If p(z)+L(z)6|imO is univalent in U
y X —

Let ¢:c? . c and lety be univalent in UIf p is and Eq. 2:

analytic in U and satisfies the differential subinadion .

o(p(z)). 28 ()< h(z) then p is called a solution of the h(z)< p(z)+M (2)
differential subordination. The univalent functignis Y

called a dominant of the solutions of the differaint

subordination, p<q. If p and &(p(z)).zp(z)) are  then q(z)< p(z), where:

univalent in U and satisfy the differential
superordinationh(z)< ¢ (p(z)),zp (z)) then p is called a
solution of the differential superordination. Anadytic
function q is called subordinant of the solutiontbé
differential superordination ifg < p.

z Y
a(2) = [ ‘(e dt
nz"

The function g is convex and is the best subordina

Definition 1 (Miller and Mocanu 2003): Denote by Q | amma 2 (Miller and Mocanu, 2003): Let q be
the set of all functions f(z) that are analytic and.,,vexin U and let h be defined’by Eq. '3:

injective on U-E(f) where

E(f):={C0OaU:lim,_#f(z)=4 and are such that

' ¢ h(z) = q(z)+@ 3)
()20 for 700U -E(f). y
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with O{y =0. If pOH[a,n]n Q and p(z)+72p’(z) is
Y
univalent in U andq(z)+29@ - p+ 2@ 1y, then
Y Y

a(z)< p(z), where:

z p)
Y [“hordt

nz"

az) =

The function q is the best subordinant.

We will also use the following operator which was
defined and studied by the authors see Eq. 4 (Dards
Ibrahim, 2009):

D%(z) =f(2)
=z+ iay z,
n=2
Dl;,mf (2) = Dé,[s,)\ (D::Bl}f(z))

=2+ 3B~ 10 -a)+ 1 3,2

(4)

for a=z0B8>0A>0a#A and kONg=NDO{0} with
D ,,f(0)=0

Remark 1:

(i) Whena =0, = 1 we receive Al-Oboud differential
operator see (Al-Oboudi, 2004).

(i) And when a 0, =1 andA = 1 we get
Salageans differential operator see (Salagean,)1983

RESULTSAND DISCUSSION
We shall state our first result as the following.

Theorem 1: Let H1H be convex in U with h(0) = 1. Let
fOA and suppose thatpihf(z) is univalent

andp’,,f(z)]' OH[1,n] nQ. If Eq. 5 and 6:

h(z)< [D§Eaf ()] (5)
Then:
q(z)=< [D;mf @1 (6)
Where:

4(2) =—————[*hOF* " dt.

B\ —a)nzP?-n

The function q is convex and is the best

subordinant.

Proof: By using the properties of the operatof ;,(z)

we have Eq. 7:

Disf(2) =[1-B( ~a)ID 5, (2)

« , (7)
+BA - a)Z[Dg g, (2)] (2)-

Differentiating (7), we have Eq. 8

DI;E,Af (z) = D;B,}\f(z)

 tip ®)
+BA - 0)zD, 5, 1(2)"(2)-

Consider (8):

2

—_ k U a
P(2) =[D; ;,f (@), (20 U)auav

then (8) becomes Eq. 9:

[Dapaf (2)]'= p(2) +BA - a)zp (2) 9

Assume thaty = in Lemma 1, we obtain

(A -a)

a(2)< p2) =[O, f(2)].
Where:

q(z) :;1

B\ —a)nzP*or

z L
j JhEOEEO" dt.

The function g is convex and is the best
subordinant.
Whena = 0, = 1, we have the next result which

can be found in (Catas, 2009).

Corollary 1: Let hOH be convex in U with h(0) = 1.
Let fOA and suppose thalDg:f(z)]' is univalent

and [D§,,f(2)]' OH[1,n] nQ. If Eq. 10 and 11:

h(z)< [Dgﬁf(z)]’ (20)
Then:
q(z)=< [Dg,l)\f @1 (11)

Where:
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1 .2 o The function g is convex and is the best
a(z)=——|, h®e" dt. subordinant.
Anzin

The function q is convex and is the bestTheorem 3: Let q be convex and let h be defined by:

subordinant. h(z)=q(z)+BQ—-0a)zq(z), (@ U

Theorem 2: Let hOH be convex in U with h(0)=1.

Let fOA and suppose thalDf g,f(2)]' is univalent Let fOA and suppose thatiDgRaf(2)]' s
k univalent and[DX g,f(z)]' OH[1,n] n Q. If Eq. 16 and
and MDH[l,n]n Q. IfEq. 12 and 13: 17 [Dapaf @V BHLT N Q g
z .
h(2)< [Df paf (@) (12)  h@=< DL (16)
Then: Then:
DK g, f q(z)< [Ds 5, f(2)] (17)
q(z)< G’B’Z)‘ @) , (z# 0) (13) P
Where:
Where:
1 z Lo
1 ¢: ] a@) = L J-o h(tye®=" dt&!Im
a(z) =—¢[ h()r dt B(A ~ oz
nz"

The function q is convex and is the best

The function q is convex and is the beStsubordinant.

subordinant.

Proof: By setting: Proof: By using the properties of the operator Eq. 18:
DK paf(2) D (D' =D ¢ pf (@) (18)
P@):=—2 (20 V) +B0\ - 07D, T2 (2).
Or Eq. 14: By denoting:
Dg paf(2) = 2p(2), (2 V), (14)  P@:=[0k,, 1), (20V)

Differentiating (14), we have Eq. 15: then (18) becomes Eq. 19:

[Dspf (@)1= p(2) +BA - a)zp (2). (19)
[D§ pf (2)]'= p(2) + 28 (2). (15) g
1 . .
; o . Assume thaty = in Lemma 2, we obtain:
By using Lemma 1, witlg = 1 we get: Y B -
4= p(y <2882 1@< p@) =[5, 1]
z
Where: Where:
1 ¢z, . 2 - 1 z ﬁ_l
a(z) =—¢ [ h(r " dt a(z) =——————[ h®? dt.
nzn B\ - )"
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The function q is convex and is the best
subordinant.
Whena = 0, = 1, we have the next result which

can be found in (Catas, 2009).

Corollary 2: Let q be convex and let h be defined by:

h(z) =a(2)+A z4 (2), (@ U

k+1

Proof: By setting:

Di,mf (2)
f y (ZD U)

p(z):=

Or Eqg. 24:
D¥,.f(2) = zp(z), (20 V). (24)
Differentiating (24), we have:

[Dg pf (2)]'= P(2) + 28 (2).

Note: Some other study can also be found in the articles

written by (Al-Shagskt al., 2010). Most of the results

Let fOA and suppose thatlDy}f(z)]'0 is
univalent and[Dg,,f(2]'CH[1,N nQ If Eq. 20 and
21:
h(2)< [Dg5f(2)] (20)
Then:
q(2)< [D5,f (@)1 (21)
Where:

1 R
q(z) =—-[gh(Ht dt.
AnzAn
The function q is convex and is the best

subordinant.

Theorem 4: Let g be convex and let h be defined by:

h(z) =a(2)+ z4 (2), (2 U

Let foa and suppose that[pkg,f(z)] s

. DK 54 f(2)
univalent and ~%EA" 111 njn Q. If Eq. 22 and 23:
z
k '
h(2)< [Dg gAf(2)] 22)
Then:
D& paf(2)
@)= —"— (23)

Where:

9(2) =g jghr dt

nzn

The function q is convex and is the best subordina
168

may look similar, but they do have plentiful
applications in area of studies.

CONCLUSION

We can see here that by creating new differential
operator, many other results can be solved. In, fact
classical results such as the distortion, radiistr
likeness and convexity can also be obtained redwily
using suitable methods.
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