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Interpolating Operatorsfor Multiapproximation
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Abstract: Problem statement: There are no simple definitions of operators forstbe
multiapproximation and best one sided multiappra@tion which work for any measurable function in
L, for, p>0. This study investigated operators thratgood for best multiapproximation and best one
sided multiapproximation.Approach: We first introduced some direct results related the
approximation problem of continuous functions byridi-Fejer interpolation based on the zeros of
Chebyshev polynomials of the first or second kinderms of the usual modulus of continuity. They
were then improved to spacegfor p<1, in terms of the first order averaged maodwf smoothness.
However, because this suffers from convergencel@nud we improved and generalized these direct
estimations by defining an interpolating multivégisoperator Hf) of measurable functions, that
operator based on the zeros of Chepyshev polynsnaifilthe first kind and prove that for any
measurable function defined on[1, 1]% the sequence ff) converges uniformly to fResults: The
resulting operators were defined for functiossi¢h that®, k=0,1,...is of bounded variation. Then, the
order of best onesided trigonometric approximatmiounded measurable functions in terms of the
average modulus of smoothness was characterizéthdEss characterizing the order of best onesided
approximation in terms of the k-th averaged modolusmoothness for any function in spacgsdse
were obtained. In our research we also approximatedsidedly these measurable functions jp L
1,11 by defining a new operator for onesided approxiomaand prove a direct theorem for best one
sided multiapproximation in terms of the first orédeeraged moduli of smoothneg€nclusion: The
proposed method successfully construct operatarddst multi approximation and best one sided
multiapproximation for any measurable function jfér, p=>0.
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INTRODUCTION Jassim and Tahir (1996) introduced a research to
improve the above estimation to the spacgsll1] for

In Jishan and Ziyu (1989), introduced some result$=1, they proved:
related with the approximation problem of continsiou

functions by Hermit-Fejer interpolation based oe th \/—
zeros of Chebyshev polynomials of the first or seco HH (f,x) - f(X)H kit x ( J
kind. And they proved: n

p

If fOC[-1,1], then:

1 \ .
sc(E . n_1(x)Hf'(x)\ where, { kvl +x" [ )] is the averaged modulus
n
P
o T, (X)‘ of smoothness fordf the first order.
"'n But these convergence are all not uniformly and
the right hand side may not converge to zero. R t
22“: Vit X +712 w f, VI+ X +é reason we shall introduce an improvement and a
k Kk k Kk generalization for the estimations above. That by
defining an interpolating multivariate operatog( of
e 1 the measurable functions, that operator based en th
where, u{f X +2] is the usual modulus of zeros of Chepyshev polynomials of the first kindlan
k k prove that for any measurable function defined ga L

smoothness for f'. 1,1 F'the sequence [f) converges uniformly to f.
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MATERIALSAND METHODS For xdRY, let us defind x| = max {x, i = 1,...,d},
20+2
Theorem 1: For any measurable function f ir%[%_l,l]d L (x) =(L-XxX, )M[Tn(xsj ,S=1,..dand
O<p<eo we have: : n(x,=x,)
O Z. It is clear that H(f,.) is a polynomial of degr
I —H(f)HpSC(p,d)T[f,}j (2n-1)¢+1)d. Ty(x9 = cos(ncos(xy)). We can easily
n/p prove that for eachsk|k(xk) and therefore:
where, c(p, d) is a constant depending on p amlyl _
The first authors on onesided approximation, Freudﬂ(f’ X = () (1)

(1955) and Ganelius (1956), used operators fo%\nd
constructing polynomials of one sided approximation
These operators were defined for functiorsu¢h that a _
9 k=0,1,...is of bounded variation. Also Andreal, D H (%0 =0 (2)
(1979); Popov (1977) and Popov and Andrev (1978Mhere'

characterized the order of best onesided trigongenet _, — =

approximation to bounded measurable functions i = DuD2,...Dy

terms of the average moduli. After that Stojanova® = @+ 0d), 01 =...=0g=1

(1988); Popov and Andrev (1978) and Hristov andp _90"H

lvanov (1988; 1990a; 1990b) obtained estimates * ox,,

characterizing the order of best onesided apprai@ma '
in terms of the kth averaged modulus of smoothfwss D,

_OH o _9%H

yeeens Dy
any function in the spaces,Lp<c. In this study we o, ox,,

also approximate one sidedly these measurable

functions in Lp[-1,1] by defining a new operator for In the light of (1) and (2) we have this polynomia

onesided approximation and prove the following ltesu is uniquely characterized, so thiafL,k) >" h, (x)=1.
KONY

Theorem 2: For any bounded and measurable functions  Let A'f(x) denote the kth finite difference with

in Ly[~1,1]" O<p<oo: step h of fin the point x. We denote by:
. . 1 . kd
|H* () -H (f)Hpsc(p,d)T f,E @, (f,x,8) = sup}|Af f(y) :y,y+ khOl =X
P
Let Ty(X) = cos(ncos (x)), x[-1,1] be the first k& ) _ . kd
kind Chebyshev  polynomial and let: Where,N(—,x)—{yDR ,Hy—xH<—2},d,kDD No>0,
X, = COSB, ,ek:(Zk_l)" k=12 ... n be its zeros. the local modulus of f. Two global moduli of the

function f will be used, the usual modulus of
Now for a function [ﬂC[-l,l]d, we denote smoothness:

byH}, _,(f,x) the interpolating polynomial based on

{Xk}kDNﬁ defined by: %(fyé)l‘pq-mﬁ ZSUP{AEf(-in([Mﬁ :‘ H = 6}
Henaf, %) =H(f, %) = %:df(x Whi(x) and the average modulaésmoothness:
where, X[-1,1], (%% = (o, B, ) T.(f,9), o :HmK(f,...,esL F
p(-L1 p(-1af)
o (K =DM Li ) = (COPy....co8) = D(B),

2n _ _ g _ The properties oty are assumed to be known.
8(6y,...,84), B L1 [0,7, k = (ks ... ka), @ = [O,1]", h(x) = Some properties af; are given in (Sendov and Popov,
1 (%) b (Xa) 1991).
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In the sequel we denote by ¢ an absolute constafthe proof of Theorem 3:
which may vary from one occurrence to another exen
the same line. Similarly c(.Wwill denote a constant
which depends on a specific parameter but may @&ang [f(x) —H(f,x)| =
from one occurrence to another.

2 () ~f(x H (x)

KONY

RESULTSAND DISCUSSION Let coXs and (Co8y,...,cody) = ®(6), xT[-1,1]°
ande[e,m". Then:

The first aim of this part is to prove the followi

direct theorem for best multi approximation: |f(x) =H(f,x)|
. 20+2
Theorem 3: For any measurable functionif L[- < 3 00 -1(x,)] d ﬁ—xx 1 cos 8,
1,11 c0<p<1, there exists a polynomial H(f) such that: Ko Is:l =l | n(cosd, - co8, )
If -H), SC(p,d)T[f,l Then sincesing, > 0, si®, > 0, cosh) = , so:
bo-af)
[f(x) —H(f,x)|
To prove our third theorem we need the following d 1
assertions: < cz f(x) —f(xk)\ H‘l—cos@s —eks *
KONS s=
Lemma 1. Let O<At<diamQ, then Hristov and Ivanov _(n@®,-86,) 2
(1988): sin #s
T (F, AL ) ST, DL 0 nsin[ 6,-6, ]
2
— _ d . 2042
where,¢ = max {k,m}and m = 5 +1([.]-integer part). s,ﬂ[n(es -6, )]
i S
d 2
<c Y |f(x) -f(x,)
Lemma 2: SeeHristov and Ivanov (1988): kuZN:a ‘ “s_l nsin 8. -6,
2
20+2
n| Sin—
j \2/ vV 'dvsen™, r=0,1,...2 Let us assume that:
-l sin—
2
_(n(®,-86,)
Lemma 3: O R B
J,,6,-6, )=—
v /,n( s [ ) nzé +1 . 95 _ek
T sin? c@) nsin 5 >
[ —& pv=2 &0
0 Sin

and

Proof: The lemma is easily proved by the properties of
the trigonometric functions and the Bonnets (Gatd 1,n(8-8) = J.n B1-6ct) .. Jn (B-Bica)
Rani 1989) mean value theorem.

Then:
Lemma 4: Sendov and Popov (1991). For any bounded

and measurable functioroh [a,b] we have:

[f(x) —H(f,%)| SC(%) [F(P(8) ~F(MD)]I, , (8,)

8 b-ag .
f(x)dx =——) f(x,), x, =a+ (b—a)(2i- 12r
! ) n ; 0s) (b2 1 Then by Lemma 4 we have:
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|f(x) =H(f, )| Sc.ﬂf(cb(e)) —f(d(t)|J, (Bt

Thus:

[F 60 =H(E ), sc[j(jf(cb(e)) —f(CD(t)J[In(t)dt] de}

P P
sc[j[jw(f(qb(e)),e,e—t)] de] J, (Hdt

= cj T(F(P(O)),[8 = V)| Lygyd,. (Dt
Q
Lemma 1 and Lemma 2, lead to:

If (%) —H(f,x)Hp sc(Z)r(f(dJ(e)),%j

Lo@)

=c(&){f(x),%j

Lo(l-2r)

For the case O<p<l1, we can prove theoreml by

follows the same lines above and using the inetyali

(Carathers, 2005):

If +al; <1715 + ol

In the second result of present study we constuct

one-sided operator using H(f, x) as follows:

H*(f,%) =H(E,x) £ 3 w(x)

KONY

sup [f(y)- H(f.y)

r((ZrI)‘ s
r(y) e T
‘(y) 2n ["2n

Where:
r(y) = (coS'y,...,COS'Yy)
y1 =C0%y,..., Vg = co0Hy
_Talxs) 2(1—0%4 Y, T (x)=cos(ncos x|
n(xs - Xsi) " ’

m u
=cos—,z = cos— ,xO § 1,1 )
@ ek TR T 1L%n

d

w(x) =[]

1=1

Xsi = CO§S\ lesi ZM
2n

and

[X|=surl x|

1<izd
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This operator is a one-sided operator, since:

The polynomials H (f, x) of degree (2n -1)(I +1)d
H™ (f, X)<f(x)<H"(f, x),x0[-1,1]° = n. Because of
the positivity ofg (x), for each s 1,2,...,d

Then we introduce our second result.

Theorem 4: For any bounded functionifi L, [-1,1] =

n,c0< p<l, there exist two polynomials™d) and H (f)
such that:

For the proof of this theorem we need the
following Lemma:

[

H* (f) —H'(f)Hp sc(p,d)r(f,%j

Lom

Lemmab:

d

wex) =[] n(TX(fX))] (I-07) <
n(,-6, )

| FEN

sin[
0, -6,)
2

Proof: Let xg =cosf, ,x = co®H,

- cos,
llJ(XS) - I,:J [n(co

D, - coﬁS
0 implies:
w(x,) = ﬂ[

i M6, =89)) )
2 )

d

]

Tt

20
n n
2n 2nj

-t
, then
n

2 ¢
[1— cost COSEJ coH,; =
) 272

cosH, — cosf
n(cos, - cof

[1-emgods |
1-cos— cos—
2 2

d ( T T T .th
< 1-cos- cos—+ sifn- Sif—

= nsin (6, —8y) 2 2n n 2n

2
2

. sin((eS ;65,)] ¢
e 2 R RE 084

-1 2 2n

n Sln[ (es - eSi)]
2
(eS - 9Sl)

2
sin( i

sin? L < # sirpe L
2n 2n
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which completes the proof.
Proof of Theorem 4:
sup

n2j-1)|_
2n | 2n

f(y) —f(x,) \Jz,n[

sup
T(2j-1) 1)
2n

(y)- H(f,y)s[ﬁj
n ‘W )

)

_ (2K, 1)T[
2n

‘NW-

2

KONG

2n
(2k-Dm
2n

Now let

(coslyy,...

X, = COSH, B, = r(y)

,c0S'yy), y1 = co®'y,..., Yy = cod'q. Then:

1)~ H(f.) s[E)
n

sup
m(2j-1)
2n

sup
(2j-1)|
2n

<
2n

<

1) —5— o

1Y) ——

[ [F(e(@) ~F (D), , (Dt

Q=[0,m¢
J' w( oo

c)d
‘r(y)—'_—
d
. [re.

T[(2] 1) B
2n

j; (t)dt

2j-1) 1) R
"2n

t J,, (t)dt
D el

|, =2 > W)

jONg
2n

[ "o, +\t\) (t)d(

Then realize on Lemma 5, to obtain:

w
2nj

[3 (o0, 2i7D

Q JONG 2n

+d

sup |

oy )H(ZJnl)

f(y)- H(f,y)

p

2j— 1) B
2n

2|2 weofweoe

jONg

p

Tt

J, ., (Ddt

2n

dr
[EJ w[f°m,e,£+\t\jd93,n (1)
2n 2n '

<C

I

P

sc(p,d{j flef Foedielt] (t)dH
Q Lo@) p
sc(p,d)[%j JT(f°¢,e,2—T:]+Mj J/'n(t)d{
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By virtue of Lemma 1 and Lemma 2, we
immediately have:
T(f"@,ﬂ}
2n),

| r[f °q>,t”] J,, (Dt
Q n L

p(Q)
f T( K]

,1} < (p,dﬁ f,i}
nJj nJ,

p(Q)

3, (Odt+

p(Q)

Jsc(p.d) |

Q

< c(p,d)r( foi> %‘) +[r|

Loy @

J,, (Hdts c(p,d}[ PO

CONCLUSION

In this study, we successfully constructed opesato
for best multiapproximation and best one sided
multiapproximation for the study of any measurable
function in L, for, p>0.
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