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Regionalization Method for Nonlinear Differential Equation Systems
In a Cartesian Plan
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Abstract: We propose a regionalization technique for analyzing nonlinear differential equation
systems where coefficients are standard and nonzero. The present work starts with the study of a
natural object which was the magic squares providing us with a new way to partition the plan in

regions.
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INTRODUCTION

In the present work we study the effects of
delinearity of box type in orbital geometry and in
orbital dynamics. We start this work with a first natural
object around which we organize our plan , namely the

magic square (MS) giving the partition of the plan R*
into 25 external sets depicted in the following heuristic
diagram .

15 22 9 16 3
2 14 21 8 20
19 1 13 25 7
6 18 5 12 24
23 10 17 4 11

Also, it plays an essential role in the nonclassic
partition (regionalization) as following
(R, G U4 UPUAUG )of R.

Here are some of the questions that can be asked

The apparition of the magic square

The behaviour of the orbits in the regions of the MS
The transition of the orbits of a region have the other
The nature of the singular place

The strut with the linear case.

The objects: We are interested by non-standard

systems of nonlinear differential equations in N
provided with cartesian coordinates ( X, X, ).

le = ay Xl[al] + ap Xz[a2] + b,

' ] ] )
X, = a, X, + a, X;

+ b,

where the reals a,;, a1, a1, a2, by, by (resp o, > 0 ,0,>0)
are standard and nonzero (resp infinitely great )

X[ai] — Xfli
and fori=1,2 ! !
(_ Xi)a'

Xi[“i]
we proceed to a sharp delinearization " of box type
delinearization " of differential system with constant
coefficients

X, = a, X,
X,=a,X, +a,X, +b,

With conserving the linear equations.

Then the problem is to evaluat the effects.

if X, 20
if X,=<0

+ a, X, +b

We can also see a problem of transient to the limit

(al —>+0 , a, > +oo)
In some families which are linear when
o =a,=1.

The differential system (1) is divided into three
families :Fl , F2 , F3
Fi: (az1,a22b2) =m(a;; a12by)
Fa: (21,222 02) =m (a;;,21201) +(0,0,d) ; d# 0

a, a

. 11 12
Fs: rang[ J: 2

ay dyp

The technique: we use the technique of regionalization
to get some predictions relative to the macroscopic
behaviour of orbits and the dynamics along the orbits.
Some predictions

i. The magic square (MS) in the first analysis the plan

R is partitioned in 25 external regions where we
denote by

(15) (resp (3)) the region defined by the conditions

X, <<-land X, >>1 (resp X, >>1and X,
=>1)

(22) (resp (16)) the region defined by the conditions
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X, =~-land X, >>1(resp X; ®land X, >>1)
(9) (resp (17)) the region defined by the conditions

X, =<1 and X, >>1(resp |X1| <<1 and
X, <<-1)

(2) (resp (20)) the region defined by the conditions

X, <<-land X, =1 (resp X, =>1land X, =1)
(14) (resp (8)) the region defined by the conditions

X, =-land X, =1 (resp X, ~1land X, =1)
(21) (resp (5)) the region defined by the conditions

|X1| <<1 and X, =1 (resp |X2| <<1 and X,

~-1)
(19) (resp (7)) the region defined by the conditions

X, =<-1 and |X2| <<1 (resp X, >>1 and
X, << 1)

(1) (resp (25)) the region defined by the conditions

X, =-1 and |X2| <<1 (resp X, ~1 and
X, <<1)

(1) (resp (25)) the region defined by the conditions

X, =<-1 and |X2| <<1 (resp X, =1 and
X, << 1)

(13) the region defined by the conditions

| X,|<<1and |X,|<<1

(6) (resp (24)) the region defined by the conditions

X, <<-1 and X, ~=~-1 (resp X, >~ 1 and

X, =-1)

(18) (resp (12)) the region defined by the conditions

X, =-land X, =1 (resp X, =land X, = 1)
In (13) the macroscopic behaviour is determined by the
rectiligne system

X, = b,
X,~ b,

In (9) (resp (17)) the macroscopic behaviour is
determined by rectiligne system

X\~ a,

X, = ay
in (19)(resp (7))
determined by the rectiligne system

X,=ay,

the macroscopic behaviour is

X, =~ ay
The refined magic square: to know the orbit
behaviour in the other regions

(15,22,16,3,2,14,21,8,20,1,25,6,18,12,24,23,10,4,11)
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We must refine the magic square (MS) by introducing
the extensions 13°,9°,17°,7°,19° of the regions
13,9,17,7,19 respectively by the following conditions
13’551”)(1["‘] + a, XE%] eP and aZIXI["‘] + ay, XE%] eP

X[’Zl]
9: X\leG, and “jyeP
X537
X[al]
17: X“leG_ and ﬁeP
X5
X[az]
7 Xl[”‘l]eG+ and 2[a] €
X
X£0‘z]

19’ : Xl[a']€G7 and Xi

mX, is a first

The family F,. the function F = X, —

integral.

The non-singular orbits are rectiligne and with the same

slope m, the singular position is given by the equation
a, X!V a, x4 p = 0

with the prime integral F' = X, — mX, a differential

system of the family F1 induce a family with one real
parameter C (C specify the level straight) of differential

equation of order 1 in‘R .
Namely, p.: a, X +a, (mx, + )= +p,

the form of singular place of F; implique some
number of bifurcations in the equations D, when C

follow R .

The family F,
F {le = ay, x4 a, xl=1 4p
X, =m(a, X + a, X1*V +b)+d , d#0
The singular place is empty
If d was null we obtain a system of F, with a singular
emptiness in the case to add d # 0 hunts the singular

place, but it stay a witness that create a river
phenomena.

The family Fj:
we distinguish three cases

j. the vectors (a,,,a,, ),(b,,b, ), (a,,,a,,) are pairwise

independent.
ii. a, b 40 a, b 20
a, b, a, b,

Proposition 1: In region (13) of magic square (MS)
the macroscopic behaviour of orbits is determined by
the rectiligne system
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X, ~ b
X,~ b,
Let D= — denote the derivation operator as regard
i
X, and state the following result :

Lemma 1: In the region (13) of the magic square (MS)
the field of vectors

v=la X +a X" +4)0 + o +a X +b)D)

(associated to the system (1)) is infinitely near to the
rectiligne field vectors Y, = b, D+ b, D,

Proof of lemma 1: consider the region (13) defined by
the conditions

| X, <<1 and |X,| =<1

Or the field vectors:
Y= (a X +a,x1) +5)D, + (4, X1 +a,,x1 +5,)D,
Associated to the system

Xl = alle[al] + ap Xz[aZ] + b,
Xz = dy Xl[al] + ay Xz[%] + b,
as |X,| =<1 and |X,| <<1 and @, = 0 ,a, > 0
are real infinitude great
X l[a'] and X gaZ] are infinitude small.

field of wvector Y
coordinates (X . ¢ 2) is infinitely near to the

rectligne field Y, = b, D,+ b, D,

(D

consequently the in the

Proof of proposition 1: By the lemma of short
shadows, the orbits of (1) have in the region (13) the
same halo as the system orbits

X, ~ b,
Xé ~= b,

Proposition 2: In the regions (19) and (7) (resp (9) and
(17) ) of the magic square MS the macroscopic of the
orbits behaviour has infinitely small fluctuations near is

determined by the rectligne system
X, = ay X, = ay,
. (resp , )
X, = a, X,

Q
N}
N

Lemma 2: In the regions (19) and (17) (resp 19' and
(17") of the magic square (MS) the field of vectors

Y=g x* +a, 5, 45D, + (0, X, +a,x=) +5,)D,
Associated to the system (1) is infinitely near of the
rectiligne field of vectors

Yl =[a” + alZ)(Z[aE]]-'—bIJDI + [an + 6122/\/2[[12]"'172][)2
X

a, X+ b a, X 4 b
(resp Y, =[a12 + %JD] + [a22+ L};[—]—Z D,)

@)
2

and Y, (resp Y,) is infinitely near of the rectiligne
field of vectors
Yy =a,D, +ay,D, (resp Y,=a,D, +ay,D,).

Proof of lemma 2: In the regions (19) and (17)(resp (9)
and (17)) of the magic square MS

X g“z] (resp X l[a‘] ) s
X l[a‘] (resp X gaZ] ) is infinitely great

infinitely small

since a; = 0 ,a, > 0 are infinitely great

Taking X, l[a‘] (resp X £a2] ) as factor we can write
the field of vectors :

Y= (a, X +a,x1) +5)D, + (a, X" +a,,x1 +5,)D,
Under the form

o] o]
ap, X, + bl]Dl . (aZI + a, X + bz])Dz

Y, =X[“‘](a +
1 1 11 X][a‘] 4)47]7

el 4 p xlel 4
(resp Y, :Xz[al][a|2+ T IJD‘ +[a22+*m7a“ ML D,)

X X

In the regions (19) and (7) (resp (9) and (17)) of the
magic square the field Y has the same orbits as the field

a, X 1+ p an X 4 b
z, —[an +n T lle + (aﬂ + 2 T2 D,
Xl Xl

la] [a,]
B a, X{“' + b, a, X% + b,
(resp Z, 7(%2 + 7X2[”1] ]Dl + [a22+ 7X2[”1] D, )

The field Z, (resp Z, ) is infinitely near of the
rectiligne field

Z; =a,D, +a,D, (resp Z; =a,D, +a,D,).

as the quantities

( alngaZ] + blj (resp ( a22X£a2] + le

Xl[al] Xz[az]
and alle[aZ] + b, (resp alel[al] + b, )
@ oyl
X][ ] X2 1

are infinitely small .
Proof of proposition 2: The proposition 2 is an
immediate consequence of the lemma of the short

shadows as long as we have lemma 2.

Examination of the family F3:
a, a

E - rang{ ! IZJ: 2
ay A4y

We note
1. we can write
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b
b,

11 12

_ a . a
- (121 @ a
{Xl all(Xl[al] +a)+ a, (XgaZ] +B)
X, = a, (X4 a)+ a, (X2 + )
a+ 80

2.

]ﬁ; a?+ 20
22

the singular point is reduced to the point S =

((—a)[ 2

a;

)

3. the singular point can only be find in the halo of a
corner the unit square.

4. the slow region is given by
x4l v o ~ 0, x4 p %0
other

g =]
X, € (hal(-a))**" and X, € (hal(—a))-*

5. if @ff #0 , the slow region is strictly contained in
the halo of (sign(- @ ),sign(- £)).

if a=0# [, the slow region is given by

=) H

X, e P* and X, =~ (sign(-f))-“-.

if a#0 = f , the slow region is given by

|

the singular point is in the external square ES
defined by X, e L, x,1"le [

1

a

1

a4

X, € P{ } and Xle(hal(—a)){

6.

Then in the region X, “le G , X, 2le G | the
curves C;=(X’;=0) and C,=(X",=0)
don't intersect.

Proposition 3
Given ( D, q) a singular point of the system (1)

if |p
|q|z1 (resp|p|z1)

1.

<<1 (resp |q| <=<1) then:

*

b, a, by
ii. if 0< |p| =<1 (resp0 <|q| <<1) then
* b_lzai ~ all ~ ﬂ

b, ay, ay

2 (4): 464-468, 2006

%

the function F'=X, — S X, is a first integral of
system (1)

* The singular place of the system (1) is defined by the
equation a“Xl[a‘] + a12X£a2] +b =0

iii. if |p| >>1 (resp |q| >>1 then

[a2] (o]

q[a] (resp W) is appreciated and we have
p q

|q| >1 (resp |p| >1)

Corollaire 1: a singular point of the system (1) taken in
the region defined by |X1| >>1 (resp |X2| >>1)

, And in the region A, defined by the conditions
X[al]
X1X2 #0 and ﬁe A+ UA_

2

Proof of proposition 3

i. As (p,q) is not singular we have:
a, P I+ b,

azlp[al] + ay q[aZ] + b,

)y

0
0

[«
+ oa, 97’

if |p| <=<1 (resp |q| <=<1) then the real

alzp[a]] and azlp[al](”eSp alzq[%]

are infinitely small.
where the following relations

auq[‘)”]+b1 ~0 and azzq[“2]+b2 =0

and azzq[‘”])

(resp alzp[“‘] + b ~ 0 and aZIp[“]]+ b,~ 0).

As a,, and a,, (resp a, and a, ) are

appreciated we deduce the relations

gl n _ P B g plal o B B
a2 Ay ay ay
b b b
but —land R (resp 1 and _2)
alz a22 all 6121
are standard.
b b b b
thus ——= —= (resp it U _2)
dp Ay ay 21
b b
the relation q[O’Z] ~— (resp p[m] ~— _1)
12 ay
show that
bl

(resp — i) is appreciated

‘q‘ =1 (resp ‘p‘ =~1) since —
a

ap
The point ii)
467
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the obtained relation in 1)

b _a, _ b _ay _
5, B (resp B)

Ay h Ay

anp[al] = _alzq[%] —b, (resp azzq[aZ] = _a21p[a'] -b,)
As

p#0(resp g #0) we obtain a,,=pa (resp p ay, =a,,)

a a a a
or as f=" 292 (egp - 2y
Gy Gy Gy 4y
b a a
consequently —=-2="2= 04
b, ay a,

hence the equality

(a113a12 ) bl) = (azl :azzvbz)
Which imply the relation X 1 - X 2 =0

So the function F'=X, — # X, is a first integral of
the system (1)

s (a” ,dp, , bl) =p4 (aZ] ,azz,bz) we see that
aqu[a'] + alzXz[al] +b, =ﬂ(‘121X1[a1] + aszz[al] +b,)

consequently the singular place of the system (1) is
defined by the equation

a”Xl[“l] + asz[‘“] +b =0
The point iii)
If |p|>>1 (resp |q|>>1) the

allpl[al] + alzq[%] +b, =0 can also be written
[a2] [a2]

b, b,
@y + ap =17 +7p[a.] 0 (resp a, + a”‘Z[a'] +q[7;']: 0)

[az] [“1]
T (resp

equality

Show that ) can not be infinitely

small or inﬁmtely great
because a,, (resp a,,) is standard nonnull and

b
[(11_] (resp ﬁ) inﬁnitely small .

implique the equality

[0‘2] [0‘1]

Thus —— (resp ] ~——) is appreciated .

] (resp q[az]) inﬁnitely great then it must be

the same as (reSp p ) such that the
quotient is appremated .
if q[az]

|q|>>1 (resp |p|>>1 ).

(resp p[al]) is infinitely great , then
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