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The Solution of Heat Conduction Equation with Mixed Boundary Conditions

Naser Abdelrazaq
Department of Basic and Applied Sciences, Tafila Technical University
P.O. Box 179, Tafila, Jordan

Abstract: The study is devoted to determine a solution for a non-stationary heat equation in axial
symmetric cylindrical coordinates under mixed discontinuous boundary of the first and second kind
conditions, with the aid of a Laplace transform and separation of variables method used to solve the
considered problem which is the dual integral equations method.
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INTRODUCTION

The method of dual integral equations is widely
used to solve elliptic partial differential equation with
many physical and technical applications'™, also
several techniques were developed in the last fifty years
to solve dual equations with different coordinate
systems. discuss In this study the solution of two-
dimensional non-stationary heat conduction problem in
axially symmetrical cylindrical coordinates with
discontinuous mixed boundary conditions first and
second kind on the level surface of a semi-infinite solid
cylindrical coordinates will be discussed. The solution
of the problem is based on the application of dual
integral equations method with the help of the Laplace
transform and separation of variables. It is known that
the solution of dual integral equations introduced to
some type of singular integral equations of the first kind
with unknown function, weight and free term depend
on the parameter of a Laplace transform. The exact
solution of such integral equation can be obtained by
expressing its unknown function in the form of a
functional series in powers of a Laplace transform
parameter The main goal of given problem in this work
is to extend the use of dual integral equations method to
solve parabolic partial differential equations with mixed
discontinuous boundary conditions, by using some
discontinuous integrals technique. This technique is
applied to solve different type of dual equations related
to diffraction theory, elasticity theory and other

. . [3,4] .
applications™™, when the second one of a dual integral
equations is homogeneous. In heat conduction theory,
there are several methods were used for solving heat
conduction problems under unmixed boundary
condition as pointed out in””. Mandrik reduced some
dual equations to the Fredholm integral equation of the
second kind™”',

MATHEMATICAL FORMULATION
OF THE PROBLEM

The main aim of this study is to solve the non-
stationary heat conductivity differential equation for a

half-space in cylindrical coordinates
symmetry

0T 10T 9T 10T
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where T =T(r,z,r) is the temperature distribution
function , 0<r<e, O0<z<e are the corresponding
cylindrical coordinates, 7>0 is a time, a#0 is the

temperature conductivity coefficient (constant). The
equation (2.1) can be solved by using the conditions

or| _ar
or|,_, or

under mixed discontinuous boundary conditions first
and second kind on the level surface z=0

T(r,0,7)=f(r,7),re s,
AT(r,0,7)/9z = f,(r,7), re s, 2.4)
where S =(0,R) S=(R,). The initial condition is
T(r,z,0)=0. (2.5)
The wunknown functions f,f, in (2.3),(2.4)

continuous and have the limited variation with respect
of each variables r and 7 , moreover

with axially

@2.1)

=0

2.2)

|z—>oo

r—oo

(2.3)

T|fi(r,2')|dr<oo j|fi(r,z')|dr<oo Ci=12.
0 0

These restrictions allow to apply Laplace transform
with respect to 7 and Hankle transform with respect to r
moreover, we assume that the functions f,(r,7), i=12
have absolutely continuous derivative with respect to r.
The physical significance of the given boundary value
problem is that, inside the disk O<r<R,on z=0, the
temperature function is given by 7(r,0,7) = f,(r,7) and
outside the disk R<r<o at z=0 a heat flow is given
by T.(r,0,7)=f,(r,7). Next, to simplify the
investigation of the solution, we will assume ideal
insulation exist, i.e, f,=0.
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SOLUTION OF THE PROBLEM

The boundary-value problem mentioned above

should be solved by applying of the Laplace transform

in the 7 -variable. Defining of f(r,z,s) as'!¥

T(r, z,8) = fT(r, z,7)exp(—s7)dT
0

Taking the Laplace transform and separation of
variables to equation (2.1) with regard to conditions
(2.2), the general solution of the problem is obtained in
form of improper integral

T(r,z,5) = J.;(p,s)exp(—\/p2 +a)J,(pr)dp (3.1)
0

where J,(pr) is the Bessel function of the first kind of

order zero, p is the parameter of separation of
variables, s is the parameter of Laplace transform with
a=s/a Re(s)>0.

Applying the Laplace transform to the boundary
conditions (2.3),(2.4) and using these conditions to the
general solution (3.1), we obtain the following dual
integral equations to determine the unknown function

u(p,s)

oo

J';(p,s)JO(pr)dp =?,(r, s),reS (3.2)
T;(p,s)«lp2+0{ Jo(pr)dpz?z(r,s) reS 3.3)

In general equations (3.2), (3.3) can be solved by
using discontinuous integral technique, if the second
fz(r,s)=0, thus to
simplify the investigation of the solution , we will
assume ideal insulation exist, i.e f, =0 .In general when

equation is homogeneous, i.e,

the second dual integral equations is non-homogenous,
it can be reduced to the homogeneous by expansion

fz(r,s) in Hankle’s integral transform

?Z(r,s) = J.F(p,s)\/p2 +a J,(prydp , (3.4)
0

Where F(p,s) is known function determine by the
inversion Hankle transform

F J dy .
(p,s)= mlyf(yﬂ o(py)dy

Next write down ﬁ(p,s) —f(p,s) =Z(p,s) , then use
the expansion (3.4), the following dual integral
equations are obtained to determine the unknown

function A( D,S)

TZ( p.s)J,(prydp=D(r,s), resS
0

J.Z(p,s)«/p2 +s/a J,(pr)dp=0,re S
0

where
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B(r,s) = ?l(r,s) - J.F(p,s)JO(pr)dp .
0

As s—0, the dual integral equations (3.2) and
(3.3) tend to the dual integral equations of the form

[up)ry(pridp = £,(r), res,

[pu(p)y(prydp = £,(r) , re S.
0

More detail, discussed in monographs''

To simplify the solution of equations (3.2),(3.3), ,
we will consider special cases such that
fz(r,s) =0, ?](r,s) = f(r)/s ,thus, the dual equations
(3,2),(3,3) will take the form

]i;(p,s)JO(pr)dp =f(ls, reS (3.5)
0
T;(p,s)\/p2+0{ J,(pr)dp =0, reS (3.6)
0

Replacing the function u(p,s) by another unknown
function E(t s) with the help of the relation

fO'(t s)cos(ty p° + o )dt.

p+ao

(3.7)

;( p,s) =

It is assumed o(z,s) is differentiable with respect to
t, where re (0,R), also the inverse Laplace transform
L'[o(t,s)] = o(t,7) exist., further ,we assume that o(t,7)
is continuous or piecewise continuous in any interval
r,<r<7, for 7,>0 and 7" is bounded as

7— 0" ,moreover o(s,7) is exponential order namely

exp(=y7)|o(t,7)| is bounded for some positive number

¥y as T —> o0,

Substituting (3.7) into (3.6) and integrating with
respect to t from O to R, then interchanging the order of
integration, using the value of the discontinuous

integral'"'?!
(x\lp + (Z)dp

J‘PJ(P)

\/p—+a sin

0, r> X,
cos+/ (x> —rHa .
—’ ‘x r’
;xz _ r2
ensure the equality (3.6) to zero, such that

((o,(t,s)=0d0(t,s)/dt)

E(R,AY)U\/% sm(R«/p2 +a)dp}

pJy(pr r)

- T;",(t,s)

0

(12

sm(z\/p2 +a)dp}dt =0 |
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Substituting  (3.7) the

discontinuous integral'*!
J.pj o(pr) COS([«/p2+0{)dp
0 p +a
. 2 2
WSHMM rya 0<r<t<R,
l 2 2
ﬁexp(—xl(r -1 ) O0<t<r<R.

r-—t

into (3.5) and using

A first kind singular integral equation is obtained to
determine the unknown function of(z,s)

¢ o(t.s)
I 62 2exp(—\/(rz—tz)s/a )dt
L(r : (3.8)

s1n\/(t —rHsla dt=f(r)/s,reS.

Since o(t,s) is analytical function of a parameter s, it

‘q'—.w

t—r

can represent a functional series in power of degree s'?

o(t,s) :exp(—RJE)i o,(t)s">! (3.9)
n=0
The inverse Laplace transform for (3.9) exist!™®
L

L'o(t,s)=0(1,7)= ﬁexp( Lz)z e lf,z) o,(1),
L= L .

dat

H, (L) is a Hermite function'"!.  Multiplying

equation (3.8) by exp(RvVa) and expanding exp(—x)
and sin(x) in (3.8) in appropriate Maclaurin series , then

using expression (3.9) ,the following integral equation
is obtained to determine the unknown members
o,(1),0,(1),0,(),....

m+n

ShN ( 1)”15 2 j'o_n(t)(r —t ) 2 dt—

Z?Z‘) m!(a)"
s
n=0 m=0 (2m+1)!(\/_)2m+l

Z ().

Equatlng the coefficient of the left and right hand
sides in (3.10) as equal powers of s> we find that At

[o, 0@ =yt

[ [/2

(3.10)

s°:1=0; {(m,n)=(0,0)}, we get an Abels integral
equation to evaluate o,(r)
[ %O _ 4= £ (r) (3.11)

oV r2 - lz
Solving Abels integral equations (3.11) yields
j yf (y)

At s"?:1=1;{(m,n)=(1,0),(0,1),(0,0)}, an Abels integral
equation obtained to determine o, ()

o,(t) =
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. 1§ R
! dt—m.([ao(t)dt:f(r)m (3.12)

=
Using the inversion for determining o,(s) in (3.12),
so that the solution is given by

=241 AN {f(y) \/glﬁl‘}/ﬂ%(f)d&}dy
At si=2, {(m, n)=(0,2),(2,0),(1,1),(0,1)}, in

similar process as in (3.11) and (3.12) the solution for
o,(r) is given by
\/t -y

crzm———j
=1’

{f(y)(\/—) o 2| PN S e jcr,«:)dzf}dy

From the above evaluation of o-o(t),a] (0),0,(1),.... it

is easy to conclude that o,(¢) satisfy the following
recurrent formula, for even index n

J‘ O_n( ) (_1)11—2(k—1)
m k T (n-2(k - 1))!(\/_)("72”‘71))

J‘O-Z(k—l)(t)(m Y-k gy
0

[n/2]

[71/2]

3.13
(=12 ( )

= (- @k-1)y(Va)
J G f)" ‘

The solution Abel integral equation (3.13) for the
unknown function o,() in terms of the known

functions o, (t),0,,.,) is given by:

on=24 [ 2
T dt ° [2 — y2
R
f(y)m"'
[n/2] (=1y"2* R . o (3.14)
z —(2k—1) _I.O-ukfl)(éz)(\léz -y déz_ dy
-2k -1)!(Va) 0
[n/2] _1)ym2kD Y e
= nfz(kfn.[O-zu—n(éz)(\lyn_g )y hag
=t (n—z(k—l))!(JZ) o

On the other hand for odd values of n we have the
recurrent formula

J'O'(t)

n—1
[—-1
2

( l)n (2k-1)

+
;m (2k—1)!(Va)

n-1
[—-1
2

n—(2k—1) IO-(Zk 1>(t)(\/ )n *dt

D"

2T = ) Ok (WP =r*)*dt
; (2k+1)‘(\/—)( )J‘ ( )
Rn
B ’ 3.15
=f(y)— (\/—)n | ( )
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Again treating (3.15) as an Abels integral equation
to determine o,(¢) for odd index n

o,(1)=
ﬂ'dl ;[ ’l‘ _y
R
(
IO Tarm’®
i
; 1 . (3.16)
Z%quun)(g)( §2 )Adf dy
= 2k + D)) (Va)
“h
2 1 —(2k-1)
Z c 2k njo-(u 1)(5)(\1)’ _52) _def

=

- (n=(2k=1)!

(Va)

In particular ,if the temperature function inside the
region O<r<R, z=0 is constant, say ?(r,s) =K/s in
equation (3.10) then the value of each o,(¢),i=1,...,n is
polynomial in t.

O'O(t)=zK
T
2 R 2
=ZK-—(1+=
o, (1) p \/E(+ )
21 R 1 2
_— — _71( V2
() 721 (Ja)? 1v(f) (7:)( 7z) 21Wa)? (n)t

In general if the function f(r,s) depends on
time(in general case) , it should be expressed as

Fr9)=3 £,
=0

hence, the right hand side of (3.10) can be written as

S5 &)

1=0 j=0
Equating the left and the right hand side of (3.10)

to determine recurrence relations to o,(r) for even and

odd index n in powers of s/*/"?

the general solution f(r,z,s) s

substituting equations (3.14) and (3.16) into equation
(3.9), then putting the obtaining result into (3.7) and
finally substituting the result into the general solution
(3.1) we get

T(r,z,s)= CXp(—R\/E)isn/z

n=0

cos(t\/p +Ot) exp(—zﬂp2+a)dp dr.(3.17)

express (3.17)
(exp(ix) + exp(—ix))/ 2, i=~/-1 and use the value of the
integral!'”
T exp(—a\/x +y ) (— y\/a +c?)

The solution of (3.17) with regard to (3.17-a) can
be written as

To determine

Jo0] [
0 0

Now

in cos(x) as

SPTINT Y g (enyde=SRING T (3 7.
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T(r z,v)—fexp( R«/_)ZWZ

n=0
ja,,(r) exp(-R @) exp(-Rpar |
0 Rl RZ

where R’ =(z—if)’ +r*,R; =(z+it)’+r°. It is clear that

(3.18)

as r and z tend to infinity T(r,z,s) is vanished. The
inverse Laplace transform of (3.18) is

ZJ‘O’(I)

2n nl2
n=0

T(r,z,0)=

{exp(-L3 )H,H(lﬂ)+exp<—Lz>HH(Lz)}dr

(R +R Y , (R+R)Y)

where I’ , 2=
L= dat L dat

Introduction the solution of dual integral equations
(3.5) and (3.6) to integral equation of the second
kind: We will discuss another technique for solving the
above dual equations (3.5) and (3.6) by reducing these
equations to second kind singular integral equations.
Rewriting equation (3.8) in the following form using
the relation ch(x) — sh(x) = exp(—x)

ch\(r* =t*)sla d
/ 2_t2 d

siny/ (2 = r*)s/a
N =17

The next step is expanding in (4.1) ch(x), sh(x), in

jg(t,s)
0

—jE(z,s) dt=f(r,s),re s 4.1)

0

appropriate Maclurin series, then rearranging the
obtaining result, asimple calculation yields a first kind
integral equation to determine the unknown function

o(t,s)

J O'(l Y) m(; )JO’(Z s)(r ¢ )m V2 g

m=1a
oo ( l)m m+1/2 R .
ZWIU(I )t —r*)'dt = f(r,s), re S (4.2)
m=0

Treating (4.2) as an Ables’ integral equation by
applying the inversion for o&(z,s), then interchanging
the order of integration inside the integral sign for the
obtaining result, a second kind singular integral
equation is achieved as

o(t,s)=F(t,s)— j o(£,5)N(E.t,8)dE
0

+[o& )M & 1,5)d¢ 4.3)
= 2d  yQ)
F(t,s)==— d
where F(t,s) 2 dr ! ) y
25 SPED" d oy -y
M(§t §)= mzo(z +1)'am+1/2 d['f ,l‘ _y
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Sm
2m!la"™ dt

1 2 g2\m-1/2
y(y\/ 25 )2 dy.
-y
Substituting the expansion (3.9) , into equation (4.3) an
integral equation of the second kind is obtained to

N t,5)== Z

ml

evaluate the sequence o,(r),i =0,1,2,.....,n

oo oo RIANZ
36,1 =Y T F()+=
n=0 n=0 a l‘

2m+n+1
0 oo ( 1)”1
o (M (t,8)d

Z:;)zﬂ 2m+1)‘ m+l/2J‘ Yl() m( 5) §

2&¢

=3y o Io N, (1.£)dé 4.4)

T im0 2mla
where

y(§2 _ y )m

M, (t,E)==

WH=— j H

2d
——Er.fz"’zﬂ(l,—m,yz, 1Y)

5 EM L F(,-m,3/2, 171 &%)
= — 2 £2m-2

T —%zlﬂ(z,l—m,S/l 21E
Where , F, is a hypergeometric function'"*! and

2 d 2 m-1/2
N, (1.5 = J.Mdt
\/t -y

J L ATW2em) o 2 mEA24m)

T rd r(1+m) Jr

I'(x) is a gamma function
If we equate the left and the right hand side of equation
(4.4) with equal powers of s> , the same recurrent
relations to find o,(r),i =0,1,2,....,n given in (3.14) and
(3.16). The terms o,(1),i =0,1,2,

property

1+ m)
[14]

n must be satisfy the

......

l(t)H( 10, R)

C'(0,R)

CONCLUSION

With the help of known methods, the solution of
non-stationary heat conduction equation under mixed
boundary conditions is obtained by introducing the
given problem to some type of dual integral equations
were solved by using discontinuous integrals techniques
and the known generating series

E(t,s) :exp(—R\/E)i o, (Hs"> .

n=0
If the Laplace transform parameter appears in dual
equations tends to zero, the solution of the considered
problem introduced to the known results.
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The above exact solution of the mixed boundary
value problem given in form of infinite series can be
used widely to solve various mixed boundary problems
deal with unsteady state heat equation for example to
infinite or finite cylinder, unsymmetrical cylindrical

coordinates, spherical coordinates and other mixed
problems.
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