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Abstract: This paper derives the single period stochastic inventory model with continuous distributions
of demand and the holding unit cost is a function of the purchased (ordered) quantity. The objective is
to find the optimal purchased quantity which minimizes the expected total cost for the period under a
restriction on the expected varying holding cost when the demand during the period follows the
uniform, the exponential and the Laplace distributions, using the Lagrange multiplier approach. Some
special cases are deduced and illustrative numerical examples with some graphs are added.
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INTRODUCTION

The single period model is concerned with the

planning and control of inventory items for which only
one replenishment opportunity exists. Unconstrained
single period stochastic inventory systems with constant
unit costs treated by Gould!"!, Nahmias® and Tersine".
Also, Silver"! examined the single period model when
the demand during the period normally distributed.
Single period models involving a number of items
connected by one or more constraints can take a variety
of forms. Hadley™ studied constrained multiple item
single period inventory problems with continuous
distribution of demand and constant unit costs, using
the Lagrange multiplier approach.
The probabilistic single item single source zero lead
time inventory systems with instantaneous and uniform
rates of demand distribution have been discussed by
Fabrycky!®. Recently, Abou-El-Ata”’ and Fergany!
introduced a probabilistic single-item inventory
problem with varying order cost and zero lead time
under two restrictions, using geometric programming
approach.

This paper investigate the single period stochastic
uniform inventory model that considering varying
holding unit cost, a restriction on the expected holding
cost and the demand during the period is a continuous
random variable. Our objective is to determine the
optimal purchase (order) quantity, which minimizes the
relevant expected total cost for the period, when the
demand during that period follows the uniform, the
exponential and the Laplace distributions. Finally, some
special cases, which have been previously published
and numerical illustrative example are added.

Assumptions and Notations: The following
assumptions are made for developing the model:

*  The system is the single period and zero lead time.
That is, an item is purchased once only to satisfy
the demand of a specific period of time.

*  The number of units to purchase for inventory at
the beginning of the period is Q (the decision
variable) and the stock level decreases at a uniform
rate over the period

* The demand x during that period is continuous
random variable with known probability density
function.

*  There is no order (setup) cost.

The following notations are adopted for developing
our model:

fx) = The probability density function of the
demand x during the period,

Ex) = The expected value of x ,
Fx) = The cumulative distribution function of x,
R(x) = The reliability function,

Q* = The optimal purchased quantity,
p(x £ Q") =The probability of satisfying all the demand

during the period if Q* units are purchased
at the start of the period,

p(x > Q") = The probability of shortage,

c, = The purchase unit cost,

[ = The holding unit cost,

C,(Q)=c, Q” =The varying holding unit cost, 0< B<I,
c, = The shortage unit cost,

E(PC) = The expected purchase cost for the period,
E(HC) = The expected holding cost for the period,
E(SC) = The expected shortage cost for the period,
E(TC) = The expected total cost for the period,

K = The limitation on the expected varying
holding cost for the period.
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Fig. 1: Single period uniform inventory model

Development of the expected total cost function:

A general outline for analyzing most stochastic
inventory problems is the following:

*  Develop an expression for the cost incurred as a
function of both the random variable x and the
decision variable Q.

Determine the expected value of this expression
with respect to the probability density function of
demand.

Determine Q* that minimizes the relevant expected
total cost.

Thus, depending on the amount demanded x and
the quantity purchased Q, the inventory position after
demand occurs may be either positive (holding) or
negative (shortage). These two situations are shown in
Figure. 1.

Now, consider that:
H(QOx) The random variable represents the
at the end of the

amount in inventory
period,
and S(O,x)= The random variable represents the
shortage quantity at the end of the period.
Then, in the first situation in Figure 1 we have:

H(Ox)= Q—% and S(Ox)=0

Also, in the second situation of Figure. 1 we get:

Hov-L  and sowm=-
2x 2x
Q X for x<Q
HQX =1 2
— for x>Q
2x
and
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0
5(Q.x) =1 (x-Q)’
X

for x<Q

2

Therefore, the expected purchase, the expected

holding and the expected shortage costs for the period
respectively are given by:

for x>Q

E(PC) = ¢, ij fx)dx= 7 0 )

E(HC)= ¢,Q” {(}(Q—i)f(x)dx;}Q—zf(x)dx} ©)
T 2 4 2x

E(SC) = c:[ Mf(x)dx 3)
B 2x

Hence, the expected total cost for the period is:
E(TO)= 70 +

¢, Q’ Qj(Q—i) f(x)dx + wj Q f(x)dx

T 2 0 2x

T x-Q)
+ csqj S feodx o

Our objective is to minimize the function (4)
subject to the following constraint:
EHC) <K )
To solve this problem we can use the Lagrange
multiplier approach. We introduce a Lagrange

multiplier A and form the function:

L= E(TC)+ A[EMHC) — K ] (6)
where A=0 if E(HC) -K<0, 4>0

if Be) —~K =0,

then A [E(HC)-K]=0 @)
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The optimal value Q*requires that :

oL

0 "
¢ ®)
which gives:
¢, +(1+ )1+ )c,Q"F(Q)
DBy o [HC)
2 o X
Q
——(1 + DB, Q! .[xf(x)dx
0
+¢,Q jf(x) ~c,R(Q)=0.
Hence Q' is the solution of the following equation:
¢, +AQF(Q)+(BQ”" +¢,Q") | LGN
o X
o
~CQ” [xf(x)dx -¢,R(Q") =0, )
0
where A=(1+1)(1+f)c,, B= %
and C= % , by testing different values of A4, it

is possible to determine the optimum purchase quantity
Q* that meet the requirement of the constraining
condition E(HC). The iterative process requires that A
be set equal to zero and small increments be added to it
until the problem constraint is met for the different
values of B.

The optimal value Q* > 0 obtained from (9) minimizes
(4), where

% = B(B+1)e, Q" 'F(Q) +

,B(ﬁ+3)+2 ,}°°1
ijf(x)dx

Q o0
+—ﬂ(l_ﬂ) ¢, Q7 J.xf(x)dx +e, J.lf(X)dX >0.
2 0 QX

Standard probability distributions such as the
uniform, the exponential and the Laplace distributions
are frequently assumed for the demand during the
period. The exact solution of the optimal purchase
quantity can be derived when the demand follows these
distributions as followes:

*  Demand during the period follows the uniform
distribution

Assume that the demand during the period follows

the uniform distribution with mean b | then
2

Fo-2 ro-1-2

> >

E(x) =§
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Substituting in equation (9), we get :

( 7jQ"“+BQ"“1nQ+cQ(1+anj+b(c —¢,)=0

where:

QZ
jxf(x)dx 'ffdx—— and
[ o=t
b Q
Therefore, when the demand during the period

uniformly distributed the optimal inventory policy is
the solution of the following equation:

(Al +Bln§] Q7" +c,Q 1ng—'f+b(cp —cs) =0 (10

Where A, = %(1 +A)(4+3p)c, , and

the minimum expected total cost for the period is:
chQ +c,

min E(TC) =
3%, o 11
b [ +Q an] an

(e e )@+
*  Demand durlng the period follows the exponential
distribution

If the demand during the period exponentially
distributed with mean p and standard deviation p , then
we have

_Q

Q
E(x)=pu , FQ)=1-e* , R(Q)=¢ * and
Q Q X
[xfods = [Fe # dy=u FQ-QRQ) -
0 0 ,U
also, 0]' ) d =°]'i ej dx =l F(O,g) (12)
o X QXH H H

Where I'(a,z)= J t*"'e”'dt , is the incomplete gamma

function.
Substituting in equation (9), the optimal purchase
quantity Q* is the solution of the following equation:

¢, +{AQ7-uCQ”]

FQ)+-(BQ”" +e, @) 10, %
H H
+(CQ” ~¢c)RQ)=0. (13)
the minimum expected total cost is given by:
minE(TC)
B x 7Q7*
=¢,Q +¢,Q” [Q*_ﬁ)_(ChQ +CS)(Q ﬂ)e o
2 2
*p *2 *
+(chQ +cs)Q F(O,Q—] (14)
2pu u
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Table 1: the optimal purchase quantity that minimizes the relevant expected total cost for the period and meet the constraint E (HC) <10 for

the different values of B

B Uniform Distribution Exponential Distribution Laplace Distribution
Q* min E(TC) o* min E(TC) o* min E(TC)

0 32.07 32.62 30.42 57.01 30.99 48.64
0.1 25.84 39.69 24.15 66.58 24.63 59.02
0.2 21.48 49.23 19.85 76.29 20.16 71.26
03 18.25 59.44 16.73 85.56 16.81 84.49
04 15.79 69.36 1441 93.99 14.19 98.12
0.5 13.87 78.62 12.62 101.54 12.06 111.96
0.6 12.35 87.01 11.19 108.35 10.29 125.92
0.7 11.09 94.64 10.05 114.39 8.76 139.99
0.8 10.07 101.44 9.12 119.71 7.45 154.05
0.9 9.21 107.56 834 124.49 6.33 167.76
1 8.48 113.03 7.69 128.75 5.38 180.63

*  Demand during the period follows the Laplace
distribution

Assume that the demand during the period follows
the laplace distribution with mean u and variance 26°,
then we can get the optimal purchase quantity as
follows:

E(x)=pu

Q-u

. V() =20° F(Q)=1—%e_9 :

Q-u

RQ=3¢
Q
and [xf(x)dx = -(Q+6)R(Q), Q>

also, J @ dx =L
o X 26
Substituting in equation (9), the optimal purchase

quantity Q* is the solution of the following equation:
[AF(Q )+ CR@QH] Q¥
Q 9 B
BQ” +c, ) I O —
*25° (BQ ) I( )

e F(O,%),Q>ﬂ (15)

*

-CQ"[u-6RQ )]+ ¢, ¢, R(Q)=0.  (16)

And the minimum expected total cost is:

min E(TC) =
W e B
Cp()=F +ChQ*ﬁ [Q* _ﬂ) + (ChQ +CS )(0 Q )e_L
2 4
B 2, *
+—(°“Q +2)Q eﬂ"(O,Q—j, (17)
40 o

4-Special cases: We deduce four special cases for our
model as follows:

Case 1: For equation (9) let A=0 and
L=0=>C,(Q)=c,, A=B=c,and C =0,
then the optimal purchase quantity given by:

f(X) )
e+,

FQ)+Q’ j (18)

This is unconstrained single period stochastic
inventory model with uniform demand and constant
unit costs, which is agree with the result of Fabrycky™®.

Case 2: For -equation (10), let A=0 and
F=0=>C,(Q)=c,,A =B=c, and C = 0. Then the

following relation for Q" can be obtained:

* eb b(cs_cp)
In—=———=
Q rlQ c, +c, (19

This is unconstrained single period stochastic
inventory model with demand uniformly distributed and
constant unit costs, , which is agree with the result of
Tahal”.

Case 3: For equation (13), let A = 0 and
F=0=>C,(Q)=c,, A=B=c,, and C = 0, then the
optimal purchase quantity Q* is:

FQ+ L, Q—)— %
u c, +c,

This is unconstralned single period stochastic
inventory model with demand exponentially distributed
and constant unit costs.

(20)

Case 4: For equation (16), let A = 0 and
p=0=>C,(Q)=c,, A=B=c,, and C = 0,then the
optimal purchase quantity Q* is:

. P
Q eg 1—~(0 Q ) S P
260 0

This is unconstrained single period stochastic

inventory model with constant unit costs and the
uniform demand follows laplace distribution.

F(Q)+ ey

cs h

Illustrative example: Consider the following single
period uniform inventory model with parameters given
as: ¢,=0.5, ¢, =05, ¢, =155 and K=10. We will

determine the optimal purchase quantity when:
* the demand during the period uniformly
distributed, b= 50,



J. Math. & Stat. 2 (1): 334-338, 2006

* the demand during the period exponentially
distributed,p =25,

* the demand during the period is
distributed, p =25 and 6= 17.68.

Laplace

Using equations (10), (13) and (16) by testing
different values of A, we can get the optimal purchase
quantity that minimizes the relevant expected total
cost for the period and meet the constraint E(HC)
<10 for the different values of B as shown in Table 1:

The solution of the problem may be determined
more readily by plotting minE(TC) against 5 for each
distributions of demand as the following Figure2:

200
Uniform

150 F Exponential —k—

Laplace —s—

100

o 0.1 02 03 04 0.5 0.6 0.7 0.8 0.9 1

Figure2: minE(TC) against B for each distributions of demand

CONCLUSION

This article derives the optimal solution for
constrained single period stochastic uniform inventory
model that considering continuous distributions of
demand and varying holding cost. We have evaluated
Q* that minimizes the relevant expected total cost for
the period for each value of 8. Also, for our example, at
the same inventory parameters we found that the min
E(TC) in the case of the demand uniformly
distributed is less than the min E(TC) in the cases when
the demand during the period follows the exponential or
the Laplace distributions for all different values of B.
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