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Abstract: In this study we shall extended Korovkin and Weierstrass approximation theorem to
lacunary statistical convergent sequences. In addition, to these approximation theorems, we established
also introduced lacunary statistically convergent of degree f and establish a corresponding Korovkin

type theorem namely the following:

If the sequence of positive linear operators P,: Cy, [a, b] — B[a, b] satisfies the conditions:

IP,(1, x)-1ll; = 0(S &' ) as r — oo,

IP,(t, x)-xlls—> 0(S 2> ) asr—> oo and

IIP,,(tz, x)-lelg—)O(S 53 ) as r—> oo, then for any function f € C, [a, b], we have I[P, (f, x)-

Xl —0(S%) asr—> oo and f=min{f;, B, f 3}.
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INTRODUCTION

The concept of statistical convergence was introduced
by Fast in 1951. A complex number sequence x is said
to be statistically convergent to the number L if for
every €>0

Liml{k<n: Ix -LI = €}1=0
"o

where by k < n we mean that k=0,1,2,....,n and the
vertical bars indicate the number of elements in the
enclosed set. In this case we write st;- Lim x=L or
x; —> L (sty). By a lacunary 6= (k,); r=0, 1, 2,
where ky=0, we shall mean an increasing sequence of
non-negative integers with k- k.j—>ocas r —> oo,
The intervals determined by 6 will be denoted by
I, = k.1, k,] and h, = k,- k,.,. The ratio &, /k,_, will be
denoted by q,.

The following concept was presented by Fridy and
Orhan. Let 6 be a lacunary sequence; the number
sequence x is Sy- convergent to L provided that for
every €>0

Limhil {ke I Ix -LI= €}I=0
in this case we write Sg- Lim x=L or x, , L(Sy). It is
knownc that every convergaent sequence is statistical
convergent, but not very statistical convergent sequence
is convergent. The space of all functions that are
continuous on [a, b] and bounded by the number M,
shall be denoted by Cy, [a, b]. Also, B [a, b] is the space
of all bounded function with norm IIfllz= sup, < , < pIf(X)I.
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In 1960 Korovkin
approximation theorem:

presented the following

Theorem 2.1: If the sequence of positive linear
operators P,: C, [a, b]— B[a, b] satisfies the
conditions:

* P, (1,x)-1ll ; =>0asn—> oo,

*k

P, (t, x)-xll ; —>0asn—> oo and

%

IP, (t>,x)x "1l ;, —0asn—> oo,

then for any function f € Cy, [a, b], we have
IIP, (f, x)-f(x)llz—>0asn—> oo,

This type of approximation was first introduced to
statistical convergent by Gadjiev and Orhan in 2002.
This introduction was accomplished by the presentation
of a statistical analog of Korovkin theorem. In addition
to this extension Gadjiev and Orhan observes that these
theorem can be viewed as a Weierstrass approximation
theorem via statistical convergent. The goal of this
study is to extends Gadjiev and Orhan results to
lacunary statistical convergent and observes that we
have similar Weierstrass type approximation for
lacunary statistical convergent sequences.

RESULTS

Theorem 2.1: If the sequence of positive linear
operators P,: Cy, [a, b]—BJa, b] satisfies the conditions:
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* P, (1,x)-Ul, =08 ,)asr—> oo,
¥ P, (t, x)-xll g =0(S,) asr—> o and
*

IP, (%, %)-x"1l ;, =0(S,) ast—> o

then for any function f € C,, [a,b], we have
IIP, (f, X)-f(x)llz —>0(Sp) asr—> oo,

Proof: We shall follow the proof of Gadjiev and Orhan
of [3] through the first stages for this proof. Since f is
bounded by a real number M, we have the following

I£(t) — £(x)l < 2M

for all t and x. Also, since f is continuous on [a, b] then
for given £€>0
If(t) - f(x)l < &

for all t and x satisfying It — xl<d . For x € [a, b] let
us consider g, (t) = (t - x)z, for It — xI £ 8. This implies
that llg, (t)Il <& where § is a fixed real number. Since P,
is a sequence of linear operators we obtain the

following:
P, (f(1), x) — f(x) = P, ((t) - f(x), x) + f{x)(P, (1, X), X).

As stated in [3] we are granted the following:

1P, (F(0), %) = f)llps< £+ M +25_1‘24)

X IIP, (1, %)-11l 5

4Mb

+ 52 IlP, (t, x)-xll
oM

+ P, (t%, x)-x "1l ,

5
<K, (IP, (1,x)-11l
+1IP, (6, )l )

+ K IP, (67, 0% 1l

where
2M 4Mb

58 }
For £ >0 the last inequality implies the following:
l{ne I,:1IP, (f, x)-fx)ll , > £ }I

K, =max {£+ M +

E
<I{IIP, (1, x)-1ll ,>—
{IIP, (1, x)-1ll 5 X

1

¢
+lIP, (t, x)-xIl , >—
(t, x)-xIl K

2 2 £
+IIP, (t7,x)-x "Il , =2—}I.
) e }

Now let us consider the following sets
D=:1{n€ [ :1IP, (1,x)-Dll 5 +IIP, (t,x)-xll
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2 2 £
+IP (t7,x)-x" Il ,=2— }I,
a C ) 52 1

.
D,=1{nel :IIP_ (1,x)-DIl ,>— }I,
= - 2 (L X)-DIl 3K, }

K
D,=:1{n€ [ _:IIP_ (t,x)-x)ll ,>—— }land
) { , o (6 X)Xl 3K }
.
— 1}
3K }

1

D,=:l{n€ ,: 1P, (>, x)x ")l 5>

It is also clear that D CD, UD, UDj. This grants
us the following inequality
lne I.:1IP, (£, x)-fx)ll , > € }I

£
<HIP, (1, x)-1l g 2 —
{IP, (1, x)-11l 3K

1

+IP, (1, x)xll ;>
3 1

;
+IP (%, %)x 21, > 1.
a ( ) B 3K1}

Therefore (1), (2) and (3) implies [P, (f, x)-
f(x)ll; —> 0(Sp) as r—> oo. This completes the proof.

Theorem 2.2: If the sequence of positive linear
operators P : C, [a, b]— B[a, b] satisfies the
conditions:

* P, (1, x)-1ll = 0(Sy) as r —> oo,

IIP, (t, x)-xll 3 —>0(Sy) asr—> oo and

IIP, (1,x)-1ll3—>0 asn—> oo,

then for any function f € C,, [a, b], we are granted the
following:

%

k

1

N
h{/nﬁnZ:;"P (f(t), x)-fx)ll; =0 -
Proof: Since IIP, (1, x)-1ll;— 0 as n — oo, there exists

M, such that for all n, IIP, (1, x)ll;< M;. Thus for any
fe Cyla,b]andn=1, 2, 3,... we have the following:

IP, (f, x)-f(x)llg < IIfllc 1P, (1, X)llg
+HIfllcM(M; + 1).

We also know that

P, (1, x)-1ll; —0 asn —> oo implies

IIP, (1, x)-1llz —0(Sy) ast—> oo,

Thus by Theorem 2.1II[P, (f, x)-f(x)llz —> 0(Sy)
r—> oo,

In [2] Theorem 4 assures us that if a sequence is
bounded and is Ss-convergent then it is (C, 1)
summable to the same limit. Thus

as

Y
L}zvmﬁnz:;llP (), x)-fx)ll, =0
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This completes the proof.

The Weierstrass approximation theorem state the
following: If f is a continuous function on [a, b] then
there is a sequence of polynomials (PL,) such that

0

Clab) =

Lim IIPL Al

In this case we have IIP, (f, x)-f(x)ll;—>0(Sy) as

n—> oo . This can be interpreted as follows:

Theorem 2.3: If f is a continuous function on [a, b]
then there is a sequence of polynomials which are
lacunary statistically convergent to f on this interval but
not uniformly convergent.

Definition 2.1: The number sequence x=x, is lacunary
statistically convergent to the number L with degree
0<p<1, if for each € >0

Lim;l_l {kIIx -LI>€}I=0
r(h )

which we shall denote by x,-L. —0(S % ).

Theorem 2.4: If the sequence of positive linear
operators P,: Cp [a, b]— Bla, b] satisfies the
conditions:

£ IP, (1, x)-1ll,—>0(S 5 ) as 1 —> oo,

£ P, (t, )xll ; —0(S#) asr—> oo and

£ IP, (%, x)-xlly 0S5 ) asr— oo

then for any function f € C, [a, b], we

have IIP, (f, x)-fx)Il 3 —)0(85) as r— o and
p=min{ B\, B, Bs}.

Proof: We are granted the following results as in
Theorem 2.1:

l{ne I A P.(f(t),x)—f(x)Il,> £}

(h)™*
l{ne I P (1,x)—1l >i}|
< SR L
B (h)"™" h’
lnel NP x)—xll >i}|
DT S
+ (h )l-ﬂz hl—ﬂ
lnel NP @x)—xll >i}|
S T3k, P
’ (h)™ hr
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This inequality the desired results. This
completes the proof

Finally we conclude this study by stating a theorem
which characterizes Korovkin type theorem for
lacunary  statistical convergent sequences. To
accomplish this we consider positive linear operations
P, from L, [a, b] to L, [a, b]. We omit the proof since it
involves known arguments which are used in Theorem
7 of [3].

implies

Theorem 1.2: If the sequence of positive linear
operators P,: L, [a, b] = L, [a, b] such that {IIP,ll} is
uniformly bounded and satisfy the following conditions

”P”(l, X)-l”L _)O(Sg) asr—» oo,
P
”Pn (ta X)'X” L AO(SQ) asr—» oo and

IP, (%, x)-x"Il . —>0(Sg) as r—> oo, then for any
»

function f € L, [a, b], we are granted the following:
P, (f, x)-f()ll;, —>0(Sg) asr—> o0
P

CONCLUSION

The results in this study add new ideas to the
underlining theory of approximation. This was
accomplished by presenting a series of extensions to the
Korovkin theorem using lacunary sequences. There are
many possible directions for these ideas to go, not the
least of which is by using general summability
methods. In addition, other important approximation
theorems can be extended to lacunary sequence spaces.
The methods incorporated throughout this study are
classical summability methods, however modern
analysis method may also shine light on these ideas.
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