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ABSTRACT

In order to have fault identification for the gate rotor shaft with multiple cracks effectively, the quantity
identification method of the gate rotor shaft with multiple cracks based on wavelet finite element method is
established and the frequency test of the gate rotor shaft based on blind source separation algorithm is
analyzed. Firstly the wavelet finite element was established by combining the Daubechies wavelet theory
and the traditional finite element theory and then the vibration equations of intact and cracked wavelet finite
element were obtained, which were applied to compute the changing rate of the natural frequencies for the
cracked gate rotor shaft. Then natural frequencies fitting curve surface of the cracked gate rotor shaft with
were acquired based on the wavelet finite element method and the identification procedure of the cracks
was confirmed and the gate rotor shaft with two different cracks was analyzed and the results showed that
the wavelet finite element could predict the multi-cracks correctly.
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1. INTRODUCTION

Single screw compressors are used widely in
petrochemical industry. It has the merits of small
volume, light weight, reasonable structure, reliable
running, low vibration and easy maintenance and it is
an advanced forward-looking compression. The
operation of a single-screw compressor can be divided
into four phases: suction, sealing, compression and
discharge. It is mainly made up of a gate rotor and a
screw rotor. The gate rotor shaft is an important part
of the single screw compressor, which rotates about
axis of the gate rotor shaft during the working
procession, which is shown in Fig. 1.

The gate rotor shaft and the gate rotor are fixed
together by one or two pins with O shaped rubber ring.
Due to the elastic of the O shaped rubber ring, the gate
rotor can turn a little relative to the gate rotor shaft and
the wear of the gate rotor can be avoided. The gate
rotor shaft works under high rotational speed and
temperature and the initial small crack will generate in
the course of operation. With the growth of the crack,

% Science Publications

309

the teeth of the gate rotor shaft will be damaged.
Therefore it is important to predict the crack of the
gate rotor shaft and identify the relating parameters of
the crack for the gate rotor shaft.

Fig. 1. The model of the gate rotor shaft
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When the crack of the structure generated, the
local stiffness of the structure will decrease and the
natural frequency of the structure will change. This
characteristic of the structure is used in many
recognizing technologies of the crack. However for
the complex structure, traditional finite element
method has difficulty in recognizing the crack
precisely and some difficulties such as poor
robustness, low computing efficient are not avoided.
In order to get high calculating precise, a lot high
dimensional elements should be applied.

The wavelet finite element is the outcome
combining the multi-resolution property of wavelet
with the traditional finite element method and using
the wavelet function or scale function as interpolating
function is a basic idea of the wavelet finite element
method and covers the shortage of traditional finite
element method solving the big gradient and strange
problems. Wavelet finite element application has
attracted many researchers in a wide variety of
practical problems. The rotor-bearing systems was
analyzed by a wavelet finite element method and the
B-spline wavelet on the interval Rayleigh-
Timoshenko shaft element considering the shear
deformation was investigated and the good
performance of this method was demonstrated in the
practical application and numerical examples
(Xiang et al., 2009).

During the procession of failure of the structure, there
is not only a crack existing in the structure. If the failure
of the structure is unknown, the identification method of
single crack is used to identify the damage of the
structure blindly and some cracks can not be reported.
Therefore, it is important to identify all the cracks in the
structure. Because the quantity of unknown -crack
parameters is far more, the identification of the multiple
cracks of the structure will be very complex. This
research will identify the multiple cracks of the gate
rotor shaft of the single screw compressor based on the
wavelet finite element method with.

2. THEORY MODEL OF THE GATE
ROTOR SHAFT

2.1. Theory Model of Wavelet Analysis

A series of orthogonal Daubechies wavelet with the
character of muti-resolution analysis is established by
Daubechies. The scale function of Daubechies wavelet
on (x) is expressed as Equation 1 (Chen ef al., 2004):

Pu(x)= Zpk¢N(2x—k) (1)
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where, N denotes the number of order, p, denotes the
scale function coefficient, k=0,1,...,N-1.

According to the scale function, the wavelet mother
function yy (x) is expressed in Equation 2:

V()= D q0,2x-k) ()

k=2-N

where, g, denotes the wavelet coefficient, k = 0,1,..,N-1.

Because the wavelet function is orthogonal to the
scale function, the relationship between the scale
function coefficients and the wavelet coefficients
satisfies Equation 3:
q = (=D"p,, (3)

Daubechies wavelet functions ¢' (¢), ¢* (1) and ¢’
() span the multi-resolution subspaces {V}},{Vf} and

{Vf}, the tensor product of these subspaces forms the

high-order subspace, which is expressed in Equation 4:

V=V evev (4)

where, ® denotes Kronecker signal.
{Vj} forms the multi-resolution of the Hilbert space L
(R?), which is defined as Equation 5 to 7 (Liu ez al., 2008):

3 = {000/ E+D,ndl G+ (N-2) ©)
& = {4 @D+ (N-2) ©
& = {6/, (4 Do’ (+ (N-2)] ™

The wavelet scale function in the space {V;} is
expressed in Equation 8:

0=0'®¢’®¢ ®)

The calculation of the natural frequency for the
gate rotor shaft with the multi-crack belongs to three
dimension problem. When the natural frequency is
calculated, the gate rotor shaft can be meshed
depending on the wavelet finite element, the node
displacement of the gate rotor wavelet finite element
model is expressed by using wavelet function as
interpolate function. The displacement of the wavelet

element is expressed in Equation 9 (Ma et al., 2003):
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U= gdt = Z ¢.(£)0; (M, (W)a* ©9)
Where
2
u(x’y’zst) ui(t)
u= V(Xsysz’t) ’ae = a:2 ,a; = Vi(t) ,(i:1 2,"',11)
W(Xa y,Z,t) ’ Wi(t)

According to the equilibrium equation and boundary
condition of the static problem, the equivalent integral
form satisfying the Galerkin theory is expressed in
Equation 10 (He and Ren, 2012):

OWou oW ou oW ou 6(1
[ IS+ S = s wu Sy
0x 0x Oy oy 0Oz Oz 8t (10)
- @&dv QEiﬁSzO
Veon " Se On
where, fn denotes body force, Tn denotes surface force,

W denotes weight function, the interpolate function can
used as weight function directly and the following
equation will be obtained in Equation 11:

=0,(x)0,()9,(2) =D, , an

lmn

Substituting Equation 9 and 10 into Equation 11 can
get the Equation 12:

d2ﬂu .
M= 4 Ka° =
dt? <

(12)

where, a° denotes the differential quotient vector of the
wavelet coefficients, M® denotes the mass matrix, K¢
denotes the stiffness matrix, Q° denotes the column

vector. The components of M¢,K*,Q° are expressed in
Equation 13 to 15 (Lilliam e? al., 2008):

M i = Jo PP @04V (13)
K:; n,],l,],k
J’ ( q)l,m,n acI)i,j,k aq)],m,n a(I)i,j,k aq)l,m,n acDi,j,k )dV (14)
v T x| oy oy | oz oz

mnl f n mnlq)l,j,kdv_f an)mnlq)ljkds (15)
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is superimposed and the
handled and the constant

The element matrix
boundary condition is

differential equation using node displacement as
unknown variable is established in Equation 16:
_ d’3
M2 Ka= 16
ka0 (16)

In the same way, the vibration formula of gate rotor
shaft with the multi-cracks can be obtained as Equation 17:

_ d’a -
M— 17
e Q (17)

+Ka=

where, K' denotes the stiffness of the gate rotor without
crack.

The natural frequency of the gate rotor shaft with
multi-cracks or without crack can be calculated based on
Equation 18a and b:

[K - o!M|= (18a)

(18b)

where, ®; and o, denote the natural frequencies of the

gate rotor shaft with multi-cracks and without crack
respectively, i=1,2,...

For the gate rotor shaft with multi-cracks, the changing
rate of the r th step natural frequency is expressed in
Equation 19 (Chasalevris and Papadopoulos, 2008):

zzgqn jg ®, )dﬁf (19)

where, 1 enotes the number of the crack, 1= 1,2,.. and K,
denotes the equivalent stiffness of the crack and Kt;
denotes the equivalent of I th crack and Q denotes
solving space of the damage element and the function g,
(Bj) can be obtained through solving the r th modal shape
of the gate rotor without crack based on strain energy
density and g, (B;) can be expressed in Equation 20 (Fan
and Sheng, 2004):

[, (BT
C

r

gB)= (20)

where, ¥, (3;) denotes the r th step modal shape. C, is
expressed in Equation 21:
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C - 4(smyr coshy, —sinhy, cosy, } 1)

cosy, +coshy,

where, v; is the solution of the equation 1+cosy, cosh y, = 0.
The variation of the stiffness of r th step modal is
expressed in Equation 22 to 24:

AK =K -K' (22)
K, = [ @), (B)F dp (23)
K, = [ EII¥, ()T dp (24)

where, ¥ (B) denotes curvature of the main modal shape

for i th step modal.

A AK
O _ 2% , the
,

T T

Substituting Equation 22 to 24 into

following equation is expressed in Equation 25
(Mira and Gopalakrishnan, 2005):

(1) ap

Lo &) a—— (25)
o 20w @) dp
where, Al, is expressed in Equation 26:

A, = [ 1(B) - T ()P (26)

The whole structure is divided into 11 zones and
every zone is meshed by several wavelet finite elements
and the Equation 27 is obtained according to Equation
19 (Pati and Maiti, 2003):

Aw L 1
==2) h()—— 27)
o, Jz=1: (K
where, h,(j) is calculated according to Equation 28:
(28)

h,(j) = [ . (B)p

where, r denotes the r th step modal and the j denotes the
J th element and the solving domain is expressed by €.
When the changing rates of the mth step natural
frequencies are known, the linear equation can be
expressed in Equation 29 (Nahvi and Jabbari, 2005):
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29)

where, the element h;; of the effect coefficient matrix
H is expressed in Equation 30:

h; () = [ & (B (30)

The element s; of the damage coefficient matrix S is
expressed in Equation 31 (Sekhar, 2008):

(€2))

2.2. Frequency test of the Gate Rotor Shaft Based
on Blind Source Separation Algorithm

In linear theory, the natural frequencies do not change
so much due to cracks that do not change the support
condition. In order to improve the correctness of fault
diagnosis when the noise is considered, the blind
separation algorithm is applied in the frequency test of
the gate rotor shatft.

2.3. The Basic Model of Blind Source Separation

The blind source separation is a means of
processing signal, which was established by Jutten
and Herault in 1986 based on neutral network and
Hebb study rule. The blind source separation
technology can be used for the blind separation of
mixed independent signals. The following equation is
used to describe the blind separation problem, which
is expressed in Equation 32:

x(t)=A-e(t) (32)

where, x(t) denotes m dimension measured data
vector, x(t) = [x;(t),...xm (t)]"; A denotes the mxn
dimension mixed matrix; e(t) denotes the n dimension
vector including n signals, e(t) = [e; (1),...e, (t)]". The
basic task of the blind source separation is to obtain
the separation matrix E and the source signals is

separated from the measured signals, which is
expressed in Equation 33:
y(©)=E-x(t) (33)

y(t) hopes to be approximated to e(t). The mixed
matrix A is used as a compensation of unknown
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signals; the following assumptions can be reached

(Delvecchio and Antoni, 2012):

e m>n

e The source signal e(t) is independent.

e The blind source separation based on the particle
swarm optimization algorithm

The particle swarm optimization is a parallel search
algorithm which was established by Kennedy and
Eberhart (1995). The location and speed of i th particle
can be expressed in Equation 34 and 35:

(34)

Xi = (X5 Xi05 X357 Xy )

(35)

Vi = (Vs Vigs Vigs V3, )

The individual extreme value of ith particle in
particle swarm is expressed in Equation 36:

P =(py:Pir>Pis>* " Pin) (36)

The global extreme value of particle swarm is
expressed in Equation 37:

Pg :(pgl’pg27pg37.“pgll) 37

The location and speed of the particle can change
according to Equation 38 and 39:

t+1

vi'' = ovj +crand -

-[ t t t (38)
(Py —xj) +c,rand - (P — x;)
X = Xj + Vi (39

b

where, t denotes the number of generation, c¢; and c,
denote the study factors, ¢j,c,€[0,2], rand denotes value
between 0 and 1, ® denotes the inertial weight value.

In order to reduce the possibility of sinking into local
optimization, when optimal information of swarm come
to a standstill, the part of swarm will be reinitialized and
the activity of the warm can be ensured. The gradient
information is introduced to affect the update of speed of
particle. When the speed and location of particle is
updated at a time, the replacement of every particle can
be carried out in probability P according to formula (38)
and (39) and the update will be carried out in probability
1-p and the moving step can be confirmed by a linear
searching in the negative gradient direction.

The separation objective function is listed
Equation 40:

in
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K=Y IEGH -3 (40)

The signal is Gauss distribution when the kurtosis
equal to zero, the signal is super Gauss distribution
when the kurtosis is greater than zero and the signal is
sub Gauss distribution when the kurtosis is less than
zero. Therefore the blind separation is reached when
the kurtosis is greatest for super Gauss signal and the
blind separation is reached when the kurtosis is lest
for sub Gauss signal.

The main steps of blind separation based on the particle
swarm optimization algorithm are listed as follows:

e The signals are obtained and sampled and the
centralizing and pre-whitening are carried out for them

e Every particle is initialized within limits, the number
of particles is defined as n and the n initial solutions
and initial speeds generate randomly

e According to the present location and speed of the
particle, the new location of each particle generates
based on gradient formula

e Signal separation is carried out according to the
location of the particle and the centralizing and
pre-whitening are carried out for separation
signals and the fitness of each particle is
computed according to formula (40)

e If the fitness of the particle is superior to the
extremes of original individuality for each particle,
the present fitness is defined as the extremes of
individuality and the global extreme is found out
according to the extreme of individuality

e The replacement of each particle can be carried out
in probability P according to formula (38) and (39)
and the update will be carried out in probability 1-p
and the moving step can be confirmed by a linear
searching in the negative gradient direction

e Go to loop, when the iteration times come to the
preset value and the optimal output is obtained, End

In order to verify the correctness of the blind
separation method, the natural frequencies of torsion
vibration of a shaft a cantilever are measured when the
noise is considered and the calculating model of the
shaft is shown in Fig. 2. A fixed-free boundary
condition supports the shaft.

The measured signals are processed by blind
separation technology and the corresponding calculating
results are obtained and the natural frequencies of torsion
vibration of the shaft are calculated according to the
torsion vibration theory and the comparing results are
listed in Table 1.
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Fig. 2. The diagram of the torsion shaft

Table 1. The comparing results of the natural frequencies of
the cantilever
Theory Blind separation
Order solution/Hz solution/Hz Error (%)
1 6.78 6.85 0.10
2 15.39 15.68 0.19
3 29.14 29.48 0.12
4 35.46 35.79 0.09
5 55.28 55.83 0.10

It can be seen from Table 1 that the blind separation
method can obtain the precious results when the
measured noise is considered.

2.4. The Identification Procedure of
Multiple Cracks of the Gate Rotor Shaft

the

The identification procedure of the multiple cracks of
the gate rotor shaft is established based on the wavelet
finite element method and the identification procedure is
listed as follows.

The changing rate of the natural frequency Ao
[6))

mxl
through actual measuring and processing based on the
blind separation technology computed and the effect

matrix H of the gate rotor shaft with multiple cracks is

calculated by interpolate and then the matrix Ao and
[O)

mx1
the H are substituted into Equation 29 and the damage
coefficient matrix D is obtained, where the number of
the non-zero element of the matrix D can predict the
number of the cracks and the element corresponding to
the non zero includes the cracks.

Then the value of the element d; which is less than
zero is disposed. The physical significance of the
positive value of the element d; indicates that the
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modulus of the section decreases and the physical
significance of the negative value indicate that the
modulus of the section increases, but it is impossible for
the modulus of the section to increase. Therefore the
element corresponding to the negative value of dj is
intact and d; is assumed to be equal to zero and the
damage coefficient matrix of the gate rotor shaft is
calculated again and the value of the all the elements of
matrix D is negative value and the calculation is end.

Then the damage element corresponding to di>0 is
disposed and the element will be refined and the effect
matrix H can be calculated again, through this iteration
the new damage matrix can be obtained, this procession is
repeated and ended until the size of the refined element
satisfies the predefined precision and the cracks will be
found out according to the damage coefficient finally.

The depths of the cracks are identified. The damage
corresponding to coefficients the top three step natural
frequencies will be calculated and used as input
parameters of the contour lines; and the contour lines
corresponding to the every step modal frequency and the
intersections of the contour lines are the location and
depth of the crack.

2.5. Quantitative Identification Database of the
Crack for the Gate Rotor Shaft

The plane structural diagram of the gate rotor shaft is
shown in Fig. 3. The thickness of the gate rotor shaft is
denoted by h,h =4 mm and the teeth width of the gate rotor
shaft is denoted by b,b = 20 mm and the outer radius of the
gate rotor shaft is denoted by Ry, Ry=70 mm and the radius
on the chamber of the teeth is expressed by R, R, = 40
mm, the radius of the inner hole is denoted by R;, R;= 25
mm. The gate rotor shaft is manufactured by HT250, the
elastic modulus is denoted by E, E =210 e9GPa and the
Poisson ratio is denoted by v, v = 0.29 and the density is
denoted by p, p = 7800 kg/mm’. The depth of the crack
is denoted by 8,6 = 4 mm, which is equal to the thickness
of the gate rotor. There are two cracks existing in the
gate rotor shaft tooth and the crack is shown in Fig. 3.

Based on the blind source separation with the
particle swarm optimization algorithm, the natural
frequencies are obtained. The natural frequencies of
intact and cracked gate rotor shaft are listed in Table
2. The part of the gate rotor shaft tooth is divided into
11 zones and every zone is meshed by 108 wavelet
finite elements and the wavelet finite element division
is shown in Fig. 4.

The consistent meshing technique is used to ensure
the results can be trusted and the mesh size is reduced
in the vicinity of the crack for every cycle and the
curved boundary is meshed curved finite elements and
straight line elements.
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Table 2. The top six natural frequencies of the intact and cracked gate rotor shaft (Hz)

Natural frequency 1 step 2 step 3 step 4 step 6 step 6 step
Intact o; 10.319 24.004 59.036 89.207 116.327 180.312
cracked o, 9.852 23.039 58.388 88.516 115.684 179.618
1 R
- bl
[
g R, Crack
Gate rotor shaft /
=
—&-

Crack

s

Fig. 3. The plane structure diagram of gate rotor shaft

Fig. 4. The diagram of the first mesh of the part of the gate
rotor shaft teeth
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When the Equation 20 is substituted into Equation 25
and the effect coefficient matrix H can get and according
to the data in Table 1 and the following formula can be
expressed in Equation 41:

Ao
,

= 2ﬁ6x11]j11><1 (41)

6x1

The damage coefficient vector [dy,dy,ds,....d;1] can
be obtained through solving the Equation 32, which is
listed as follows:

D =[dl’dz’ds’d4’d5’dsad7’dsadoadlo’du]T
=[0.0004,0.0034,
—-0.0012,0.0025,0,0,0,0,0.0029,-0.000 1,().0()()3]T

where, d; and dy are less than zero and they are set as
zero and the formula (32) is solved again and the new
damage coefficients are obtained as follows:
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D= [dladzadudsadlo»du]T
=[-0.00041,-0.0034,0.0012,-0.0025,—-0.0029,0.0003]"

where, d,d,,dsand d;, are less than zero and they are set
as zero and the following results are as follows:

D= [d4’d11]T
=[0.001 1,0.0002]T

According to the final results, the elements of the
damage matrix are all positive value, therefore the zones

¥4 and Z.j; can be predicted as cracked elements.

The cracked zones X, and X.;; are extracted and
they are divided into three zones respectively and
element division in two zones is carried out again and
the wavelet finite element meshes are shown in Fig. 5.

The element effect matrix of ﬁze and HZe is

obtained through interpolating in the solving domain and
the new response matrix H, can be obtained through

combining ﬁZ% with Hze” and the damage coefficients

matrix can be expressed as follows:

D= [dll’d125d13’dl4’d15’dls]T
=[-0.022,0.3249,-0.0235,0.0493,0.0594,0.0291]"

and the element which is neglect value can be set as zero
and the new damage coefficient matrix can be expressed
as follows:

D, =[d,,,d,s]" =[0.084,0.014]"

The precision error is set as & =1° and the same
procedure is re-executed as follows.

Cycle 1:

The wavelet finite element model of the gate rotor
shaft is shown in Fig. 6:

D, =[d,,,d,,]" =[0.1744,0.4214]"

Cycle 2:

The meshing situation is shown in Fig. 7:
D, =[d,,,d;,]" =[0.6484,0.9454]"

The zones X, and X3, are predicted as cracked
element and the angle is less than the error and the
iteration ends and then the precious location and the
identification of the depth is carried out according to the
contour line method.
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The damage parameters are defined as
D, =[0,0.6484,0,0,0,0]" for zone X3,
substituted into formula (32) and the changing rate of
the natural frequencies of the multi-cracked gate rotor

shaft Ao,

which are

corresponding to D, and the results are

T

listed as follows:

A

A0 _ 0,149,222

A0 _265%

=0.416%,

W, 0, [0

Fig. 5. The diagram of the mesh of cycle one for the part of the
gate rotor shaft teeth

-

Fig. 6. The diagram of the mesh of cycle two for the part of the
gate rotor shaft teeth
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o

Fig. 7. The diagram of the mesh of cycle three for the part of
the gate rotor shaft teeth

The crack identification of the gate rotor shaft can
be carried out according to the variety of the natural
frequencies of the gate rotor with multi-cracks.
According to the formulas (17) and (18), the changing
rate of the top step natural frequencies corresponding
to cracks with different location and depth is
calculated and the quantitative recognition database of
the crack for the gate rotor shaft can be acquired and
the following relational formula can be expressed in
Equation 42:

Ao,

=F(w,0),j=123 (42)

T

where, w denotes the relative depth of the crack,

w=l,9 denotes the relative position of the crack,

6= zi,ﬁ , denotes the frequency of the gate rotor with

the crack, f, =9

2n
The curve surface of the changing rate for the
natural frequency can be obtained through curved
surface fitting of the calculating data and the quantity
identification database of the multi-cracks can be
established and the crack identification database is
shown in Fig. 8. Figure 8a shows the fitting surface

of the function Ao, and Fig. 8b shows the fitting

1

surface of the functionﬂ and Fig. 8b shows the fitting
®,

. A
surface of the function === .
0‘)3
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Fig. 8. The curve surface of the changing rate of the natural
frequency (a) The first modal (b) The second (c) The
third modal modal

The quantity identification of the crack can be
achieved after the database of the multi-cracks is
established.
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Table 3. The results of crack identification

Relative depth w

Relative position 0

The number

of the crack Actual value Predicting value Error (%) Actual value Predicting value Error (%)
1 0.0548 0.0539 1.64 0.95 0.9501 0.01

2 0.0859 0.0855 0.47 0.27 0.2698 0.07
Aoy ’ A0 ond B9 e input into the database and Fan, S.C. and N. Sheng, 2004. Mesh less formulation
(O OR o, using NURBS basis functions for eigenfrequency

the relative depth w and the relative position 0 of the
crack can be confirmed according to the curve surface
of the natural frequencies confirmed above and the
crack identification results are listed in Table 3 and
the results show that this method can identify the
location and depth of the multi-cracks for the gate
rotor shaft correctly. The location and depth of zone
Y35 can be obtained by the same procedure.

3. CONCLUSION

The wavelet finite element is applied to have fault
diagnosis for the gate rotor shaft with multi-cracks and
the intact and cracked wavelet finite element are
established respectively and the corresponding vibration
equations are established. The identification procedure of
the gate rotor shaft with the multiple cracks is
established and the gate rotor with two different cracks is
predicted according to this method and results show that
the predicting value is closer to the actual value and the
wavelet finite element method is a good technology for
identifying the multi-cracks of the gate rotor shaft of the
single screw compressor.
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