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Introduction

During the last years, the Ranked Set Sampling
method which was proposed by Mclntyre (1952) for
estimating the population mean of pasture yields was
developed and modified by many authors. Dell and
Clutter (1972) showed that the mean of the RSS is an
unbiased estimator of the population mean even if there
are errors in ranking. Muttlak (1997) suggested using
Median Ranked Set Sampling (MRSS) to estimate the
population mean. Al-Saleh and Al-Kadiri (2000)
introduced Double Ranked Set Sampling for estimating
the population mean. Al-Saleh and Al-Omari (2002)
suggested Multistage Ranked Set Sampling that
increases the efficiency of estimating the population
mean for specific value of the sample size. Jemain and
Al-Omari (2006) suggested Multistage Median Ranked
Set Sampling (MMRSS) to estimate a population mean.
Syam et al. (2013) considered the problem of estimating
the population mean using stratified Double Percentile
Ranked Set Sample. For more details about RSS see for
example Bouza (2002; Samawi, 1996; Ohyama et al.,
2008; Al-Omari and Jaber, 2008; Jemain et al., 2007,
Takahasi and Wakimoto, 1968).

In this study, stratified double median ranked set
sampling method is suggested for estimating the
population mean of symmetric and asymmetric
distributions. The paper is organized as follows: In
section 2, some of sampling methods considered in this
study are presented. Estimation of the population mean
is given in section 3. A simulation study is considered
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method is suggested for estimating the population mean. The SDMRSS is
compared with the Simple Random Sampling (SRS), Stratified Simple
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counterparts. Also, SDMRSS increase the efficiency of mean estimation for
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in section 4. A real life example using SDMRSS is
discussed in section 5. Finally, conclusions are provided in
section 6.

Sampling Methods
Stratified Simple Random Sampling

In stratified sampling, the population of & units is first
divided into L subpopulations of sizes N, N,,..., Ny units,
respectively. These subpopulations are non overlapping
and together they comprise the whole population, i.e.,
Ni+Ny+...+N;=N. The subpopulations are called strata
and the proportional allocation is considered. When the
strata have been determined, a sample is chosen from each
stratum, the drawing being made in different strata. The
sample sizes within the strata are denoted by n,, ns,..., n,
respectively. If a simple random sample is taken from
each stratum, the whole procedure is described as
Stratified Simple Random Sampling (SSRS).

Ranked Set Sampling

The Ranked Set Sampling (RSS) is suggested by
Mclntyre (1952) can be described as follows: randomly
select n samples of size # units each from the population
of interest and then rank the units within each set with
respect to the variable of interest. Select the smallest
ranked unit from the first sample. The second smallest
ranked unit from the second sample and the procedure is
continued until the unit with the largest rank is selected
for actual measurement from the n-th sample. Thus, a
total of » measured units is obtained, one from each
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ordered sample of size » and this completed one cycle.
The cycle may can be repeated m times if needed until
nm units have been measured.

Median Ranked Set Sampling

The MRSS procedure as proposed by Muttlak (1997)
depends on selecting » random samples of size # units
from the population and the ranking of the units within
each sample with respect to a variable of interest. If the
sample size » is odd, then from each sample select for

th
the measurement the (”Tﬂj smallest ranked unit, i.e.,

the median of the sample. If the sample size » is even,

then select for the measurement from the first

th
samples the (gj smallest ranked unit of each set and

th
from the second g samples the (gH] smallest

ranked unit. The cycle can be repeated m times if
needed to get a sample of size nm units.

Double Median Ranked Set Sampling

The DMRSS (Samawi and Tawalbeh, 2002) is
described as follows:

e Identify n’ elements from the target population and
divide these elements randomly into » sets, each of

size n® elements
2

e If the sample size is even, chose from the first %
n th
sets the (5) smallest ranked unit of each set and

2 th
from the second % sets the [gH] smallest
ranked unit. If the sample size is odd, select from all
th
sets the [”TH] smallest ranked unit. This step

yields # sets each of size n

e Apply the MRSS procedure again on the sets
obtained from Step (2) to obtain a DMRSS of size n.
The cycle can be repeated m times if needed to get a
sample of size nm units

Stratified Double Median Ranked Set Sampling

Referring to section 2.1, if the double median
ranked set sampling is used in each stratum, the whole
method is described as Stratified Double Median
Ranked Set Sampling (SDMRSS). To explain the
method, the following example with two strata is
considered, the first stratum with even sample size and
the second stratum with odd sample size.
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Example 1

Consider a population with two strata, L =2 (4= 1,2)
and in the first stratum there are 27 elements divided into
3 sets with 9 elements in each set and in the second
stratum there are 64 elements divided into 4 sets with 16
elements in each set as the following.

Stratum (1): Assume that the 27 elements are:

XP x® x&

33001 02 T

X0 x@ xy@

33201 22 07T

X0 xo

1o

3)
..’)(33 .

After ranking the elements in each set, the following
sets are obtained:

Xy Xy Xy | | X@y Xoy Xy
Xoy Xy X || XG) Xay XG
Xah Xoy X [XE Yo A&

Xay Xoy X

and | X5l XG) o XG |

Xoy X&) X&)

Apply the MRSS method on each of the above sets to
get three sets as the following:

(O @) (O}
X(IZ)’ X(22)’ X(32)’

Set (1):

Set (2): X2, X2 X2

(12)>%(22)> < (32)°

X(3) X(3) X(3)

(12)>“%(22)> < (32)°

Set (3):

Now, apply the MRSS on these sets to get the double
median ranked set sample units from the first stratum as:

X*(l) X*(Z) X*(3)

(22)> % (22)> % (22)°

Stratum (2): Assume that the 64 elements are:

oy O vy y@ (2)
Yu ’le ""7Y44 ’Yu ’le v"’>Y44 >
3) y(3) 3y vy “)
Yu ’le "">Y44 >Yn ’le "">Y44 :

After ranking the elements in each set, the following
sets are obtained:

R
Y9 Y8 S x| |18 xS vg xg
Y8 v xS v g
Yo v sl e v e
Yoo ) [n vy v
Y80 a8 | g 0 g
RIS L A
N I R
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Apply the MRSS on each of the 16 elements to get
four sets as the following:

@) (l) @) ()]
Yuz)a (22)=Y<32>ay42)z

Set (1):

2) y2) y@2) y(2)
Y(IZ)’ Y(22)’ Y(32)’ Y(42)’

Set (2):

Y(3) Y(3) Y(3) Y(3)

(13)>7(23)> 7 (33)> 7 (43)°

YW y@® y@ y&b

(13)>7(23)> 7 (33)> 7 (43)*

Set (3):
Set (4):

The elements of the double median ranked set sample
in the second stratum are:

YO yr@ yre) yreh

(22)>7(22) > 7 (33) > 7 (33)
Therefore, the SDMRSS units from the two strata are:

X0 x? x@& yh y@ yO) y@

(22)>7(22)> 77 (22)> 7(22)> 7(22)> 7 (33)> 7 (33)"

Estimation of the Population Mean

Assume that the variable of interest X has a density
flx) and a cumulative distribution function F(x), with
mean g and variance o*. Let X, Xa,...,X, be a SRS
from flx). Let X1, Xi2,...,X1n5 Xa1, Xa2,.. . X205 Xty X2,

, X, be n simple random samples each of size n.
Let Xici:ny, Xi2inmys---»Xi(nny b€ the order statistics of the
ith sample X;;, Xi,...,Xi, i ...,n. Therefore, the
measured units Xj.,), X,(Z;,,), . X,(n;,,) constitute the
ranked set sample.

The notation for the DMRSS will be used by replacing

the sets of ordered statistics X1, Xiuy--sXigumy I =

1,2,...,n which obtained from the sample X;;, Xp,...,X;, i
=1,2,...,n. If the sample size » is even, the DMRSS units
will be X* X X WX and if the

() T )
sample size n is odd, the MDRSS units will be X (M ] .
2 n

* *

X + n+ 4 Xn+ n+ > Xn+ n+ N
sy ey e
The notation for the SDMRSS units will be

X ’ ' S X ) if n,

v X s X e nt
O N
is even and if the sample size », is odd, the SDMRSS
units will be X~ (

X
sty B
™ +l-"hj i +1—1("’” +l-"hj
2 2 2

* *

X s ey
n +l+l(””—+l.nhj hn,,(n” +l.nh
2 2 2

median of the ith sample in Ath stratum.

The Stratified Double Median Ranked Set Sampling
estimator of the population mean when n, is even is
defined as:

* *

X
hnh+1(}'rh+l.nhj’
2 2

is the

where X°
) (

hi Lﬂ.nhj
2
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};DMRSSI = i VVh . }DMRSSU!
B 1)

= w. . X
2 Em(w+z (o) |

h=1 "y 1:7+1 2

But when #;, is odd, the stratified double median
ranked set sampling estimator of the population mean is:

L n;,

2V, X

L
— _

X spmrss2 = ZW,, - X pvrsson =
nh i=1

h=1

(@)

5
h{nhﬂ.nh]
2

N, . . .
where 17, =Wh’N’1 is the stratum size and N is the total

population size.
The variance of the estimator SDMRSSI is given by:

Var (}ZDMRW ) =

The variance of SDMRSS2 (when n, is odd) is
given by:

N}

W

Val’(XS‘DMRSSZ) in o ) @

2
h=1 Wy =1 ’[ 2

>

Lemma 1. Xgurss is an unbiased estimator of the mean
of symmetric distribution.

Proof. Two cases are considered:

First: If the sample sizes in the strata n,, h =
are even:

1,2,..., L

Dh
* L 1 2 . y .
I R L AT e
h=1 ny, | =t 7 m i\
i=—+1
2
.
* L 1 2 . ) .
E(XSDMRSSI)=E W, —| > X + X
2 2 ) T 2 M)
B - 1:7’”+l 2

I
M=
&S

>
IR

1 iE e
— +
( hl(%.n,,j)

nh i=1

I
M=
=

1< ‘
w2 e |

nh i=1

>
R

Since the distribution is symmetric about g, then
2, . Therefore:

*

) )T

L
W,

h=1

E (},SDMRSSI ) =

z :uhr

n, iz
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Based on Al-Saleh and Al-Kadiri (2000) we have
Z 4, , therefore:

nhzl

(XS‘DMRSSI) ZW M, =

Second: If the sample sizes in the strata ny,, h =
1,2,..., L are odd:

E(Ef;l)MRssz) - E[iWh L3y oz )j

h N, izl

O N

nhll

M= I~

W, '*Z# (n,uJ

1 "y, =1

>
il

Since the distribution is symmetric about the p, then

mean = median, which implies y;(wl] =u (le .
2 2
Therefore:
— 13 .
E(XSDMRSSZ) =) W, .;h;#h(n”2+l)

- (0,)()

h

I
D~ I~ b~
3

W,y = .

>
il

1

Lemma 2. If the parent distribution is symmetric about
M, then Var(?;pMva) <Var (}SRS) .

Proof. Two cases are considered.
First: If the sample sizes in the strata n,, h = 1,2,..., L

are even. The variance of X spumssi 1S:

My

Var E*v ! _ZK; 27: ) o
( .pm&?l)— O-hl["h j+ Z Ghz("”—”nh) i

L
2
h=1 My | i=1

Nevertheless, o} <o, for each stratum A= 12,..., L,
this implies:

1

—
VHV(XSDMRSSI) =y W} —a}
n

>

h
15
h

A

M-I

S

ny,
=Var (}SSRS )
Var (}SRS )

3
IR

Second: The proof in case of odd sample sizes is similar.

Simulation Study Based on SDMRSS

In this section, a simulation study is conducted to
investigate the performance of SDMRSS for estimating
the population mean. Symmetric and asymmetric
distributions are considered for samples of sizes n = 9,
12, 14, 15, 18. Assume that the population is partitioned
into two or three strata and proportional allocation is
considered. The simulation is performed for the SRSS,
SSRS and SRS data sets from different distributions. The
symmetric distributions are uniform and normal and the
asymmetric distributions are exponential, gamma and
Weibull. Using 100000 replications, estimates of the means,
variances and Mean Squared Errors (MSE) are computed.

If the distribution is symmetric, then the efficiency of
SDMRSS relative to 7 is defined by:

Var(X1)

eff (};DMRSS,}T) = )

Var (}SDMRSS )

where, T = SRS, SSRS, SRSS.

But if the distribution is asymmetric, the efficiency is
defined as:

— _ MSE(}T)
eﬁ‘(Xsnmxv,Xr) =
MSE (X SDMRSS )

The results are summarized in Table 1-5.

Based on the tables, we can conclude that gain in
efficiency is attained using SDMRSS method as relative
to other methods considered in this study to estimate the
population mean of the variable of interest.

Table 1. The efficiency of SDMRSS relative to SRSS, SSRS and SRS for n =9 and n = 12 with two strata

n=9,n=4andn,=5

n=12,my=5and n, =7

SRSS SSRS SRS SRSS SSRS SRS
Uniform (0,1) 24.9532 29.0126 29.3264 38.1847 39.3721 40.8392
Normal (0,1) 22.5374 24.3527 24.5821 34.6814 36.3885 35.6294
Exponential (1) 19.2431 17.6932 17.7357 23.3628 24.5624 22.9326
Gamma (1.2) 17.4071 17.9437 17.8426 23.4775 24.2247 23.4635
Weibull (1.2) 17.3286 17.0184 16.9452 22.7541 22.8352 223715
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Table 2. The efficiency of SDMRSS relative to SRSS, SSRS and SRS for » = 14 and n = 18 with two strata

n=14,n1,83ndn2=6

n=18,n =8 and n, =10

SRSS SSRS SRS SRSS SSRS SRS
Uniform (0,1) 43.5647 47.8914 455718 60.8657 66.2043 63.2537
Normal (0,1) 39.4729 41.7583 38.7629 45.3256 49.0021 49.3312
Exponential (1) 21.8473 23.1638 21.5547 22.6374 21.3546 21.9903
Gamma (1,2) 23.2713 22.9246 22.3222 22.4617 22.3258 22.4366
Weibull (1,2) 21.2374 21.3621 21.2300 23.7332 22.9557 29.8471
Table 3. The efficiency of SDMRSS relative to SRSS, SSRS and SRS for n = 15 and n = 18 with three strata

n=15,m=3, n=5n=7 n=18,n=4,n=6,n=8

SRSS SSRS SRS SRSS SSRS SRS
Uniform (0,1) 50.5472 52.3169 51.7284 63.3704 67.3274 65.4118
Normal (0,1) 35.643 38.3769 37.54 51.7528 52.5461 52.3271
Exponential (1) 24.0326 23.9002 23.2035 24.7361 25.3261 23.1043
Gamma (1,2) 21.4375 22.2438 21.8793 25.0143 24.2637 23.9927
Weibull (1,2) 22.3258 22.1002 22.3726 24.8933 23.0143 23.8436
Table 4. The values of bias of SDMRSS for different distributions and different numbers of strata
Sample size No. of strata Exp (1) Gamma (1, 2) Weibull (1, 2)
n=9,n=4n=>5 2 0.0565 0.1776 0.7564
n=12,nm=5n=17 2 0.0271 0.1989 0.3143
n=14,n=8,n,=6 2 0.0168 0.1033 0.0276
n=18,n,=10,n,=8 2 0.0372 0.1101 0.0335
n=15n=3,n=5n=7 3 0.0106 0.0754 0.0021
n=18,n=4,n,=6,n;=8 3 0.0323 0.1011 0.0235

Table 5. The efficiency of SSRS, SRSS and SDMRSS relative to SRS for marks

Sampling method n=7,nm=4,n=3 n=12,n=4,n,=7 n=14,n =8 n,=6
SRS Mean 61.741 61.625 61.503
Variance 57.314 42.592 38.728
SSRS Mean 61.452 61.784 62.018
Variance 32.416 28.715 22.825
Efficiency 3.761 3.829 3.648
SRSS Mean 62.331 62.072 61912
Variance 19.463 16.873 14.625
Efficiency 3.984 4.533 4.327
SDMRSS Mean 61.802 61.745 61.623
Variance 13.426 11.039 10.819
Efficiency 4.813 4.967 4.878

When the performances of the suggested SDMRSS
estimators are compared, the efficiency of the
suggested estimator is found to be more superior when
the underlying distributions are symmetric as
compared to asymmetric distributions.

The relative efficiency of SDMRSS estimator with
respect to those estimators based on SRS, SSRS and
SRSS are increasing as the sample size increases.

Real Data Example using SDMRSS

The marks of 787 students from scientific majors in
Foundation Program at Qatar University during
academic semester Fall 2011 are collected as a

500

population to calculate its mean and variance. 100,000
samples using each of stratified double median ranked
set sample, simple random sample, stratified ranked
set sample and stratified simple random sample
methods with sample size n = 7, 12, 14 using Mat lab
7 are generated. The mean and variance are obtained
for each method and compared to evaluate the
performance of SDMRSS to estimate the population
mean for real data. Stratification is done according to
the gender (males and females) and proportional
allocation is considered.

Let xy;, i = 1,2,...531 be the mark of ith female
student in the population. Let x,;, j = 1, 2,..., 256 be the
mark of jth male student in the population.
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The mean x and the variance o> of the population are:

787
lu - ﬁ i=1

787
%, =61.98 and 0% = 3" (x, - u)’ =1060.86
7875

The mean g, and the variance o] of the female
population are:

1 531 1 531 2
=—) x,=6508 and 67 =— (x, - =1025.85
H 5315 li 1 531;( 1i /‘)

The mean g, and the variance o, of the male
population respectively are:

1 256 256

1 )
= LNy =5555and o2 =—— — 1) =1076.29
# 256;x2f : 256;(x2’ “)

The skewness and median of the 787 students are -
0.64 and 71.00. Skewness and median of 531 female
students are -0.74 and 75.00. Skewness and median of
256 male students are -0.48 and 65.00.

Since the skewness for all students, female
students and male students are -0.64, -0.74, -0.48,
then the marks data are asymmetrically distributed,
which means that SDMRSS estimator is biased and
hence the mean squared errors of the estimators will
be calculated. The efficiency of SSRS, SRSS and
SDMRSS with respect to SRS are computed and
summarized in Table 5.

From Table 5, the following are noticed:

e The values of estimated mean using SDMRSS are
very close to the population mean

e The variance of SDMRSS estimator is less than the
variances of SRS, SSRS and SRSS. Therefore, the
efficiency values using SDMRSS are greater than
those obtained using SRS, SSRS and SRSS

e Results in this real life example agrees with the
theoretical results

Conclusion

In this study, new estimators of the population
mean are suggested using SDMRSS. The performance
of the estimators based on SDMRSS are compared
with those using SRSS, SSRS and SRS for the same
number of measured units. It is shown that SDMRSS
estimators are unbiased of the population mean and
are more efficient than their counterparts using SRSS,
SSRS and SRS. Therefore, the SDMRSS is
recommended for estimating the mean of symmetric
and asymmetric distributions.
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