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Abstract: Dengue is a vector-borne disease. It is transmitted to humans by
the bites of the Aedes aegypti and Aedes albopictus mosquitoes. The human
population is separated into two classes, a child class and an adult class,
each class being described by a SIR model. The transmission rates of the
two mosquito species are different and depend on what class the humans
belong to. We develop a single model taking into account the presence of
two type of mosquitoes and two age classes and apply it to dengue fever.
The model shows how it is possible for the maximum level of infected
human to be reached in a short time. The nature of stability of the
equilibrium state and the trajectories of the individual classes in the model
are determined by the values of the basic reproduction number by setting
the values of the parameters in the model to different values which reflect
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Introduction

Dengue fever is regarded as a serious infectious
disease that risks about 2.5 billion people around the
world, especially in tropical countries. It is a major
epidemic disease occurred in Southeast Asia. Such
epidemic arises due to climate change, knowledge of
people and awareness on dengue fever so as to the
dengue fever possibly become an endemic for a long
time. Moreover, World Health Organization (WHO)
(WHO, 2009) estimated 50 to 100 million cases
worldwide. About 500,000 people are estimated to be
infected by dengue hemorrhagic fever each year.

Dengue fever is caused by four serotypes and they are
closely related as a family of dengue virus 1 (DEN 1), virus
2 (DEN2), virus 3 (DEN3) and virus 4 (DEN4). There are
viruses carried by two kinds of mosquitoes such as Aedes
aegypti and Aedes albopictus. This disease is transmitted to
the human though biting of mosquitoes. Recently, It was
detected in Asia. However, Aedes aegypti is still the
principal vector of dengue fever transmission.
Another interesting fact is the shift of patients’
phenomena where dengue fever previously attacks
children of primary school age, but now everybody is
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the environment in which the epidemic is occurring in the model.

Keywords: Aedes Aegypti, Aedes Albopictus, Dengue Disease, Endemic
Disease State, Equilibrium State, SIR Model

vulnerable to fever (Pongsumpun and Tang, 2001;
Syafruddin and Noorani, 2012).

Dengue virus is transmitted between the human by
biting of an infected Aedes mosquito. When a vector
bites someone who be infected with dengue virus, the
virus is transferred to mosquitoes and it become
infected mosquito. After the infected vector bites the
susceptible human, then the virus move into the
human bloodstream and it spreads throughout the
body. Usually, the mosquitoes bite susceptible people
during the day time. Dengue fever is the most
common disease in urban areas. The outbreaks
commonly occur during the rainy season when the
mosquitoes heavily breed in standing water. The
dengue fever cases are increasing worldwide. The
complications of the disease are leading cases of serious
illness and most death in children (Kerpaninch et al.,
2001; Kabilan et al., 2003; Malhotra et al., 2006;
Wiwanitkit, 2006; Pongsumpum, 2011; Joshi et al.,
2002; Koenraadt et al., 2007). One of the major public
health problems in many tropical and subtropical regions
where Aedes aegypti and Aedes albopictus are present.

© 2015 R. Sungchasit, P. Pongsumpun and I.M. Tang. This open access article is distributed under a Creative Commons
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It is noted that Aedes albopictus was the principal
vector in the 1940 s outbreaks in Japan (Hotta, 1998),
whereas, Aedes aegypti is commonly the principal
dengue vector in the tropical and subtropical regions.
Aedes aegypti is highly domesticated and exhibits
strong anthropophilia.

Traditional modeling in epidemiology focus on
stability equilibria, since this characterizes if a disease
will become endemic and this is a major concern for
public health officers. The concept of a basic
reproductive number (R,) was introduced and became
a modeling paradigm (Smith et al., 2012) for a very
recent review on the works by Ross and Macdonald
from a medical modeling point of view. In a fairly
large class of models, we can define R,
unambiguously and it can be shown that if Ry<1, the
disease is extinct while if Ry >1 it becomes endemic
(Diekmann and Heesterbeek, 2000).

Hence, in this study, we analyze the SIR
(Susceptible-Infected-Recovered) equations for
human and SI (Susceptible-Infected) equations for
mosquitoes. The model will apply empirically on data
of dengue patients reports by Ministry of Public
Health, Thailand (2002-2012) as shown in Fig. 1. The
purpose of this paper is to study the age structural
model of dengue disease incorporated the influence of
Aedes aegypti and Aedes albopictus.

Mathematical Model

The SIR and SI simulates the spread of dengue virus
between host and vector populations. The model is based
on the Susceptible, Infected and Recovered (SIR) model
of infected disease epidemiology, which was adopted by
(Nuraini et al., 2007; Yaacob, 2007). The age structure is
introduced into a model, i.e., children and adults, then
we modify it by incorporating the different behaviors

of Aedes aegypti and Aedes albopictus. In Fig. 1, we
show the age distribution of the incidence rates in one
province in Thailand during 2002-2012 epidemic. As
we see, most cases occur in children under the age of
15. However, a small number of cases do occur in
older people. Similar distributions are seen in the
other provinces in the country.

This model with age structure, the dynamics of each
component of the human is given by:

ds

<= PN, - 1+ea, singt
Bee pN, -4 sinen )
L, S.— B L +aysinet) 1, S, —u,S,
dl, .
dt =B.0+a,sinet) 1, S, —x,1,—p,d, (1b)
dl, .
o By W +aysinet) [, S, —K.,1., —p,l., (Ic)
dR
= Kol + K1~ 1R, (1d)
dt
ds .
“=PN, - 1+« sinet
dt a ta ﬁaa( a ) (1e)
L,S, B A +a,sinen)l,, S, —u,S,
%: ﬁaa (1 +a, Sina) 1va2 Sa - Kallal - /’ldlal (1t)
dl,, .
7 = B +a,sinet)l,, S, —Kk,,1,, —p,1,, (1g)
dal,ja = Kol + K1, 1R, (1h)

where the variables and parameters are defined in Table 1.

Reported cases of dengue haemorrhagic fever per
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Fig. 1. Age distribution of the 2002-2012 Dengue fever incidence rates in Thailand
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Table 1. Parameters for equations (1a)-(1h) and their definitions

Variable/parameter Definition
Se, L1, Ieo, Re The numbers of susceptible children, infected from Aedes
aegypti and Aedes albopictus in children and recovered children
Sa Lat, Lo, Ry The numbers of susceptible adult, infected from Aedes aegypti and
Aedes albopictus in adult and recovered adult
N, The total population
N and N, The total population in children and the total population in adult they are constant variables
P, and P, The birth rate of children and adult human
Buc The transmission probability of dengue virus from Aedes aegypti to children
Bue The transmission probability of dengue virus from Aedes albopictus to children
Bua The transmission probability of dengue virus from Aedes aegypti to adult
Bba The transmission probability of dengue virus from Aedes albopictus to adult
Key The rate at which the infected children from Aedes aegypti can recover
Keo The rate at which the infected children from Aedes albopictus can recover
a1 The rate at which the infected adult from Aedes aegypti can recover
Ko The rate at which the infected adult from Aedes albopictus can recover
1y The natural death rate of human
a, The measure of influence on the transmission process from Aedes aegypti mosquito to human
ay The measure of influence on the transmission process from Aedes albopictus to human
Pra The measure of influence on the transmission process from Aedes aegypti to human
Pub The measure of influence on the transmission process from Aedes albopictus to human

It we add Equation (1a) — (1h) together, we get:

dN, _dN, dN,
dt di di

=(S,+1,+1,+R)+(S,+1

+1(12 +Ra)

al

The total children and adult populations are supposed to

. . dN dN
have constant sizes, i.e., d"' =0 and d’“
t t

—0, the birth

rate would have to be equivalent to the death rate,
P = P, = g, in children and adult, respectively.

where, N_ is the total number of children and is

tc

equivalent to S +/,+I,+R ,N,

ta

the total population
in adult and is equal to S, +7

al

+1,+R,.
The dynamics of mosquitoes is described by:

%: A, =, (L+p,sinet) ], S, = u, 5., (2a)
%: Ay (L4 p, sinet) 1, S, — p, 1, (2b)
dfi;“ = A, Ay (1+p,siNE0)1,S,,, = 11,5, (2¢)
df;t“z =4 (1+p,sinet)l, S, —u, 1, (2d)
%: A, = Ay (L+p,sinet), S, — p, S, (2¢)
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dl

7;171: Am (L+pysinet) ], S, — p, Iy, 29
d .

?:2 = Avh — Ay (L +py,sinet)l,, S, _IUV;,SV“ (2g)
dlivtbz= Ay (L +pysinet) ], S, — 4, 1, (2h)

where, the variable and parameters are given in Table 2.
If we add Equation (2a)-(2h) together, we get:

A(Sun + 1)

A (32)

A+ 1) _ A~ N,y (3b)
dt

Woutld gy, (o)

Lutho) g,y 39

where, N, and N,, are the numbers of Aedes aegypti

in children and adult respectively, which is equal to
Svaitlvar and S, + L. Ny and Ny, are the numbers of
Aedes albopictus in children and adult respectively,
which is equal to S.,; + Ly and Sy + L, If the
numbers of mosquitoes are also constant each other (3a)-

(3d) glVeS Nwzl = Av” /luv” > NvaZ = Avu /ﬂv” > thl = ‘Av,Y /ﬂv,,
and N, =4, /i, .
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Table 2. Parameters for equations (2a)-(2g) and their definitions

Variable/ parameter Definition

Sval and Ival

The number of susceptible and infected Aedes aegypti mosquitoes who be infected from children

u, The death rate of Aedes aegypti mosquito

4, The carrying capacity of the environment for Aedes aegypit

Moat The probability that a dengue virus transmitted to the Aedes aegypti from an infected children

Sva and [, The number of susceptible and infected Aedes aegypti mosquitoes who be infected from adult

M, The death rate of Aedes aegypti mosquito

4, The carrying capacity of the environment for Aedes aegypit mosquito

v The probability that a dengue virus transmitted to the Aedes aegypti from an infected adult human

Sun1 and Ly, The number of susceptible and infected Aedes albopictus mosquitoes who be infected from children

M, The death rate of Aedes albopictus mosquito

4, The carrying capacity of the environment for Aedes albopictus mosquito

e The probability that a dengue virus transmitted to the Aedes albopictus from an infected human in children
S b2and L2 The number of susceptible and infected Aedes albopictus mosquitoes who be infected from adult human
M, The death rate of Aedes albopictus mosquito

4, The carrying capacity of the environment for Aedes albopictus mosquito

Ab The probability that a dengue virus transmitted to the Aedes albopictus from an infected adult

We normalize parameter (la)-(1h) and (2a)-(2h) by

" S, 1 1, R . .
writing S'=—¢, I' == [',=—2  R'=—< in children
Nl(‘ Nl(‘ Nzc tc
S 1 1 R, .
and S;:N“ , 1;1:]\;” , 122:]\‘;2 , R;:N" in adult.
ta ta ta ta
S' _ Sval 1! _ Iwzl S' _ Ssz r_ IvaZ
val — > fval T > Pva2 T > fva2 T H
Nwz 1 Nva 1 Nwz 2 Nwz 2
Sl = S = Ly , 8, == and I,= L , then the
N N
vbl vbl vh2 vb2

reduced equations become:

iSC’: U, —pB. A+a,sinet)

dt (4a)
Ly Ny S. =B, A+a,singt) I,y N, S, —p, S.

d r : r r r r

E]cl =B +a,sinet) [N, S, —r, 1, —pl, (4b)
d , . , y ' ,

Elcz = B +a,sinet) [, \N,, S, —Kk.,1;, —p,1,, (4c)

d .

NS, =B, A +a,sin et)I},, N, S, —u,S,

’
va2

d .

;I:u =B +a,sinet) I, N,,S, =K, L~ w1, (4e)
t

d , . , ) ' ,

Elaz = B +a,sinet)[,,N,,, S, —k,, 1., =, (40

d r : r ’ !

Elml = val (1 +pw1 sin gt)lcl N[cSwzl - Iuv(,lwzl (4g)

d

El\iaz = A (L4 p, sine) [ NS, = u, I, (4h)
d 4 . ’ ’ ’ :
Elvbl = A (L+p,sinet) I, NS, —p, 1, (41)
d r : ’ r r .
E]va = Ay (L+p,sinet) [, NS, — p, 1y, (4))
Where:

S'+I+1,+R =1, S\ +I,+I,+R =1,

al
Sau+l,=LS ,+1,=1,8,+I, =land S/, + 1, =1

’

val va2

Mathematical Analysis
Equilibrium States

The equilibrium states
(1L 08, Ly Loy Iy L) are obtained by
setting the right hand side of (4a)-(4j) to zero.
Therefore we obtain
(S:al;a]:z’ I:al ’I:m) and ( S:J;l al:vl;z ’1:}72) . DOing thisa
we get four equilibrium states.
A. The two group disease free equilibrium state:

E,=(1,0,0,1,0,0,0,0,0,0)

Al .the disease free equilibrium state:
E =(S,I,I,1,1I,)= (1,0, 0,0, 0) in children

A2.the disease free equilibrium state:
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E,=(S,.1,,.1,,.1,,,.1,,)=(1,0,0,0,0)in adult

B. The two group endemic equilibrium state:

* * * * * * *

E=(S:5 1:1 NV CRY AR Sa s a5 Lan s L >1:172)

B1.the endemic state:

*

I, ) in children

val *

E, = (S:) 1:1 , 1:2’1
Where:

(Nye g Ay +(Key + 1) Moy
§ = + N ly Ay Py SINE D)
(N A (1:(11 Noii Bie ¥ Ny Boe + 1y + (1:(11 Ny
a, B+ Ny @, f,)sinet)(1+ p,, sing1)))

(5a)

LN,y
I (K + 1), N,y Ay P, 8INED))
“ (N A (5, +,Ud)(1;1 N B + Ny By + 1y +

L Noar @, B + N, 0, ) singt) (1+p,,, sin &1))

val * val

. (1+a, sinet) (N, p, A,

(5b)

(I, N, B,.(l+a,singt) (N, A, 1,
1,;2 _ +(x,,+ ,Ud),%,; +N, Ay 1y ,:)vb singt)) (50)
(Nye Ao (Kg + 1) Uy Nyt B + 1 Nyt B + 1y +
04 ;l N,a,pB.+N, o b, )sinet)(1+ p, singt))
L =[(2(=2 A 1, (K, + 14 1,
2N, B Ao (Kot 1) 1,
+ N 0, e A (K 14)
Hyy Py =Ny B Ay (5, + 1) 14, 2+, p,,)
+ N Nt B i A 4 R+ P, P+ 2, (0, +P,)))
2N,y &, B A Ko H HDH, Pra
“Ny & B A (K + ) 1, Py
N Ny B A Ao 1y (P P+, (P + Py ))) 008
26t +(4(N,y B A (K + 1) 14, (2,4 0,,)
= Aty (K 1) 1, =Ny B A (K + 1) 14, (2, +9,.))
+ N Not Boe Ao A 1y (40, +P)
+a,(4+3p,, p,)))sinst
NNt @, Boe Ay A By Pra Py SIED)]
2N, B, (1+a,sinet) 24, (k. + 1) 1,
A2 (Ko + 1) 1, (Ko + 1),
My Ay At 240, Py) =Ny Ay Ay Pra P,y 008 261
+ 2R (Key + 1)y, Py o (K + 1y ) 1, P
+ Nty A Ao (P Py ))SINED)) ]

(5d)
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L =[N Ny B Ay = Loy Ny B+ 1) (Koy + 11, 14,
+singt(~L, N,y @, B (Ko + i) 4,

+ N Ny Boe A 1y (0, + P,y)

+N, N, 0 B Ay iy Py SINEL))]

/[N,y B,.(1+ax, singt) (N, A, 1,

(Kot ), + N Aoy 1y Py SN ED))]

(5¢)

B2. The endemic state:

*

E,=(S.,L,,L,,I,,I,,)in adult
Where:

o (N sty Ay +(Ky+ 1) i, + N, 1y Ay Py SINED)
© (N Ay Ly Noy B+ Nogo B+ 1y
+(., N, B, +N,,a B, )sinet)(1+p,,sinet)))

va2 * "va2 a

(6a)

*

Ly Ny B L+, sinet)(N,, 1, Ay
121: +(Kaz+ﬂd)ﬂ:h N, g A Py SINED))
Ny Ay (K + 1) ULy Ny By + Ny B+ 1y
+(I.,N_,a, B,,+N,,a, B, )sinet)(1+p,, singt))

va2 * Yva2

(6b)

I,=[(I,,N,, B, (1+a,sinet) (N, A,, i,
+(K,tu ) p, +N, Aops My P, SINEL))

I Ny Aoy (Ko + 1) Ly N, B

+155, Noys Byt g+ (Lo Ny @, B,
+N,,,a, B, )singt)(1+p,, singt))]

(6¢)

Ly =[R2 A 1y (K, + 1) 11, +2N,0 By Aoy (K0 + 1214,
N0 B Ao (K, +ﬂd)ﬂvh P
=N B A (Kt ) 1, 2+, p,)
N, Nos B A Az B CF P P+, (P +P))
= 2(No2 @, By A Ky H 1) 1, Pra
= N2 O B s (K H 1), Py
Ny Noos Bra A oy Hy (Pra P + 04, (P + ) cOS 26
AN, By Ar (K 1) 1, (2, +,,)
=i 4 (K, +/ud)ltlvﬂ =Ny B i (56, +ltld)ltlvﬂ (@, +p,))
Ny N B Az Ao 1y (4P, +P,,)

va2

+a,(4+3p,, p,))) singt
N N2 &, B0 iz Aogr By Pra Py SINED)]

N[2N,,, B, (1+a, sinet) 24, (K, + 1, )44,

2200 (Ko + 1) th, (Koo + 1) th, + Ny 1y Aoy A 4P, P,)
=N Hy A2 Ko Pra Py COS261+2( A (K + 1) i, P

Ao (Ko 1) 1, Py Ny 1y Ay Ay (P +P))sI0ED))]

(6d)
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Ly =[Ny Ny B A =iy N B+ 1) (K,

+8inet (=L, Ny &, B (Ko + 1) 14,

+Noy Ny B Ar 1 (@ +,,)

+ Ny Ny @, Byo Aoy My pvb siner))]/
[Ny, By (14, sinet)(N,, A p, +(K,

N, Ao 1y P, S ED)]

+ ) 1,

(6e)

2,

Local Asymptotically Stability

The local stability of each equilibrium state is
determined from Jacobian matrix of right hand side of
the above set of differential equations evaluated at the
equilibrium state.

Proposition A. If Sy<1, Sy.<1 and Sy, <lwhen ¢ = 0,
then the disease free equilibrium state £, in children and
Ey, in adult are locally asymptotically stable, where:

2N, By (K + ), Pyt
NoaBAoa QN Aty +(K 5 + 1)1 ,)

2+a,p,)+2N A2, +P,)
QA+, 2p + Ny B2+ a,p, )’

2N, B An(@, (K +1 )1, P,

AN, A 1y (@, P, + (2, +P,)P))
2N, 0, B Ay (K + 1 1L, P

N, BiPiar CN, Aoty + (K + 1))

(2+2,0,)+2N, Aptu(a, +p,))
(A, (K, + )it (2/41 + Ny B,,

(2 + abpvb)) + 2 m2 aa vaZ(aa (K‘aZ +/’ld)
My, Pyt N, A M (@ P, + (2, +9,)P4))

(61)

S, = max

2N 0 By Ay (K + g ) v, Pw
AN Bo At QAN Aty (K, + 1) 1 b))

2+a,p)+2N Aty (@, +P.))
(24, (rc, + 1y )1 v{,(zlud + N, B 2+a,p,))

+2Nva1ﬂarﬁ’va1(a (K +lud)lu v,,pva

+N Ayt (@, p,, + (@, +p,)P,))
in children

SOL‘ =

(6g)

2N, bzabﬂba w2 (K + ), Py
mZ aa (2( vb21ud +(K
+ 2+a,p,,)+2N A a,+
S, = Hu, X P 2N At (@, +p,) in adult
QAn (ko + 1), Qpty + Ny 5,2+, p,))
+2Nm2 aa mz(aa (KaZ +lud)lu v,,pm

+N A i@, 0, + (2, +0,)P,))

(6h)

Proof.

For the disease free equilibrium state in children Eg
=(1,0,0,0,0) and in adult Ey, = (1, 0, 0, 0, 0).

431

The system defined by Equation (4a) - (4j), the
Jacobian matrix evaluated at Ey. and Eg, respectively,
given by:

[ =(u,) 008, (1+a, sin(z0)
N,,— B, 1+, sin(st))N,,,
0k, + 11,) 0 B, (1+a, sin(eN)N,,,
0 —(k_ ,+u,) 08 . (1+a,sin(et)) N,
04, Q+p,, sin(et))0—p,, O
| 00 4, (1+p,,sin(e1)) 0—p,,

(7a)

(1) 00 -p, (1+a,sin ()N,
B (1 +a, sin (1) N,

_| 0=(x,; +4,) 0 ,,(A+ &, sin(en)N,,,

0 0-(x,, + 1,)0 B, (1+a,sin (e)) N,,,
04, (+p, sin (£1)) 04, 0

100 Ay, (I+ py, sin(e1))0 —p,,

Vb2

(7b)

The eigenvalues are obtained by solving the
characteristic equations, det |nIS—Ji|: 0. Where I; is the
5x5 identity matrix and Ji(J;; 1 = c,a) is the Jacobian matrix
matrix for (7a) and (7b), respectively. To evaluate the
determinant, we get the following characteristic equations:

1+ p) (0 + W + W + Wi +W,) = 0 (8a)
1+ p) 7"+ E’ + B + Fn+F,) =0 (8b)
Where:
W=, +K,+2u,+u, +u, (9a)
Noat B 2ar =Nt Boe At
2 2 (9b)
i, (1 + H, TH, )i, (K, + 1, + H,, +/Uv,,)
Wy=(x, + 1) (%, +/‘d)ﬂ» =Ny B A (K0 + 1, + :Uv“)
) Ky )+, + 6 +200,) 1) (%)
val ac val +lud +luv,, )+(ﬂa( val 2 +/ud +luv,, ))
Wy =(N 1 Boe At = (K + 14, L, ) 9d)
(N By Ay + (5,5 + Iud)/uv,, )
Fi= K, + Ky +20,+ 1, +4, (%e)
A )1 +2 0, 1t +2 4, 11,
sz aa vaZ »[72 ﬂha th) Ha Hy ﬂ»” Hy ﬂ»h (9f)

T, M, K (g 1, F ) Ky (K + fly + 4, +41,)
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Fo=(r, + 1) (K + 1) 1, =N,y Boa A (K + 14, +4,)
(0 + 1) (K + 1)+ (K +iC +20,) 1, )1,
_sztZ ﬂmt j’vaZ (KaZ +Iud +Iuv,, ) +(ﬂml ﬂ’vaZ (KaZ +Iud +Iuv,, ))

%2

Fy=(N, ., B A=K, + 14 Y, YN, Boo it (5,0 + HOH,) (%h)

From the characteristic equation, Equation (8a)-(8b),
we see that eigenvalues are 7, =— g, and 7, =— 4, , all of

these eigenvalues are negative, for S;<1. The sign of
other four eigenvalues can be ascertained by solving
equation (7*+Wp* +Wn* +Wa+W,) = 0and

n*+Fp’+FEp’+Fn+F,) =0. The remaining four

eigenvalues have negative real parts if they satisfy
Routh-Hurwitz criteria (10a) - (10d) (Esteva and Vargas,

1998), each equilibrium state is locally asymptotically
stable if the following conditions are satisfied:

W and F, >0 (10a)
W, and F, >0 (10b)
W, and F, >0 (10c)

(W, =W, W, + W, > 0and (FF, ~F,)F,+F2F, >0 (10d)

After we use Mathematica to show the conditions
of locally asymptotically stable, we can see that I,
and F; are always positive. For the equations given by
(10b)-(10d), we show these conditions by using the
following Fig. 2.
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Fig. 2. The parameter spaces for the disease free equilibrium state, which satisfies the Routh-Hurwitz conditions, show onto
(Ke1 sW3) 5 (K2 W3) s (Ka15 F3) 5 (K005 F3) s (kW) s (KeasWa)s (ka0 Fy) s (KapsBy) s (e (W, = W3)W5 —leW4))>
(i (W) =W Wy —W2W,)),s (Ko (FLFy — F3)Fy — FPFY)), (K, (R Fy — Fy)Fy — FF)) , tespectively. The values of

parameter are follows: x, =1/(17/2)s K,=1/19/2)> u,=1/365*746) day ", N_=9000, N, =4000, N, =5500, 3

ac

=0.00769 »

B = 00002465 Ay =0.00000576 5 A, = 0.00000335, @,=0.07, a,=0.067 and N,=100000, «,=1/(19/2), x,=1/21/2)s
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a,=007, a,=0.067 and N,=100000. From the above figures, the Routh-Hurwitz conditions are satisfied for s, >1
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FEndemic Disease State

Proposition B. If Sp>1, when ¢= 0, then the equilibrium

*

state ‘S::(S:’]:l’]:Z’I:al’]:bl’S;’]:l’]:Z’IVaZ’]:bZ) is
locally asymptotically stable.

Proof.

For the endemic disease equilibrium
state £, =(S., 1., ,1,,1.,,I,,)in children and
E =(S,I,,I,,I,,1,) in adult, we obtain the

characteristic equation:

1
D= N BTN B On (N B O (1t + 24,
A2, 1, 1, ) F Ko (g, ) K (K 1y
+ 44, + 1))+ NG, B 05
(#ty +2.p1, 11, +248, 1,
K (W ) K (K + 1+ 1,
+ ) Ny (K (ptg + 4, g, 2, (1, +4,)
g (1t +3p, g, 300, (1, + 4, )+ Ky (p2+ 44, 1,
20, (p, + )+, (g + 1, +14,)) + Ny B
(= Aty g+ 2ty + 8, )+6, (1t (2, (K54 Ay

S,y 3 ) I
(7’ +Dn*+D,n*+ Dyn* +D,n + Dg) =0 in children  (11a) (e A 51 1, )+ Gt 40
7’ +G* +Gy* +Gi* + G+ Gy) = 0 in adult (11b) ity (St +Ap, ) 1, +Ko (208, + 14, +14,))))
Where: +N B (A 1y
(Ky +2p, + 4, )46 (K5 11, (A,
Dy = NP O +Nyfo 0y + K+ K,+3u,+p, +p, (12a) 2,430, ) + K, Gty + 4, 1,
i, Quty A+ 14)
Dy =K,y Koy o+ 20, ly 2K, iy + 3005+ Koy f, + Ko M 5 44y, + (g 5 gt pa, ) p,) K (4L,
3, 1, (G + Ky + 300+ ), Ny B A3ty (1, + 1, )8 2+ 4, +14,)))
(A ! Noy B 0, +N,y, B, 6, 1))+, (i, +1,,+2 14, (12b) TN,y B (O Ay 1 +6, (= Ay £, +6, (1 (A + A,
F( Aty Nyt B O N,y By O i)+ 1, +11,)) A2, A, )22, + 1, V1, (120)
+Noyy B (A 1y Ny B €1+ N,y B 0, 11,) +0, (x, 20, (Mg + p, 1)
AR+ 204+ (A ] Nyt B @+ Ny B 6 1) 1, +14,)) 2K, (Kt + 1, +14,))))
Dy =K,y Koy fy 1y, K gy, +K o g J, + 1y, Ky K g 1,
HKy y K g M, K K f 2K M
, 1
2K b M No B+ Ny By 6+ 11,
Ny Boe (F140,) Ay 1 (1,428, )+ 6, (N, B, 6+ N, B, 6, + 11,)
(g (g + ) o, + (g (Ko + 1)+ (K +2 1, ) 1, ) 1)
8, (= 146,) Ay 2y (g +22, )+ 6, (N, B 0 + N,y By, 05+ 18y) (Ko + 12, )14,
oty ) W)+ N (2 o LAY
Noi B O+ Ny o O+ 1ty Ny B O+ N,y B 0+ 1,
- R 1 + 012y aidls +6, K,y Ky, + O K,y fy 1,
NouB.O+Ny, B, 0+u, N,B.0+N,y, B, 0,+u, ‘ ‘
O, K o pg M, F Ol FO K K, YO Kl O K G, O
- Koy Aot Mg 1, o ORadntep, 2 Ha 1, L2004, M,
NuB.O+Ny B O+1; NoB. O+Ny B0+, NyB,.O+Ny, B 0+1, N,B.6+Ny B, 0+u,
1
+O K, ph, M, O K, p, +26 1, 1, p, N B BN, B Ot i) Ny By s (N, B 6,
(=6 Ay (K + 1y + 14, )0, (1460 Ky Ay = A (g + 11, )40, (A (K + 1y + 14, )+ A (1t + 12,)))
+N B0 (=6 A, (k. + 1, + H, V+0, (1+6) k., Ay = A (1 + 2,,)+ 6, (A, (K., + 11, + H,)
+ A (B + 1, D)+ g (= Aoy (= A + 6, (5 + A+ 1+ 1, D+ 0, (F14 Q) K Ay = Ay (i + 11+ 41, )+ (12d)

0, (1 At + A (g + 11, )+ A Ay + 14+ 14, )))))
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1

D= 5

(Nt Boe O+ Ny By 05+ 1)
(N By 0, + 1) (i, + 14y )/’lv“ (N By 1+ 6,) 2, :uj +(N,y, B, 0+ :ud)z (x.,+ ﬂd)ﬂv,))
+ Nful ﬁuz( 6, (N By 0, (=1+ 0,) A g1, (5,4 + /’ld)luv” (N By O+ 1) (55 + 11y) (12¢)
(-1+6) A, 1, +36, (%, +lud)luv” )luv,, )+ Nt Buc (luj (KK, + ) (14 6) Ay 1y
+36, (5, + p) 1, ) 1, )+ Noy B 0560, (=14 6,) A, 11, (i, + 2, W, +0, (i, + p ) (=14 60)) A 1y + 36, (i, + p) 1, ) 14,,)
+ Ny By by (14 6,) A, 12,426, (5, + ﬂd)/’lv“ )+ 20, (K, + p)(=1+6) A, 1, +30,(x,, + /’ld)/’lv“ )/’lvb )

(N B, 6 (5 + 1) (Ko + 2,) H,,

G =N,y By O+ Ny By Oy + K+, +30, + H, tU, (121)

Gy =Ky Ky + 2K, 1y +2K 5 1y + 310 + K, M, + Koy, +300, 1, +

(Kot Kop + 3 sty + 1, )y, 4N 0 By (= (Aia I Ny Boa 05+ Noya B 04 14 (12¢)
O (K + K+ 20y + Ay Mg/ Ny Boo O+ Ny B, O 1)+ 1y, + 11, N+ N, By,
(=(Aopz #a /N2 Baa O+ Ny By O3 1)+ 0, (6 + Ky + 20, + (A 1y IN 3 By 05 Ny By Oy it ) 1, + 11,,)

G, = N B o 1\1/v,]2 R (N7 B 05 (145 + 2 pag , +241, 11,

gy Ky (g, 41,) K (K + pty + p, + 40, )+ N B 07 (ug + 24, 1,

24 K () Ky (K gy )y (K (g + g, 1,

+ 20, (4 g, )+ g G +3 0, pa, +3 0 (i, + )+ K (g + i, p,

20, (,, + 1))+ K (g + i, NFN o B (= Ay g (g + 28, + 41,)

+0, (g Qg Ky + Ay + 1)+ iy + Ay #5011, )+ (K0 Bpty + 1, )+ 1y Sty + 40, ) 1,

+ Koy Qg + pty, F I+ N o Bt (= Ay g (Koy +2 11y + 11, )+ 05 (K 114(A

A2, 430, ) Ky Qg+ 1, ) o+ Hy 2ty (Ayn+ 1)+ S 1, + (A +50, 401, ) 11,,)

+ K Qg+, py, +3 0, (1, )+ Ky (2, + g1, + )+ Ny B (=6, 2,0 11,

0, (= Ay g + 0, (g (Ayr + Ay ¥ 20, + 40, V22 pg+ p, ), 28, (g +p, + 1, )+ 2K, (K + 1+l + 1,)))))

(12h)

_ 2 2 3
G, =k, K, My Hy TKg My By TRl B, YUy B, TK K Hy By,

K Gy My, K Wy M M R Ky Kl 2K, My M
1
+2K,y My M, MG M+ Ny B (-1+6,)
P R NP 03+ Ny, By O, + 1y o )
Ao :Ufi (2, +21L1va)+ Oy (Nous B 65+ Ny By Oy + 11y) (14 (Kp + 11) luva+(lud(’(a2+lud)
(K + 20y p, V) + 56, ((Z140,) Ay gy (g +2 48, )+ 0,(N,,. 8,0,
Ny By 04+ 1) ((Kp+12,) M, (&, g +p, Y, M+N,,B,

Kpo s My 0y K,y A M, s 1) 05 Lo My

N B Ot N B Ottty N B Ot N BBttty No B Ou N B 0, 72y Nt Ny B Or 410
O3 Ky Ky f, + 05 Ky piy f, ¥05 Ky fy 1, +05 pg p1, + 05 KKy ph, 0K, fy 1, + O Ky p 1, +05 1y p1,
K Aty By, L O Kok Hy A, ~ 2 A0 Mt 260 hatu,
Noo B0+ Ny B Os+tty Ny B 03+Ny, B 04+ 1ty NP0+ Ny, By O4+1y N B, &+N,, B, 0+ 1,
1
(Nowz B 6Ny B0+ 11 )
Nz Bra g N,y By 05 (=05 Ay (Kt g+, )+ 0, (F140,) Ky Ay = Ao (g + 12,)
03 ( Ay (it g+ 1, )F A Cpty + 10, ID+N G By, O, (= 05 Ay (it pty+u, )+ 6, (1 +60,) k5 4,
Ay (g 1, ) + 05y (K + 1y + 10, )+ Ay (g + 1, DN+ 1 (= Ay (= Ay + 05 (K + A
g, N0, (Z1405) Koy Ay = Ay A+ pty + 11, )F05 (K Ay + Ay (g + 1, )+ Ay (Aot ply+ 12,)))))

+O K, 1y M, O K, e, e, +20 0, 1, op, +

(12i)
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1
G, = 5
(Now2 Bubs+ Ny, By, O+ )

(N\?bz ﬂiﬂ; (i + 1) (K + 1)

H, M4, T (Nyy By o 04+ 1) (5, + 1) H,, (N2 By [(-146,) ﬂ’va/’l2d+(va2 B ‘94+/1[1)2
(K, + 14, /’lvh) +N\’2¢42 :Bfu O, (N, By 05(-14 0,4, 14, (%, +:ud)/1v(,+ (N By 04+ 14y)

(Koo + (14 0)) Ay 1443 O5(5, + 1) 1t vu) /’lvh)+Nva2 B (’uzd (K + ) (14 0) Ay 114

(12 )

+30,(k,+41,) ,Uvﬂ) :le,,)+N\%b2ﬂbza 0,05(-1+6,) Ay, s, (K0 + ) M, +0,(r,, + 1)
((1465) Ay 11+ 3 0,(c + 11,) 14, V1, )+ Noyy Bty (F146,) Ay gty +2 05(, + 10 )1, )

+26, (K, + ) ((“1+6,) 4,1, +30; (K, + 14,) ,Uva) ,Uv,,)))
Where:

(N Ny Boe At A g = At (N B+ £44)
_ (K. + ), +N,, Boe lar (K + H) M)

1 (13a)
(Nt Boe (N Ao A g+ Aoy
(x, + Iud)uvu + Ak, + Iud)uv,, )
9 — ]vte ]vvbl /BIJ(’ }‘i/bl lud - (]vval IBae 01 +/ud )(KCZ + /ud)/uv,, (13b)
’ N Boe (N Ayt + (K + 1) 14,)
(N Noar Baa Aar s by = 2y (N oy By + £44)
(K + 1)y + Ny Bos Ay (K + 1) 11,
= 1 i) My, 2 2 (Kys a) My, (13¢)

(N2 Boa (N Az A 1y
+ A, (6, + ll'ld)ﬂvﬂ + Apr (K + /”d),uv,, )

0,= NNy B A By =N, B 05+ 11,) (Ko + 1)1, (13d)

Nopo Bra (N Aoy 1+ (K5 + 14, )H,)

From the characteristic Equation (11a)-(11b), the
eigenvalues are found by solving

(17 +Dp* +Dy7 + Dy’ +Dyp +D,) =0 in children and in
adult 7’ +Gn* +G,* +G* +Gn+G, )= 0, when T; =D,

300} P
250 P -
-

200 o
X 150 7
2 e
2wl g

_/
;o
S0F el
s
200 400 600 800 1000

I

and G, for children and adult,7,=D,and G, , for

children and adult, T; =D; and G; for children and
adult T4=D,; and G4 for children and adult, Ts5= Ds
and Gs for children and adult. The five eigenvalues
have negative real parts if they satisfy Routh-
Hurwitz criteria (14b)-(14e) (Edelstein-Keshet, 1988),
each equilibrium state is locally asymptotically stable,
when it satisfies the following conditions:

detH, = T, > 0 (14a)
detH, = I,T, -T,> 0 (14b)
detH, = T,T,T,~ T} ~T>T,> 0 (14c)
detH, = [ ,I,T,-L'T,-T'T{ >0 (14d)
detH =KL, LT,TT; T,I,T I} LT 1Y (14¢)

LT T4 2 T, TETE >0

We check the stability of endemic equilibrium
state by using the Routh-Hurwitz conditions (14a)-
(14e), the results are given in Fig. 3.
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Fig. 3. The parameter spaces for endemic disease equilibrium state, which satisfies the Routh-Hurwitz conditions, plotted
onto (x,;,det H,) , (k. det Hy), (k. ,detH,), (k. ,detHs), (x,,detH,), (x,,detHs), (x, ,detH,) and

(k,,det Hs), respectively. The values of parameter are follows: (@) ke, =1/17/2) 5 k00 =1A92)>  p1g =1/(365%74:6) day™,
N,=6000, N,,; =5000, N, =2500, A,.=02, f, =00714, A, =0.00000000576, A, =0.00000435, a,=0.08,
@,=0.047 and N, =100,000, (B)x, —1/(19/2)>x,=1/21/2)> =1/G65*746day ", N, =4000, N, =7000, N,,,=4300,
By =0.1667, B, =0.125, A,,,=0.00000000176, A, =0.000000835, a,=0.07, a,=0.027 and N,=100000. From the

above figures, the Routh-Hurwitz conditions are satisfies for S >1

Numerical Results

We consider the numerical solutions for dengue
virus transmission. The main effect of introducing an
age structure into the model is to change the definition
of the basic reproductive rate. The parameters in this
study are determined by the real life observations. The

437

values of the parameters are as follows: u,=1/(365%74.6)
day ™, corresponding to life expectancy of 74.6 years for
human; «,=1/(8.5) and «,=1/(9.5) corresponding to
the 8.5 days and 9.5 days of recovering due to biting

of Aedes aegypti and Aedes albopictus, respectively.
The death rate of mosquitoes are 1/28 per day and
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1/35 per day satisfies to the life time of 28 days for
Aedes aegypti and the life time of 35 days for Aedes
albopictus, respectively «,; = 1/(9.5) and «,

1/(10.5) corresponding to the 9.5 days and 10.5 days

Fig. 4. Time series solutions of s , 7 ,7,,1
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solutions of (4a)-(4j) are shown in Fig. 4-9.
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My =1/46
Ayp2 =0.000000000664 ,

N, =61000 ,

va2

’ ’
a2’ IvaZ >

and [ ,, respectively. ForS§;<1

a,=0.04,
I.,,) approach to the disease free equilibrium state (1,0,0,0,0)

N,

va

, = 4800 5
a,=0.06
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and

N, =10000 ,

B, =0.03225
N, =100,000 -

and Sy, =0.0307919 with parameters are

By, = 0.02941,
The proportions of
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Fig.7. (a) Time series solutions ofS, .7, ,1,,,1,,5,1,,- Values of parameters in the model are following: » ,=1/7,
=113, N,=30000, N, =37000,  N,,=19000,  f,=025, B, =0.1428,  A_,=0.0000000044 ,
Az = 0.000000000335, «,=0.02,2,=0.07 and N,=100,000, where Sy, = 21.7785 in adult. (b) Numerical solutions
projected onto (s..7.), (S..1.5)» (Iu.1,). The solutions oscillate to the endemic equilibrium state

(el Iy Iy Iy) Where §7 = 0.0123201,  [,=000034474, I, = 6.9961x10™, 17, = 3.1820&107 and [, = 1.40069x107' ,

val =

respectively

Case A.1, in children, we consider the locally asymptotically stable of disease free equilibrium state, when € = 0
as shown in Fig. 4.

Case A.2, in children, we consider the locally asymptotically stable of endemic equilibrium state, when ¢ = 0
as shown in Fig. 5.

Case B.1, in adult, we consider the locally asymptotically stable of disease free equilibrium state, when ¢ = 0 as
shown in Fig. 6.

Case B.2, in adult, we consider the locally asymptotically stable of endemic equilibrium state, when € = 0 as shown
in Fig. 7.

Case C, in children, when € # 0 as shown in Fig. 8.
Case D, in adult, when € # 0 as shown in Fig. 9.
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*
va2 »

oscillate to the endemic equilibrium state (S, 17, ,1.,,1,,,1.,,) are limit cycles

Discussion S = max { —CF %P ¥ 2N, o (% +P1y))
N . ’ QK + 1)1, (241 + Ny o, ’
Several investigations have been conducted using
the SIR and SI models. The SIR and SI models which 2+ ayp)) + 2N, foc A (A, (Key + 14y)
provide suitable for the states of children and adult in My, Poat Ny 14 (@, + (2, +P,)P)))
two species are used in this study. (dedes aegypti and 2N 0, BriAs (K + 1ML Py

Aedes albopictus).

+N A,.,(2(N A + +
The basic reproductive number of equations (4a)-(4j) wrPaatsas QWAoo + (Koo + )

is defined as follows (Chong et al., 2013): 2+a,0)+2N Aty (@, +P..))
(24,5 (1 + 1 ) Qo+ NoB 2+ a,p,))
2N 10 By (K + 1)1, Py 2N, 2B (@ Ky + 1, P
N Bt N, oty 0y 1)1, N 1@, (@, + PP
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Table 3. Determination of the values S, of infected mosquitoes

1,51 value I, value I, value I, value So value

2.3860x10-18 6.44744%x10-7 0.00310
2.5687x10-26 0.000065 - - 0.00732
0 0.00036 - - 0.06795
- - 4.9155%10-23 0.0007175 0.68842
- - 7.3376x10-14 1.07169%x10-8 3.61291
8.234x10-6 7.982%x10-17 - - 38.6066
3.16331x10-5 1.118%x10-6 - - 80.3505
- - 9.933x10-8 2.822x10-17 89.3077

So describes the number of infectious human
produced from primary infection of children and
adult. Using the initial values and parameter values
from data, the obtained result of threshold parameter
value S, for S, and S,, can be rewritten in
mathematical form as follows:

2N, By A (Ko + H )M, Py
+ N, B QN Aty + (K, + 1)

5, = u,)2+a,p,)+2N, A, u,(a, +p,))
QA (a+p)u, Cu,+ Ny By,
Q2+aypy) + 2N, B (4, (Ky + 1)
Ky, Pt N t(a,p,, +(a, +P,)P)))

in children

2N 0, By Ay Uy + pg 1t v, Pt
N2 BuiPiar QAN (Ao bty + (K + )1, ,,)
_ _@C+a,p)+2N, Aptty(@, +p.,))
o (24,4, (K + 1 )1 L Quy Noy2Ba

2+ a,p,) +2N B A (2, (K + 1)
H v,)pva + lelva lud (aapva + (aa +pva )pvb)))

in adult

The reproductive rate is depend on the number of
infected mosquitoes I,,;, Ip; in children and 1., Iy
in adult.

From the above table (Table 3), we will see that if the
number of infected mosquitoes is increased, the basic
reproductive rate is also increased.

Moreover, we consider the effect of sinusoidal
variation (g), we will see that if ¢ 0, then the
solutions oscillation to the steady state. The limit
cycle occurs for € # 0. Thus the limit cycles occurs
while there is the seasonal variation of mosquitoes
(Aedes aegypti and Aedes albopictus). It can be seen
that the dynamical behavior of the endemic state
change while there is the influence of season.

Conclusion

The basic reproductive number of disease is defined by
S, = \/S_O . This value is the threshold condition for the

existence of the endemic state. When S, < 1, the solutions
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oscillate to disease free equilibrium state, whereas Sy >
1, the solutions oscillate to the endemic state. The
behaviors of the proportion of susceptible, infective
human into two classes (a child class and an adult
class) and infective vectors of the two species (dedes
aegypti and Aedes albopictus) are initially positive. If
this can be seen as follow; the infective human are
introduced into the susceptible is bitten during each
Z’Nh(lj (that the biting
(N, +m)\ u,

rate b of mosquitoes is the average number of bites per
mosquito per day, p, is the per capita mortality rate of
mosquito, of these bites becomes new infective in the
human population) (Esteva and Vargas, 1998). The
parameters Pac, Poc, Paas Poas Bacs Avals Avaz, Avpr and
Aypoare effects to the basic reproductive number of this
disease as we see in (6f)-(6h). If the basic reproductive
number is less or equal than one, then the infective
replaces less than one, then disease dies. On the other
hand, if this number is greater than one and when the
susceptible fraction get large enough to birth of new
susceptible, then there are secondary infections and
endemic equilibrium state is occurred. As we can see in
this study, the seasonal parameters such as g, p,, and
pw Wwhich are the measure of influence on the
transmission process reflect the environment.

period, by the fraction
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