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Order Hold Devicesfor Inter-Sample Output Reconstruction

M. De La Sen and A. Bilbao
Instituto de Investigacion y Desarrollo de Proseso
Facultad de Ciencias, Universidad del Pais Vasco,
Leioa (Bizkaia). Aptdo. 644 de Bilbao. 48080-Bilb&pain

Abstract: The design of Fractional Order Holds (FROH) ofreoting gaing3 O [-1, 1] (potentially
and possibly including zero-order holds, ZOH wfth= 0, and firelation holds, FROH relating) is
discussed related to achieving output deviatioriagoelose with respect to its sampled values. A
squared error time- integral between the curretgudland its sampled values is minimized to yiélel t
appropriate correcting gain of the FROH in an atialyay.
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INTRODUCTION (kT+1)=Ax (KT+1)+b(u, + BT 0, ,T);
Continuous Plant: Consider the linear time-invariant ro[o.7) 2)
single-input single-output plant:
What leads to a solution:

x(t)=Ax(t)+bu(t);y(t)=c"x(t) (1)

X(KT+T)=d( 1)  +T(T)u, +BT'T (1)U,
where, x(t)OR", y(t)OR, u(t)OR are the state t0[0,T) 3)
vector, and scalar input and output, respectiasig
AOR™"; b,cOR". A fractional order -hold generates \Where:
an input of the form:

q)(T):eAT; r('[):J‘TOCD(T— T)de,
u(kT+r)=u s Ba s RO BLBL] BT U

I"(T)=J‘T CD(T— T')br'dT' 4)

O<0fo,T) °

with u,=u( kT) is the k-th sample of the input with for all TD[O,T) and the substitution of (3) into (2)

sampling period T. Usuallyg,=-p ,=1. If p=0 orp=1  leads to:

the FROH is a ZOH or at FOH, respectively. Fraclen

order holds have been studied related to theX(KT+1)=A®(1)x, +(AT(t)+b)u,

improvement of the stability of the discrete rjla +-|——1B(Ar '(T)+bT) b,

zeros which is of interest in problems like pole-

placement or model-matching controller synthesisesi o . . , )

the reference model might be designed with more Taklng tlme-.derlv.atlves in (2) with respect to time

relaxed a prior constraint on the need of include" (0, T) via (3) yields:

prefixed plant unstable zefb8. In this study, we

discuss the choice of fractional order holds asgts ~ X(KT+T)=A*®(1)x, +A(AT(T)+b)u,

improve the deviations of the inter-sample recacséd +T‘1B[A(A M (t)+bt ) + } u, 6)

output signals compared to their sampled values

compared to the use of the standard zero-ordefirmtd

order holds. Approximate Output Description of the Inter-
sample Behavior:  For t0(0,(1-p)T), first and

Inter-sample State Description: Assume that (1) is second-order Taylor series approximations about

discretized with a sampling period T so that thetest ,t=(k+p)TO(kT,(k +1)T) using the output

evolution (1) becomes for any1[ 0, T): equation (1) and (5)-(6) yield:
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y((krp)T+1) Dy((kep)T J+y((ktp)T )t ay((kvp)T )

ZY[(k"'p)T]+0k(p!T)+6k(pnT)B (7)

For TD( 0, (1—p )T ) with o =0 for a first-order approximation antd =1 for a second-order one, where:

crk(p,r):cT{(|+0(A;j[Ad>(pT)xk +(AT(pT)+b)u, ]| } (8a)

6k(p,r):T-1cT{(l+aA;jI[Ar'(pT) +pr]+o(b;2 }[]k_l (8b)

Choice of p for Minimal Output Deviations In-between Samples. Consider the inter-sample-output deviation
performance function:

3e(pB)=[  (y[(k+p)T+dl-y [(k+p)T]) 2ar [ (o4 (p. 1)+BB, (o, 1)) 2 dr (9)

Which reaches a minimum from direct evaluation of the devivavith respect tof at:

= __9(p.T)

B_Bak__ék(21-r)

Where:

ok(p,T):cTTﬂ(l— pz)-|2—+0((1_F::)TZPWACD(pT)xk+(AI'(pT)+b)(1—p)}uk (10)
6k(p.T)=°2Tﬂ(l— pﬂﬂW}(Ar'(pT)+pr)+W}ak-l (11)

Since { (p, B) is a convex function of for any reaIpD( 0,1), a constrained minimization of, ( p,B) on
[[31, [32] is performed by an adjustable sample-dependent corragings follows:

BZ If BGKZBZK

By= By if BaxsBu (12)
Bif By O[BLB,]

Example: Consider the linear and time-invariant continuous closeddgsigm:

(02x,(1)1 5%,(0)=x,(0H2(1)-x,(0)5 y(1)=x, (1)

Which corresponds to a field-flowered plant of transfempositive and negative values off over 200
function1/ S(JS+1) under unity negative feedback and samples leading to the two minimal squared
external unity step reference input. Such a continuouster-sample tracking error (9) are reachad =
system is discretized via a FROH placed at its plarf®. 51 and B =-0.40, respectively, taken as
input with a sampling period T = 0. 1 secs. The optimathe better averages of the resultstaired
fractional gain according to a second-orderfrom  (12) over 200 samples. The
approximation of the loss performance (9) witle 0;  corresponding tracking errors are displaged
i.e.p =1 in (10), isp = -0.4. The two better averaged Fig. 1 and 2.
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Table 1: Relevant Portion of the Transient OutputSignificant Values of
B= 0 (ZOH) -0.2 0.46 0.47 1 (FOH)
Loss (9) = 16. 609 25.9165 41.84 94.53 180.282
p= -025 -0.26 -0.28 -0.30 -0.33 -0.34 -0.38  -0.40 -0.5 -1
Loss (9) =  26.28 26.96  26.962 1.92339 14076 ~ M7732.0779  1.92 5.99167 3.32083
stabilization of discrete zeros if the sum of all
0.04 continuous zeros becomes to be negHiitle
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Fig. 2: Output for Correcting Gain -0.4

The values of the first exact expression (9) over 10000
samples are 305.559 f@=-0.4 and 409.191 fof=
0.51, respectively. A set of exact losses (9) over the firs
100 samples describing a relevant portion of the
transient output for significant values [pfis displayed

in the Table 1.

Comments: It might be noticed that, in general, neither
the widely used zero-order hold or the first-order hold
are the best options for reconstruction of the output in-
between sampling instants closely to its sampled values.
Note also that such a behavior is highly dependent on
the chosen correcting fractional hold gain. A third point
is that the correcting gain might be theoretically be
designed as being sampled dependent if the basic sub-
optimization rule (12) is implemented but it can also
be chosen constant through performing an averaging
procedure as given in the example. A final interesting
point is that the way of designifigis dependent on the
property one desires to enhance. For instance, negative
values are good to achieve stable discrete zeros as the
sampling period tends to zero if the system is of relative
degree at most two. Negative values of the correcting
gain (including the ZOH3=0) may be appropriate for
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