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INTRODUCTION 

 
 We assume throughout this study that Ω  is a 
bounded and smooth domain of nR  with boundary 
∂Ω . First, we derive some useful sufficient 
conditions for oscillation of solutions of the 
following nonlinear parabolic problem  
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 We assume that ),( txρ  and ),( txψ are real-

valued continuous function on +×Ω∂ R and ),( txρ  
keeps a constant sign 1−=ε or 1+=ε  on 

+×Ω∂ R . Actually, our results of oscillation are 
not essentially based on the convexity of the 
nonlinearities )(uf  and )(uk  as it is the case in the 
works of[1-5]. 
 Next, we extend the above ideas to systems of 
nonlinear parabolic equations of the form 
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subject to the boundary conditions  
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to obtain similar criteria for which the solution ),( vu  is 

oscillatory in R+Ω× . 
 Actually, these conditions are merely four functional 
differential systems of inequalities of first order which must 
not possess positive solutions. Finally, we give sufficient 
conditions for the nonexistence of eventually positive 
solutions of the latter systems. 
  
Nonlinear parabolic equations: Before proceeding further 
we set the following assumptions: 
 
(H1) )(tai and )(tb  are nonnegative continuous functions 

defined on +R , for ni ,...,1= . 
 
(H2) )(tiσ  are real-valued continuous defined on 

+R which satisfy ,)(lim +∞=
+∞→

tit
σ  for ni ,...,1,0= .  

 
(H3) )(yf  and )(yk  are odd, continuous in R and positive 
in ( )∞,0 . 
 
(H4) ),( txψ  and ),( txρ  are real-valued continuous 

functions on +×Ω∂ R and the latter has a constant sign ε  
on +×Ω∂ R . 
 
(H5) ),( txd  is real-valued continuous function defined 

on +×Ω R . 
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 We first need to define what we exactly mean 
by an oscillatory solution. 
 
Definition 1: A solution u of (1) is said to be 
oscillatory in +×Ω R  if, for every 01 >t , there 
exists some ),(),( 100 ∞×Ω∈ ttx  such that 

0),( 00 =txu , that is, u has arbitrarily large zeros in 
+×Ω R . 

 Next, we define the functions )(tD  and )(tΨ as 
follows: 

∫=Ψ∫= Ω∂Ω dStxtdxtxdtD ),()(and),()( ψ , 

where ∫=Ω
Ω

dx1  and dS  is the Lebesgue measure 

on the boundary Ω∂ . 
 Our first result is the following. 
 
Theorem 1: Under the assumptions (H1)-(H5) a 
solution to the problem (1)-(2) is oscillatory in 

+×Ω R  if both of the functional differential 
inequalities (for 1±=δ )  
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have no eventually positive solution. 
 
Proof: Suppose the contrary that problem (1)-(2) 
has a nonoscillatory solution u in +×Ω R . Suppose 
first that 0>u  in ] [,,0 ∞×Ω t  for some 00 >t . 
Integrating (1) over Ω  and using the divergence 
theorem we get  
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 This clearly shows that (5) (for 1−=δ ) has an eventually 
positive solution u in ] [,,0 ∞×Ω t which is a contradiction. 
Next, suppose that 0<u  in ] [∞×Ω ,0t . Setting 

),(),( txvtxu −= , we get the following problem 
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 Reasoning as before we see that v is an eventually positive 
solution to (5) in ] [,,0 ∞×Ω t  (for 1+=δ ). This is once 
again a contradiction which completes the proof of the 
Theorem. 
 Next, we have the following result of oscillation which is 
based on the convexity character of the function )(uf  and 
the kernel )(uk . 
 
Theorem 2: Let f and k be convex in ] [∞,0  and 1−=ε . If 
both of the functional differential inequalities (for 1±=δ ) 
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have no eventually positive solution, then the solution of 
problem (1)-(2) is oscillatory in R+Ω× . 
 
Proof: Assume that 0>u  in ] [,,0 ∞×Ω t  for some 00 >t . 

Putting ∫= Ω
Ω

dxtxutu ),(1)(~  and applying Jensen’s 

Inequality we obtain  
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Integrating (1) over Ω and dividing by Ω , we get  

).(1))(()(1

))(~()()))((~()(
)(~

))(,)(()(10

1

00

1

tDtta

dssuktctuftb
dt

tud

dstxuta

n

i
ii

t

i
n

i
i

Ω=Ω

Ω∂=Ω

∑ −Ψ−

∫−−≤

∫∑−≤

σ

σ

σρ

 

 The latter functional differential inequality has )(~ tu as an 
eventually positive solution which contradicts the given 
assumption. 
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Next, suppose that u v 0= − <  in ] [0t , ,Ω× ∞ for 
some 0t 0>  and 1v(t) v(x, t)dxΩ

Ω
∫= , then 

t
0 0

n

i i
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dv(t)0 b(t)f (v( (t))) c(t) k(v(s))ds
dt
1 1a (t) ( (t)) D(t).
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 Thus, )(~ tv is an eventually positive solution to the 
functional differential equation (6) (corresponding 
to 1δ = + ) which leads to a contradiction. 
Therefore, the solution of problem (1)-(2) is 
oscillatory in +×Ω R . 
 Now we are going to extend the foregoing 
results to systems of nonlinear parabolic equations. 
 
Systems of nonlinear parabolic equations: In 
order to establish similar oscillation criteria for 
systems of nonlinear parabolic equations we set the 
following assumptions: 
 
(H’1) The functions 1 2 1 2 1ib (t),b (t),c (t),c (t),a (t)  
and 2ia (t)  are nonnegative and continuous in R+ , 
for i 1,...,n= . 
 
(H’2) The functions 1d (x, t) and 2d (x, t) are real-
valued continuous in R+Ω× . 
 
(H’3) The functions if (y) and ik (y) , for i 1,2= , 
are odd and continuous in R with 

( )i if (y) 0 and k (y) 0, in 0,> > ∞ . 
 
(H’4) The functions )(~)( tandt ii σσ , for 

ni ,...,1,0=  are real-valued continuous functions in 
+R with i it t

lim (t) lim (t)
→∞ →∞
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(H’5) i i(x, t) and (x, t)ρ ψ , for i 1,2= , are real-

valued continuous functions defined on R+∂Ω×  
and i (x, t)ρ  has a constant sign { }i 1, 1ε ∈ − + with 
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 Next, we shall use the following notations 
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 Before we state and prove our first result of oscillation 
of solutions of problem (3)-(4) we would like to give this 
definition. 
 
Definition 2: A couple of functions )),(),,(( txvtxu such 

that u and ( ) ( )),~(),( 0
1

0
2 ∞×Ω∩∞×Ω∈ γγ CCv is said to 

be a solution to problem (3)-(4) if u and v satisfy equations 
(3) and the boundary conditions (4). 
 A solution )),(),,(( txvtxu  to problem (3)-(4) is said to 

be oscillatory in +×Ω R if either of ),( txu  or 

),( txv oscillates in +×Ω R , in the sense that for every 
00 ≥t  there exists a point ( ) ( )∞×Ω∈ ,, 011 ttx  such that  

0),(0),( 1111 == txvortxu . 
 
Theorem 3: Let the assumptions (H’1)-(H’5) hold. If the 4 
systems of functional differential inequalities corresponding 
to { } { }1,11,1),( +−×+−∈βα : 
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Likewise we find that  
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 Thus, the system (7), for )1,1(),( −−=βα , has a 
positive solution ),( vu  in ] [,,0 ∞×Ω t  which is 
contradiction. 
 Next, if we suppose that 0),(),( <−= txtxu ϕ  
and 0),(),( <−= txtxv ξ  in ] [,,0 ∞×Ω t  for 
some 00 >t , then ),( ξϕ satisfies the nonlinear 
parabolic system  

,20 222

0222
1

2

10 111

0111
1

1

),(),,()),(()(

)))(,(()())(,()(

,),(),,()),(()(

)))(,(()())(,()(

+
=

+
=

×Ω∈∀−∫−

−∆∑=

×Ω∈∀−∫−

−∆∑=

Rtxtxddssxktc

txftbtxta

Rtxtxddssxktc

txftbtxta

t

i
n

i
it

t

i
n

i
it

ϕε

σϕεσξξ

ξε

σξεσϕϕ

] [

] [∞×Ω∂−=+
∂
∂

∞×Ω∂−=+
∂
∂

,),,(),(

,),,(),(

022

011

tontxtx

tontxtx

ψξρ
η
ξ

ψϕρ
η
ϕ

 

Reasoning as before one gets 
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Whence ),( ξϕ is a positive solution to the functional 
differential system of inequalities (7) in ] [,,0 ∞×Ω t for 

)1,1(),( =βα , this is once again a contradiction. 
 Finally, if 0),(),( <−= txtxu ϕ and 

0),(),( >= txtxv ξ  (resp. 0),(),( >= txtxu ϕ and 
0),(),( <−= txtxv ξ  in ] [,,0 ∞×Ω t  for some 00 >t , then 

the positive solution ),( ξϕ satisfies the functional 
differential system of inequalities (7) in ] [,,0 ∞×Ω t  for 

)1,1(),( −=βα (resp. )1,1(),( −=βα ). This is a 
contradiction and the proof of the Theorem is complete.  
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(for sufficiently large 0t ). Then every solution of (3)-(4) is 
oscillatory in ] [∞×Ω ,0t . 
 
Proof: Suppose that systems (7) have an eventually positive 
solution )),(),,(( txVtxU  in ] [,,1 ∞×Ω t  for some 01 tt > . 
Suppose that (8), then in particular for 1== βα , (7) yields  
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This is a contradiction and so systems (7) have no 
eventually positive solutions in +×Ω R . We 
conclude by Theorem 5 that problem (3)-(4) has an 
oscillatory solution ),( vu  in +×Ω R . 
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