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Abstract: We showed that the generalized contraction mapping defined on a closed convex subset of a 
weakly Cauchy normed space has a unique fixed point. Moreover, the sequence of iterates of any 
element in the domain of the given mapping is converging strongly to the fixed point of such a 
mapping. 
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INTRODUCTION 

 
In 1922 S. Banach proved the famous known 

Banach contraction principle, if X is a complete metric 
space and T is a contraction mapping of X into itself. 
Then T has a unique fixed point y ∈  X. Moreover, the 
sequence of iterates {Tn(x)}n∈N is strongly convergent 
to y for every x∈X. 
 
In recent years, rapid developments have occurred in 
many areas including variational and linear inequalities, 
optimization and applications in the field of 
approximation theory and minimum norm problems, 
with the help of the various applications of fixed points 
of the contraction mappings.  
 
Thus many authors are trying to strength the Banach 
contraction principle for a wide range of applications. 
 
Let (X, d) be a nonempty metric space. A function α  
of XxX into [0, ∞) is symmetric if α (x, y)= α (y,x) 
for all x,y in X. Let T be a self mapping on X. T is 
generalized nonexpansive if there exist symmetric 
functions α i, i=1,2,3,4,5, of XxX into [0, ∞) such that  

1,:),(sup
1

≤








∈∑
=

n

i
i Xyxyxα → (1) 

and for every x, y∈X. 
d(T(x), T(y)) ≤α1d(x, y)+α2d(T(x), x)+α3 d(T(y), 

y)+α4 d(T(y),x)+α5d(T(x), y) → (2) 
where α i =α i (x, y). And it is said to be generalized 
contraction if T satisfies (2) with  
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i Xyxyxα → (3) 

R. Kannan first considered those T which satisfy (2) 

with α1=α4=α5 =0 and α2=α3≤
2
1  [5], [6]. 

S. Reich considered those T which satisfy (2) with 
α4=α5 =0 and with constants α1, α2,α3  [8]. 
d(T(x), T(y)) ≤α1d(x, y)+α2d(T(x), x)+α3 d(T(y), 

y)  
 
G. Hardy and T. Rogers, considered those continuous 
mappings T satisfying (2) with constants satisfy (3), [4]. 
 
K. Goebel, W. A.Kirk and Tawfik N. Shimi, proved 
that a continuous mapping T which satisfy (2) on a non 
weakly compact convex subset C of a uniformly convex 
Banach space into itself with constants satisfy (1) has a 
fixed point [3]. 
 
Chi Song Wong showed that, if C is a compact convex 
subset of a uniformly convex Banach space and T is a 
generalized nonexpansive self-mapping on C, then the 
fixed point of T can be approximated by the iterates of 
Tt with t(0,1), Tt(x)=(1-t)x+tT(x), x∈C [2]. 
 
Sahar Mohamed Ali, considered a contraction mapping 
defined on a closed convex subset of a weakly Cauchy 
normed space, spaces which are not necessarily be 
complete in general [7]. 
 
In this paper we considered the class of mappings T 
which are satisfy (2) with α4=α5 =0 and with 
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constants α1, α2,α3 satisfy (3), (such mappings are 
defined to be {a, b, c}-contraction mappings) and  
generalized the result of [7]. Equivalently we 
generalized the Banach contraction principle in two 
directions, first direction is a weaker assumption 
imposed on the given normed space, the weakly 
Cauchy normed space, and the other direction is a more 
general condition imposed on the given mapping. Also 
the {a,b,c}-contraction condition is valid only on a 
closed convex subset of the whole space. 
 
More explicitly, we have the following definition 
 
Definition1: A mapping T on a normed space X is said 
to be {a, b, c}-contraction, where a, b, and c, are real 
numbers, 0 ≤ a, b, c, and a + b + c < 1  if and only if || 
T(x) - T(y) || ≤  a || x – y || + b || T(x) – x || + c || T(y) - y 
|| for every x,  y ∈  X. 
 
Notations and basic definition[3,6]: A mapping T on a 
normed space X into X is said to be contraction if and 
only if there is a non - negative real number r < 1 with 
the property that || T(x) - T(y) || ≤  r || x – y || for every 
x,  y ∈  X. A point y∈  X is said to be fixed point with 
respect to the operator T if and only if  T(y) = y. As T is 
contraction, it preserves strong convergence, but it does 
not preserve weak convergence in general. 
 Let X be a linear space. Then a function f from X 
into (-∞, ∞] is said to be lower semi continuous and 
convex if it satisfies the following conditions: 
* For any real number α, the set { x ∈  X : f(x) ≤ α } 

is closed convex subset of X ( lower semi 
continuous). 

* For any x, y ∈  X and t ∈  [0, 1],  f( tx + (1-t) y ) ≤  
t f(x) + (1-t) f(y) (convex function). 

 A normed space X is said to be weakly Cauchy 
normed space if and only if every Cauchy sequence in 
X is weakly convergent to an element x in X. We have 
the following:   
 
Lemma1: Let X be a normed space and T be {a, b, c} - 
contraction operator. Then for any natural number n 

and  x  in X, we have || Tn+1(x) - Tn(x) || ≤ 
n

c
ba








−
+

1
 || 

T(x) – x ||. In this case clearly, the sequence {|| Tn+1(x) - 
Tn(x) ||} n∈N converges to zero. 
Proof. Since || Tn+1(x) - Tn(x) || ≤ a || Tn(x) - Tn-1(x) || + b  
|| Tn(x) - Tn-1(x) || + c || Tn+1(x) -Tn(x) ||, || Tn+1(x) - Tn(x) 
|| ≤ (a + b) || Tn(x) - Tn-1(x) || + c || Tn+1(x) - Tn(x) ||, we 
have (1-c) || Tn+1(x) - Tn(x) || ≤ (a + b) || Tn(x) - Tn-1(x) ||, 

thus, || Tn+1(x) - Tn(x) || ≤ 







−
+

c
ba

1
|| Tn(x) - Tn-1(x) ||, 

repeat the last step with the term || Tn(x) - Tn-1(x) ||  (n-
1)-times, we get the proof. 
 
Corollary1: Let X be a normed space and T be {a, b, 
c} - contraction operator. Then for any x and y in X the 
sequence {|| Tm (x) - Tm(y) ||} m∈N converges to zero. 
 
Proof: For any natural number m, we have || Tm(x) - 
Tm(y) || ≤ a || Tm-1(x) – Tm-1(y) || + b || Tm(x) – Tm-1(x) || 
+ c || Tm(y) – Tm-1(y) ||. Use Lemma (1), we get || Tm(x) 
– Tm(y) || ≤ a || Tm-1(x) – Tm-1(y) || + 1

1

−








−
+ m

c
ba [ b || T(x) 

– x || + c || T(y) – y || ], repeat the last step with the term 
|| Tm-1(x) – Tm-1(y) ||, we have || Tm(x) – Tm(y) || ≤ a { a || 

Tm-2(x) – Tm-2(y) || +
2
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|| ], repeating the last steps (m-3)-times, we see that || 
Tm(x) – Tm(y) || ≤ am || x – y || + { am-2
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T(y) – y || ]. Since both of the sequences {am}m∈N  and 

{ 
m

c
ba








−
+

1
}m∈N are converging to zero, taking the 

limit as m tends to infinity completes the proof. 
 
Corollary2: Let X be a normed space and T be { a, b, 
c} - contraction operator. Then for any  x  and  y  in  X  
and any natural number  m  we have limn→∞ || Tm(y) - 

Tn(x) || ≤ 
m

c
ba

cba
c
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1 || T(y) – y ||. In this 

case clearly, the sequence { limn→∞ || Tm(y) - Tn(x) || } 

m∈N converges to zero. 
 
Proof: for any natural numbers m, n and  m < n, we 
have  || Tm(y) - Tn(x) || ≤  || Tm(y) – Tm+1(y) || +  || Tm+1(y) 
– Tm+2(x) || +…+  || Tn-1(y) - Tn(y) || + || Tn(y) - Tn(x) ||, 
using Lemma (1) and Corollary (2), we see that || Tm(y) 

- Tn(x) || ≤ {
m
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– y || ], taking the limit as n tends to infinity gives 

{am}m∈N  and {
m

c
ba








−
+

1
}m∈N  tend to zero and the 

proof. The following is our generalized Theorem: 
  
Theorem2: Let X be a weakly Cauchy normed space, 
C be a closed convex subset of X and T be {a, b, c} - 
contraction mapping from C into C. Then T has a 
unique fixed-point y ∈  C. Moreover for every x ∈  C 
the sequence of iterates {Tn(x)}n∈N is converging 
strongly to y, limn→∞ Tn(x) =y. 
 
Proof: Let x in C, since T is {a, b, c} - contraction on 

C, the inequalities || Tn+1(x) - Tn(x) || ≤ 
n

c
ba








−
+

1
|| T(x) – 

x ||, insure that,  if  l ≤  m, we have, || Tm(x) - Tl(x) || ≤ 
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and in turns it shows that, the sequence {Tn(x)}n∈N  is 
Cauchy sequence in C ⊂  X, since X is weakly 
Cauchy,  the Cauchy sequence { Tn(x) }n∈N  is weakly 
convergent to some element y ∈  X. 
 But C is convex closed, it is closed in the weak 
topology as well, y in C. We claim that the element y is 
the unique fixed point of T. To prove such a claim, let l 
be any arbitrarily natural number and define the lower 
semi continuous convex real valued function µl on C by 
the following formula: µl(x) = || Tl(y) -  x || for any real 
number α, the set   Glα:= { x ∈  C : µl(x) ≤ α } is closed 
convex subset of C and in particular, for any ε  > 0 the 
set  G{ || Tl(y) – y ||-ε }:= { x ∈  C :  || Tl(y) – x || ≤ || Tl(y) – 
y || - ε } is closed convex, hence it is closed in the 
weak topology, therefore its complement, Gc

{ || Tl(y) – y ||-

ε }:= { x ∈  C :  || Tl(y) – x || > || Tl(y) – y || - ε } is 
weakly open set which containing y, then there is a 
neighborhood N(y) of y such that N(y) ⊂  Gc

{|| Tl(y) – y ||-

ε }, on the other side, using the fact that y is the weak 
limit point of  { Tn(x) }n∈N , there is n0∈N such that 
Tn(x) ∈  N(y) for  every  n ≥ n0, it follows that, || Tl(y) -  
y ||  - ε  < || Tl(y) - Tn(x) ||    for  every  n ≥ n0 . We 
have two cases, the first is when  n0 ≤ l, for such a case, 
one has || Tl(y) – y ||  - ε   < || Tl(y) - Tl(x) ||, which in 
turns, using Corollary (1), gives, liml→∞ || Tl(y) – y ||  - 
ε  = 0. 
 The other case, if  l < n0 , using Corollary (2), for 
that case, we see that  Liml,n→∞ || Tl(y) - Tn(x) || = 0, 
hence liml→∞ || Tl(y) – y ||  - ε  = 0. In both cases, we 
have 0 ≤  liml→∞|| Tl(y) – y ||  < ε  Since ε  is 
arbitrarily, one get liml→∞|| Tl(y) – y ||  = 0, thus the 
sequence { Tn(y) }n∈N  converges strongly to y. 
Finally, we have  || y - T(y) || ≤ || y - Tn(y) || +  || Tn+1(y) 
- Tn(y) || + || Tn+1(y) - T(y) || ≤ || y - Tn(y) || + || Tn+1(y) - 
Tn(y) || + a || Tn(y) – y ||                             
+ b || Tn+1(y) - Tn(y) || + c || T(y) – y ||, Thus, (1-c) || y - 
T(y) || ≤  (1+a) || y - Tn(y) || + (1+b) || Tn+1(y) - Tn(y) ||, 
Hence, || y - T(y) || ≤ 








−
+

c
a

1
1  || y - Tn(y) || + 








−
+

c
b

1
1  || 

Tn+1(y) - Tn(y) ||, Since limn→∞|| y - Tn(y) || = 0 = 
limn→∞|| Tn+1(y) - Tn(y) ||, we see that T(y) =y and y is a 
fixed point of  T. To show that y is unique, let  z  be 
another fixed point, we have the following 
contradiction, || y – z || = || T(y) - T(z) || ≤ a || y – z || + b 
|| T(y) – y || + c || T(z) – z || = a || y – z || < || y – z ||. To 
end the proof, let us show that the weak convergence of 
the sequence { Tn(x) }n∈N to the point y is actually a 
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strong convergence, since  || Tn(x) – y || = || Tn(x)- Tn(y) 
||, using Corollary (1), we ends the proof.  
 The following Theorem is a more generalization of 
Banach contraction principle in the case of weakly 
Cauchy normed space.  
Theorem3: Let X be a weakly Cauchy normed space, 
C be a bounded closed convex subset of X, if T is 
contraction operator from C into itself, then T has a 
unique fixed point, y in C. Moreover for every x ∈  C, 
the sequence of iterates { Tn(x) }n∈N  is converging 
strongly to y. 
 
Proof: We only notice that the contraction mapping is 
{r, 0, 0} - contraction, then use Theorem 2 to get the 
proof. 
  
 Finally we have the following conclusion: 
 

CONCLUSION 
 

This paper suggested a new Theorem (1) which proved 
the existence of a unique fixed point of the generalized 
contraction mappings, namely {a, b, c}-contraction 
mappings. The {a, b, c}-contraction mapping defined 
on closed convex subset of a weakly Cauchy normed 
space, hence generalized the author’s results given in 
references [4], [5], [6], and [7]. Based on the proved 
theorem, the given normed space X is not necessarily 
complete and the generalized contraction condition is 
valid only on a closed convex subset of X. 
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