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Introduction

The idea of rough convergence was first
introduced by Phu (2001; 2002; 2003) in finite
dimensional normed spaces. He showed that the set
LIM! is bounded, closed and convex; and he

introduced the notion of rough Cauchy sequence. He
also investigated the relations between rough
convergence and other convergence types and the
dependence of LIM! on the roughness of degree r.

Aytar (2008a) studied of rough statistical
convergence and defined the set of rough statistical limit
points of a sequence and obtained two statistical
convergence criteria associated with this set and prove
that this set is closed and convex. Also, Aytar (2008b)
studied that the r-limit set of the sequence is equal to
intersection of these sets and that r-core of the sequence
is equal to the union of these sets. Diindar and Cakan
(2014) investigated of rough ideal convergence and
defined the set of rough ideal limit points of a sequence
The notion of /-convergence of a triple sequence spaces
which is based on the structure of the ideal / of subsets
of NxNxN, where N is the set of all natural numbers,
is a natural generalization of the notion of convergence
and statistical convergence.

Let K be a subset of the set of positive integers
NxNxN and let us denote the set K, = {(m, n, k) €
K:m <i,n<j, k<{ Then the natural density of K is
given by:
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Abstract: We introduced and studied the concept of /-convergence of triple
sequences in metric spaces where / is an ideal. The concept of /-
convergence has a wide application in the field of number theory,
trigonometric series, summability theory, probability theory, optimization
and approximation theory. In this article, we introduce rough intuitionistic
fuzzy Lacunary ideal convergent of triple sequence spaces via zwier
operators. We discuss general topological properties.
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where, |Kj;| denotes the number of elements in Kj,.
A triple sequence (real or complex) can be defined as
a function x: NxNxN—>R(C), where N, R and C

denote the set of natural numbers, real numbers and
complex numbers respectively. The different types of
notions of triple sequence was introduced and
investigated at the initial by Sahiner et al. (2007;
Sahiner and Tripathy, 2008) Esi (2014; Esi and Necdet
Catalbas, 2014; Esi and Savas, 2015; Esi et al., 2016;
2018), Dutta et al. (2013), Subramanian and Esi (2015),
Debnath et al. (2015) and many others.

Let (x,,x) be a triple sequence of real or complex

numbers. Then the series » " x, . is called a triple

Lk
series. The triple series Z: oY giVeE OnE space is said

to be convergent if and only if the triple sequence (S,,,)
is convergent, where:

Sy = 2 X, (monk=1,2,3.0).

mnk i.j.q=1

A sequence x = (x,,,) is said to be triple analytic if:

1
m+n+k
SUP,, e | Xyt | <.
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The vector space of all triple analytic sequences are
usually denoted by AA sequence x = () is called
triple entire sequence if:

1
| X, " — 0asm,n, k — .

The vector space of all triple entire sequences are
usually denoted by I"’. Let the set of sequences with
this property be denoted by A’ and I'° is a metric
space with the metric:

1
d(x,y)=sup,,,, {| X = Vo "Rk, 2,3,..}, (1.1)

for all x = {x,,x} and y = {y,u} in . Let @ = {finite
sequences}.
Let A and y be two sequence spaces and A= (a{”f) is

an infinite four dimensional matrix of real or complex
numbers ;" , where k, €, m, ne N. Then we say that 4

defines a matrix mapping from A to # and we do not it
by writing A: A—LL.

If for every sequence x = (x,,,;)€ A the sequence Ax =
{A(AX)un} € 11, then A transform of x ey, where (Ax),; =
zmznZka:’”xmnk’(k’ﬂ € N) .

By (4: p), we denote the class of matrices 4 such
that 4: A— . Thus ae(4,p) if and only if (4x)eu for
every xe .

The approach of constructing the new sequence
spaces by means of the matrix domain of a particular
limitation method.

The Z’-transformation of the sequence x = (Xuu),
(i.e.,) yix = pxix + (1-p) Xijok. Z8 denotes the matrix 2

= (z2,) defined by:
p: if (mnk — ijk);
Zos =1~ P f(i-1=mj-1=nk-1=k);

0, otherwise

The Zweier sequence space Z,, as follows:

Z, ={x=(xmnk)ea)3 :Z”xel"3}

e

In this study, we are working on to connect to studies
which was mentioned above in order to introduce rough
intuitionistic triple sequence spaces and study some
algebraic and topological properties on these spaces.

A fuzzy number X is a fuzzy subset of the real R’;
which is normal fuzzy convex, upper semi-continuous
and the X° is bounded where X’;= c/{xe R*: X (x) > 0}
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and c/ is the closure operator. These properties imply
that for each « €(0, 1], the a-level set X“defined by:

e 2] <[00

is a non empty compact convex subset of R’.
The supremum metric d on the set L(]R3) is defined

by:

d(X.Y)=sup, g, max(| X =Y || X" =¥]).

Now, given X, Ye L(R3), we define X<Y if X* <y~

and X* <Y* for each ae[0,].

We write X<Y if X<Y and there exists an o<[0, 1]
such that X <Y™ or X® <Y* .

A subset E of L(R3)is said to be bounded above if

there exists a fuzzy number z, called an upper bound of
E, such that X < u for every XeFE. yu is called the least
upper bound of E if x is an upper bound and x < /' for
all upper bounds /.

A lower bound and the greatest lower bound are
defined similarly. £ is said to be bounded if it is both
bounded above and below.

The notions of least upper bound and the greatest
lower bound have been defined only for bounded sets of

fuzzy numbers. If the set Ec L(R’)is bounded then its
supremum and infimum exist.

The limit infimum and limit supremum of a triple
sequence spaces (X,,) is defined by:

lim inf X . =inf4,.

mnk —o0

lim sup X, :=supBy.

mnk —o0

Where:

Ay = {ue L(R): The set {(m. n. k)& N’ : X,,, < 1} i infinite}
By:={ue L(R®): The set {(m. n. ke N’ : X,,,; < s} is infinite}

Now, given two fuzzy numbers X, Ye L(R3), we

define their sum as Z= X+ Y, where Z“:= X*+Y* and
7%= X*+Y* forall « € [0, 1].

To any real number aeR’, we can assign a fuzzy
number q, € L(R3) , wWhich is defined by:

w0y

if x=a,
otherwise |
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An order interval in L(R’)is defined by [X, Y] =
{Ze L(R*): X< Z <Y}, where X, Ye L(R’).

A set E of fuzzy numbers is called convex if Ay +
(1-)peE for all A€ [0, 1] and y4, €E.

Definitions and Preliminaries

In this section, we present some preliminary
definitions and results related to intuitionistic fuzzy
metric triple sequence spaces and that will be used
throughout the article.

Definition 2.1

The five-tuple (X, x& v, *, Q) is said to be an
Intuitionistic Fuzzy Metric Space (for short, IFMS) if X is
a vector space, * is a continuous #-norm, ¢ is a continuous
t-conorm and g, v are fuzzy sets on X x(0,0) satisfying the
following conditions for every x; y € x and s, > 0:

)]
@
(€))
“

6))
6
)
®
(€]

(10)v(ax, 1) = v[x,ltlj for each o0 # 0,
[0

Mlx, 1)+ v(x, N<1,

ux, >0,

U(x, f)=1if and only if x =0,

u(ox, 1) = y(x,mj for each o0 # 0,
a

Hx, 1) *pu(y, s) Sp(x +y, £+ s),

H(x, ): (0, ) = [0, 1] is continuous,

}igy(x,z) =1 and l{iil(‘)ly(x,l)= 0;

vix, ) <1,

v(x, f) = 0 and if and only if x = 0,

(ID)v(x, 1) Ov(y, $)zv(x +y, 1 +3),
(12)v(x, -): (0, ©) — [0, 1] is continuous,
(13) }imv(x,t) =0 and !irrolv(x,t) =1.

In this case (, v) is called intuitionistic fuzzy metric.
Definition 2.2

Let (X, u, v, *, 0) be an rough intuitionistic fuzzy
metric space and £ be a non negative real number. A
triple sequence x = (x,nk) in X is said to be
convergent to LeX with respect to the intuitionistic
fuzzy metric (x4, v) if, for every € €(0, 1) and 7 > 0,
there exists mgnokoe N such that p(x,,-L, )>1-(f+ €)
and v(x,,-L, £) < B+ € for all m > my, n > ny, k > k.

It is denoted by (g, v)-lim x = L.

Definition 2.3

Let (X, g, v, *, 0) be an rough intuitionistic fuzzy
metric space and S be a non negative real number. A
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triple sequence x = (x,,;) in X is said to be a Cauchy
sequence with respect to the rough intuitionistic fuzzy
metric (g, v) if, for every € €(0, 1) and ¢ > 0, there exists
monokoe N such that g(x,u-Xuw, ) > 1 - (8 + €) and
VX k=X £) < B+ € for all m, n, k, u, v, w > monok.

Definition 2.4

Let (X, 1, v, *, 0) be an rough intuitionistic fuzzy
metric space. For £~0, the open ball B(x, r, ) with center
x€ X and radius r € (0, 1) is defined as:

B(x,r,t)={

yeX u(x-y.1)
>1-randv(x-yt)<r

Definition 2.5

If X be a non-empty set. Then a family /c P(X) of
subsets of X is called an ideal in X if and only if:

(i) 0el
(ii)) A, B € I implies AcB € |
(iii) For each 4 € I and B — 4 we have Bel

where, P(X) is the power set of X.

Definition 2.6

If X be a non-empty set. Then a non-empty family of
sets Fc P(X) is called a filter on X if and only if:

i () oer
(ii) A, Be F implies that AnNBe F
(iii) For each A€ F and BoA we have Be F

An ideal / is called non-trivial if 7#0. A non-trivial
ideal 7 — P(X) is called an admissible ideal in X if and
only if it contains all singletons, i.e., if / D {{x}: x € X}.

Remark 2.1

For each ideal [/ there is a filter #(/) which
corresponding to / (filter associate with ideal /), that is:

F(I){Kc X:K el}.whereK“ = X \K. @2.1)

Definition 2.7

The triple sequence 6, ,; = {(m;, n,, k;)} is called triple
lacunary if there exist three increasing sequences of
integers such that:

my=0,h =m, —m, | —>oasi—>o©
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and:

n, =0,

=

, =n, —n,_, >0 as [ — oo,

k=0, h =k —k - asj—>o.

Let mj¢; = mmk;, hio; = hihch; and 6,4, be determined
by:

(m.nk):m_ <m<mandn,_,
= b
<n<n andk, <k<k,

mk 7_ nl 7_ k/

Definition 2.8
Let Ic P(N) and let (X, u& v, *, 0) be an rough

intuitionistic fuzzy metric space and £ be a non negative
real number. A triple sequence X = (x,,;;) in X is said to
be Lacunary /-convergent to LeX with respect to the
rough intuitionistic fuzzy metric (g, v) if, for every e (0,
1) and £ > 0, the set:

reN: > y(xmk —L,t)s(l—(ﬂ+f))
rst (mnk)ed,

el
orL z v(xmnk —L,t)z/)’+f

st (mnk)ed,

zl

st (mnk)ed,

L is called the Lacunary /-limit of the triple sequence x =
(%) and we write If,""’) -limx=1L.

Definition 2.9

Let (X, g, v, *, 0) be an rough intuitionistic fuzzy
metric space and S be a non negative real number. A
triple sequence x = (x,,) in X is said to be Lacunary /-
Cauchy with respect to the rough intuitionistic fuzzy
metric (4, v) if, for every e€(0, 1) and 7 > 0, there exists
meN satisfying:

reN:i z y(xmk —xuw,,t)s(l—(/)’+f))

st (mnk)el,

1
or— Z v(xmnk —xww,t) >f+e

st (mnk)ed,

el.

Zweier 1" -Convergent Sequence Spaces

The Zweier operator and /,convergence of triple
sequences in an rough intuitionistic fuzzy metric spaces
and S be a non negative real number, we introduce the
following new Zweier triple sequence spaces and
examine some algebraic and topological properties on
these spaces. Throughout the article, for the sake of
convenience now we will denote by Z(x,.) = X',
Zp(ymnk) = J", Zp(zmnk) = z' where x = (xmnk)a y= (ymnk)a z=
(Zmn) are in o:

st (mnk)el,

=qx=(x,,)ew:{reN:— u(xl,, —Lt)<1—(B+e)or— v(x . —Lt)>p+erel 3.
(he) l (f+€)or—

Zé:‘w)={x=(xmnk)ea):{reN:1 > y(x,’mk,t)sl—(ﬁ+f)oth > v(x:nnk,t)zﬁ+f}el} (3.2)

st (mnk)ed,

st (mnk)ed,

Also, we define an open ball with center x" and radius » with respect to ¢ as follows:

B(x',r,t)={y=(yk)ea):{reN:hlZ ,u(x'—y’,t)s1—(ﬁ+f)orhL Zv(x’—y’,t)2ﬂ+€}el} (3.3)

r ked,

Theorem 3.1

1, 1, :
The space 7, and Z;, , are linear space.

)
Proof

We prove the result for Z%

0(u.v

let o, ybe scalars. Then for a given € >0, we have:

)- The proof for other space will follow Similarly. Let x' = ("), V' = ' i) € Z°

r kel,

(o) and
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rst (mnk)eJ, st (mnk)eJ,

1 t 1 t
A =<mnkeN:— xo—L,——|<1-(f+¢e)or— vlx . —L,—— |=2f+¢€
{ e w)hz(“z'al]ﬂ}
1 . t , ¢
Ay ={(mnk)eN:— Y uly, —L,——|<1- eor— dov ymnk—Lz,ﬁ >crel,
a

st (mnk)ed, rst (mnk)eJ,

) 1 1 t
A =(m.nk)eN:— v~ Lys +eor— o= La—— |<Bterel
| {(mn ) T [ﬂ o ZV(“ ) }

st (mnk)eJ, st mnkelJ,

45 mnk)eN — > ,u(ym 2 ]>1—50r [y:nnk—Lz,t]</)’+f e F(I)
h rst (mnk)eJ, 2 | a |

rst (mnk)e,

Define the set A5 = 4,N4,, so that A;el. it follows this is implies that:
that 4; is a non-empty set in F(/). We shall show that

for each ('), (V' )€ 2" (11.v). (mnk)eN: L > y(ax:nnk + ;/y,’m,c)—(aLl + yLZ)]

st (mnk)eJ,

Let me A!. In this case: A co>1=(f+e)
1 ’ ’
or— v(xmnk + ;/ym)—(aLl + yLz) <B+e
L z ,U(x;bc—[,l ! j>1—(ﬂ+f) hr:f ((mnk)e,
hrst, (abc)ed, 2 | a |
orL Z v| Xy — Ly LI, L+e Hence Z/ 1s a linear space.
abc (
rst, (abe)ed, 2 | a |
‘ Theorem 3.2
and:
Every open ball B(x', ¢, f) is open in Z .
1 t
— u y;c—Lj>1—(ﬂ+6)
hy, (abé./, ( 20y Proof
OrL z V(y;bc gt J< Bie Let B(’_C,’ t, f) be an open ball with center x' and
41, (abe)e, 2ly| radius S with respect to z. That is:
we have: B(x.t,3)
1 ’ ' . L I —
— > ,u((axm + BV )~ (el + ﬂLz),t) [(mnk) eN: > u(x-Lo)<1-p
7st, (abc)el, - rst (m.n.k)ed, cl
1 t 1
— ax', +al ,— + 8L, — or— > v(xp—Lt)2p
hrst (rhzl #[ o ' 2) hru abcgl #(w/abc ﬂ : ] st (m.n.k)ed, ( ' )
1 t 1 t ' Crot
=— yri x[”,+L,j* y[y;c+L,j Lety'eB(x', ¢, f). Then:
hrsr (abc%./, ( ’ ' 2 | a | hrst ((rhcz)eJ, ’ ’ 2 | e |
1 ’ ’ 1 ’ ’
>(1=(B+e))x(1=(B+e))=(1-(8+¢)). . Z): ﬂ(x—y,t)>l—ﬂand7( Z): v(x'=y.0)<p
rst m nk)ed, rst (m,n.k)eJ,
and: : " ; .
Since w(x'-y', t) > 1-4, there exists #5€(0, 1) such that:
1 ! ’ ’ ’
hf #((a‘xabc+ﬂyubc)_(a[‘l+}/L2)7t) IU(X _y’t0)>1_ﬂ
rst, (abe)ed,
1 1
, ¢ and — Z — z v(x'=y.t, )< B
2 (a Xabe — )07 z V(}/ym _7/L2>E) hrs[ (m.n.k)eJ, hr:t (m.n.k)eJ, ( 0)
rst (abe)ed, st (abc)ed,
1 t 1
0— V| Vi — L J Puttin = — X' =3t ). We have S, >
)st (abe)e, ( 2 | a |J rst (abé‘], ( ’ ? 2 | }/l & ﬂo hr:t z(m,n.k)ej, y( 7 O) ﬂo
>p+e0f+e= 1-83, there exists s(0, 1) such that:
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By >1-s>1-p. Theorem 3.4.
For f8;>1-s, we have /31, £,€(0, 1) such that: Z’f“) and Zéfm) are Hausdroff spaces.
By * B, >1—sand(1—/)’0)<>(1—/32)ﬁs. Proof
Putting f; = max{f,, S}, consider the ball B¢y, 1- We prove the result for Z’i ,- Similarly the result can be

B, t-ty). We prove that: proved for Z

()

Letx',)'e Z, , such thatx')’. Then:
Bc(y',l—;g,t—tO)CBc(x’,r,t).

1 U ’ 1 ’ U
Letz'e Bc(y,, 1'ﬂ3, t't()): 0 <7(mﬂ%e‘/’ y(x -y ,f) < lfz“l}’l(lla(m’y%e‘l7 V(.X -y ,[) <l.
1
— uly' =z2a-1,)>p . 1
P o, ;)f ( 0)> 4 Puting gy = -= 3 ux'~y, 0 and f =
):t mnl. eJ,
and— vy =z t—t,)< Bs.
rst (m.n.k)el, ( O) ’ L z V(x"y,, t) and r = maX{ﬂl, l—ﬂz}.
hm (m.n.k)ed,
Therefore: For each fye(f, 1)35; and S, such that:
1 ’ ’ l ’ !
e > =)z 3 u(x-y) By oz fy and (1= 4, )0(1= ) < (1= 4, )
st (m.n.k)eJ, rst (m.n.k)ed,
*hL z y(y/_z,’ [ fo) Putting 35 = max{f;, 1-f,} and consider the open ball
e B(x',l— i3 ’) and B(y',l— i3 ’) :
2(8,%B)2(B,* B )2 (1-5)>(1-B) 2 2
Clearly:
and:
1 (x 1-5— ﬁB(y 1- ,35 ¢j~
— z v(x'—z',t)
hrst (m,n.k)eJ,
1 ’ ’ 1 ’ ' 1 3 ’ r_ L r1_ L
S/T z v(x —y,tO)O— Z v(y —z,t—lo) For if there exists z' € B(x,l Bs sz[y,l Bs 2).
rst (m.n.k)ed, st (m.n.k)eJ,
Then and:
<(1-4)o(1-8)<(1-8,>(1-5,)<s< B
1 ’ ’ 1 ’ ’ t
Thus z’eB°(x’, t, B) and hence By, 1-5;, 1~y C i = D ulx —y,t)Zh )y /‘[" ‘Z»Ej
ot st (m.n.k)el, rst (m.n.k)eJ,
B(x', 1, P)). |
’ U t
Remark 3.1. *Tr(mn,~>éj /‘[z ‘y=§)
ZIH ISRIFMS 2ﬁ5*ﬂ52ﬂ3*ﬁ32ﬂ0>ﬂ1~
Define 7, = {Ac 7, for each xe4, 3¢ > 0 and and:

Be(0, 1) 5.t B, 1, f) A}
Then 7, is topology on Z;, , . B, _ S (- y)

hrst (m.,n.k)eJ,

Theorem 3.3 1
s— ) v(x—zf — > v(z— ',fj
The topology 7, on Z(: , is first countable. Pt (mnbye, 2) M maiyes, 2
Proof <(1- ) (l—ﬂg)s(l—ﬂ4)<>(1—ﬁ4)
<(1-4)<p >

{B[x' ! 1] n=1273,. }is a local base at x' the

T30 3
n n

which is contradiction. Hence 7z’

topology 7, is first countable. (1 18 Hausdroff space.
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Conclusion

The triple sequence spaces of rough intuitionistic
fuzzy zweier lacunary ideal convergence of sequence
have been defined here and some algebraic and
topological properties of these spaces are investigated.
These definitions and results provide new tools to deal
with the convergence problems of triple sequences in the
fuzzy settings, occurring in many branches of science
and engineering.

Authors Contributions

All authors of the manuscript have read and agreed to
its content and are accountable for all aspects of the
accuracy and integrity of the manuscript.

Competing Interests

The authors declare that they have no competing
interests.

References

Aytar, S., 2008a. Rough statistical convergence. Numer.
Funct. Anal. Optimiz., 29: 291-303.
DOI: 10.1080/01630560802001064

Aytar, S., 2008b. The rough limit set and the core of a
real sequence. Numer. Funct. Anal. Optimiz., 29:
283-290. 10.1080/01630560802001056

Debnath, S., B. Sarma and B.C. Das, 2015. Some
generalized triple sequence spaces of real numbers.
J. Nonlinear Anal. Optimiz., 6: 71-79.

Diindar, E. and C. Cakan, 2014. Rough /-convergence.
Demonstratio Math., 47: 638-651.
DOI: 10.2478/dema-2014-0051

Dutta, A.J., A. Esi and B.C. Tripathy, 2013. Statistically
convergent triple sequence spaces defined by Orlicz
function. J. Math. Anal., 4: 16-22.

78

Esi, A. and E. Savas, 2015. On lacunary statistically
convergent triple sequences in probabilistic normed
space. Applied Math. Inform. Sci., 9: 2529-2534.
DOI: 10.12785/amis/090537

A. and M. Necdet Catalbas, 2014. Almost
convergence of triple sequences. Global J. Math.

Anal., 2: 6-10. DOI: 10.14419/gjma.v2i1.1709

Esi, A., 2014. On some triple almost lacunary sequence
spaces defined by Orlicz functions. Res. Rev.:
Discrete Math. Structures, 1: 16-25.

Esi, A., N. Subramanian and A. Esi, 2018. Wijsman
rough /-convergence limit point of triple sequences
defined by a metric function. Annals Fuzzy Math.
Inform., 15: 47-57.

Esi, A., S. Araci and M. Acikgoz, 2016. Statistical
convergence of bernstein operators. Applied Math.
Inform. Sci., 10: 2083-2086.

DOI: 10.18576/amis/100610

Phu, H.X., 2001. Rough convergence in normed linear
spaces. Numer. Funct. Anal. Optimiz., 22: 199-222.
DOI: 10.1081/NFA-100103794

Phu, H.X., 2002. Rough continuity of linear operators.

Numer. Funct. Anal. Optimiz., 23: 139-146.

DOI: 10.1081/NFA-120003675

H.X., 2003. Rough convergence in infinite
dimensional normed spaces. Numer. Funct. Anal.

Optimiz., 24: 285-301. DOI: 10.1081/NFA-120022923

Sahiner, A. and B.C. Tripathy, 2008. Some I related
properties of triple sequences. Selcuk J. Applied
Math., 9: 9-18.

Sahiner, A., M. Gurdal and F.K. Duden, 2007. Triple
sequences and their statistical convergence. Selcuk
J. Applied Math., 8: 49-55.

Subramanian, N. and A. Esi, 2015. The generalized
tripled difference of %’ sequence spaces. Global J.
Math. Anal., 3: 54-60.

DOI: 10.14419/gjma.v3i2.4412

Esi,

Phu,



