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Acronyms and Notations

FGM Farlie-Gumbel-Morgenstern.

RSS Ranked Set Sampling.

ORSS Ordered Ranked Set Sample.

SRS Simple Random Sampling.

pdf probability density function.

df distribution function.

1D Independent and Identically
Distributed.

INID Independent and  Non-Identically
Distributed.

r.v.’s random variables.

X r-th ordered failure time when the
sample size is 7.

XORSS i-th ORSS.

OS5 G ORSS mean and variance of X 2%,
Yim r-th concomitant of order statistics.
e r-th concomitant of ORSS.

F (), £ (v) dfand pdf of the concomitant of ¥77" .

Hen) Hen)

Introduction

The concept of RSS, was first suggested by McIntyre
(1952), has been introduced as a method to increase the
precision of estimated yield without the bias of researcher-
chosen samples and reduce cost by using simple judgment
or qualitative information. RSS is a cost-efficient
alternative to SRS, particularly in situations where the
measurements on the selected subject are expensive or
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Abstract: This paper develops the distribution theory of concomitants in
the context of ordered ranked set sample from the Farlie-Gumbel-
Morgenstern bivariate family. Here, we derive the joint distribution of
concomitants of two ordered ranked set sample and obtain their single and
product moments alongside the correlation coefficient. Finally, an
application of the results in establishing the moments and the variance-
covariance for the Gumbel’s bivariate exponential distribution.

Keywords: Concomitants, Gumbel’s Bivariate Exponential, Morgenstern
Family, Ordered Ranked Set Sampling

difficult to obtain, see Yu (2001). Many authors have
tried to evaluate the performance of RSS, see for
example Halls and Dell (1966), Martin et al. (1980) and
Alodat and Al-Sagheer (2007). Takahasi and Wakimoto
(1968) have presented a more detailed mathematical
development for the RSS. During the last three decades,
there has been much work on RSS to improve and study
the estimation of population parameters, see for example
Sinha et al. (1996), Samawi et al. (1996), Adatia (2000),
Al-Saleh and Al-Omari (2002), Shaibu and Muttlak (2004),
Balakrishnan and Li (2008), Kadilar ef al. (2009), Al-Saleh
and Samawi (2010), Ozturk (2011), Mohie El-Din et al.
(2015) and Sadek et al. (2015). The prediction problems
based on RSS are studied by several authors, for instance
Salehi et al. (2015), Kotb (2016), Mohie El-Din et al.
(2017) and Kotb and Raqgab (2017).

Let X, X5, -, X, be a sequence of IID r.v.’s of size n
with a continuous distribution F. Mclntyre’s concept
depends on measuring, the smallest observation from the
first sample (denoted as JXj;), the second smallest
observation X, from the second sample and so on until
the maximum observation X, from the last sample. We
call this process as a one-cycle RSS of size n and the
measured RSS units are denoted by Xj;, X5, +*, X, By
repeating this process independently m times, we obtain
secondary sample of size nm form RSS.

The RSS estimator j,, and variance of the

population mean are given by:

n 2

b :lZXu and Var(ﬂkss):i_iz S (/‘u —,u)z.

n o n noio
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Mclntyre (1952) showed that average yield of pasture
[ 1 unbiased estimator. Takahasi and Wakimoto

(1968) studied the variance of ji, and showed that
Var( fiyss ) <Var(fgs ), where fig, and fi, are unbiased

estimators for the population mean u of a sample of size
n obtained from the SRS and the RSS schemes,
respectively. They showed also that:

Var | fiss
1<eff (l&RSS » Hgrs ) = I/Z:gy;

In addition, Stokes (1980) showed that:

n+l1
5

<

Hpss

Var (62
S#R;), for n sufficiently large,
MSE (67 )

~ ~ . . 2
where, 65, and 6, are usual unbiased estimators of o

from the SRS and the RSS schemes of size n, respectively.

The idea of RSS based on order statistics from INID
r.v.’s has been introduced by Balakrishnan and Li (2008).
They showed that the BLUE based on ORSS are more
efficient than the BLUE based on RSS for the normal,
logistic and two-parameter exponential distributions.

Now, let the n pairs (X, ¥;) be IID r.v.’s drawn from a
bivariate distribution with df F(x, y). If the (X;, ¥;) are
ordered by their X-variates (in increasing order of
magnitude), then the Y values associated with the X,.,,
1<r < n of X (denoted as Y., is called the concomitant
of the r-th order statistics.

The paired (X, Y) is said to be a bivariate FGM
distributed if the bivariate df F(x, y) is an absolutely
continuous such that:

Fe (vo)=Fe ()5 (¢)(1+a(1-F (1)) (1=F (), (1)
where, —1 < @ < 1. The corresponding pdf is given by:
Loy (®9)=F (5 )y (0)(1+a(2F (x)=1)(25 (v)-1)). (@)

Therefore, the conditional df and pdf of ¥ given X = x
are given by:

Eu(ylx)=F ) (1+a(1-2F,@)(1-F (),  3)
and:
Frw W 1x) =1 )1+ (26, ) -1)(25 ) -1)), (@)

respectively. This family, was first suggested by
Morgentern (1956), is characterized by the specified
marginal dfs Fy(x) and Fyy) of rv.’s X and 7V,
respectively. Gumbel (1960) investigated and studied this
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model for exponential marginals. The FGM is a flexible
family useful in applications provided the correlation
between the r.v.’s is not too large. References on this
family may be found, among many others in Farlie (1960),
Johnson and Kott (1975; Johnson and Kotz, 1977),
Bairamov and Bekci (1999) and Beg and Ahsanullah
(2008). A wide variety of applications for concomitants
been used in many fields such as inference problems,
ocean engineering, selection procedure, double sampling
plans and prediction analysis. These applications for
concomitants were introduced by Gross (1973), O’Connel
and David (1976), Yang (1977), Yeo and David (1984),
Castillo (1988), Do and Hall (1991), Balasubramanian and
Beg (1997) and Domma and Giordano (2015). For
comprehensive and superb review of work on
concomitants of order statistics, we refer the reader to the
Handbook of Statistics by David and Nagaraja (1998).

The rest of the present paper is organized as follows:
The next Section contains some preliminaries. In section 3,
we use the idea of order statistics from INID r.v.’s to derive
the pdf, joint pdf and distribution of the concomitants from
the FGM bivariate family (1) based on ORSS. In section 4,
we obtain the single moments, product moments and the
variance-covariances of the concomitants of ORSS. In
section 5, the Gumbel’s (1960) bivariate exponential
distribution are used as special case of our results. We end
the paper with a short conclusion in section 6.

Preliminaries

Let the pairs (X;, Y)), i = 1, 2,---, n be a sequence of
IID random variables with df F(x, y). This sequence will
be referred to here as a SRS. Let Xy, X»,, X, j = 1,
2,-+-, n be the visual (judgment)-ordered observations of
n sets within a one-cycle. The procedure of a one-cycle

RSS can be described in the following Scheme 1:

Xu< X< <Xin — Xn
X < X< <Xon — X
X}ll S ‘/YFIQ S S ‘YHH '_> X}UI
N——’

Judgment Rank RSS

Scheme 1: A ranked set sample design with sample size n

Also, we will need the following definition in the next
section to obtain the joint pdf of the concomitants of ORSS.

Definition 1

Let B = (b;;) be a real square matrix of size nxn. The
permanent of B is defined to be the scalar:

PerB = Zﬁbm s (%)
P =l
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where, Xp denotes the summation over all n!
permutations (iy, i, ", i,) of (1, 2,---, n).

If we arrange the X’s in ascending Xppss = X% <
XIS < < X OB where X2 is the ith ORSS from a
continuous population F(x, y), then the Y’s associate with

these ORSS are denoted by Y ORSS,Y[E’]RSS,- Y[HO]RSS and are

called concomitants of ORSS. By using the results for
order statistics from INID r.v.’s (see Balakrishnan (2008)
and Balakrishnan and Li (2008)), the one dimensional
marginal density function of ORSS is given by:

| ZZQ g ), x eR, (6)

where, Xp was defined in Definition 1,

S35 5

Ly gi=h =i jen=0 j,=0

and f .(x) is the density of Y ., see Arnold et al.

(1992) and David and Nagaraja (2003).
The following function is the two dimensional
marginal density function of ORSS:

ORSS
frt'n ('x ’x )
Z f L (x X ) -0 <x, <X, <00,
7

ij.k

()

see Balakrishnan and Li (2008), where:

n_ i
Lk =i =i jo=0 0 j, =0k =0 k=0
Jetl Jsol J
x 2 DINEDIEDN
kpn=jmtloivy  koa=joa i koy=0 k=0

¢ i (rs)=¢ . (r.5) (r=1)(s"=r _1)l(n2—s')
i,j.k( ) r/’f( (r,l)!(s 7r71)!(n*i’)!(”2)!’

st {00 60 )
(e e )

v=ly #r.,s v=r+ly#s

s'= va+l +Zk

v=ly#s

and S (xl ,xz) is the joint density function of X..

2
and X ,,1<r'<s'<n"

The mean and the variance of X% are given by:
ORSS ORSS
Hip - J. xf
and
2 ® ORSS \? 1 ORSS
Gi:n :J:oo(x _:ui:n ) fi:n (X )dx

In addition, the parent pdf and the corresponding
mean of RSS can be expressed as:

g(x) =3O (x), =S S,

nii= nii=

and the corresponding variance is given by:

1 1

Distribution of Concomitants of ORSS

For the FGM bivariate distributions with df and pdf
given by (1) and (2), respectively, the df and pdf of the
concomitant of %1%, 1 <7 <n are given, respectively, by:

%?yzﬁwyumwuw,

®)
P ()= [ (0 12205 (3 e,

where, /9% (x)is the density of X 7. Utilizing (3), (4)
and (6) in (8), we find:

E (v)=F (v )[1+a( )(1 222% JJ ©)

Poij

and:

[ Pij

fORSS( )=f; (v )[l+a(1 2F, ( )(1 2ZZCU ’11]} (10)

Now, we derive the joint distribution of rth and sth

concomitants. The joint df of (Y ()R]SS,Y[fffs) 1<r<s<nis

given by:

ORSS

Fooa\yisy
) "

_J' J'*z - y1 Ix, Y\X(y2|x )f:’jis](xl,xz)dxldxz,

ORSS

where, [ (xl ,xz) is given in (7).
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Upon using (3) and (7) in (11) and after some
simplification, we obtain:

FORSS

[r.s:n]

_Fy(yl)Fy(yz){l-i-a(l 7 (v ))(1 ZZLch”krs J

(222)

(1 (yz))[l 2;‘]2:c‘]k r, v n _1:1] (12)
(1= ())1=F (»2))
< n’—s'+ 21"(112—29)

and the pdf corresponding to (12) is:
T (vioys)

i )[Ha(l 25y ))[
~a(1-28; (yz))[l—zZ n

1- ZZZCIM rv

P ik

&
)
n?—s'+1 2r’(n2—25)

o (n2 +1)(n2 +2)

)

n’—s'+1

> ik (r,s) n’+1

Al

{2

P i /k
More generally, the joint density function of
YRS .

(]’

:

YRS
(1]

YORSS

L
£ )

=1 Pﬂﬁwywy

(1<r1<ry, << r;<n), can be written as:

(13)

ORSS
el

(xu"'sxk)dxl"'dxw

where, y = (y1,"*, ») and [ (x1 ,-~~,xk) is the joint pdf

of (X xos)

From Definition 1 and (13), we readily see that the
joint pdf can be written as:

ORSS
,X
T

o () 1 EHf o, )j [ Pers, (x)

k ' (14)
x(H(l+a(2F(xi )-1)(2F (», )—1))}1551 cedx

see Balakrishnan (2008, pp. 19), where x = (xq,*-,

xi), dip = (m=D)!(r=ri=D! = (== 1)!(n-ry)! and
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PerBy(x) is the permanent of the following square
Matrix:

Bk(x)
k (xl) F;z(x1) -1
fi(x) fl) | n
R 5) = Ale)Afs) | o
| Al 7 (x) ; (15)
E () =F (v) = B (a)=F (o) | g o 21
fl(xk) fl;(xk) 1
1=K (xk) 1-F, (xk) n—r,

Moments of Concomitants Based on ORSS

Using the results of the previous section, we obtain
the single and product moments as well as the
variance-covariances of the concomitants of ORSS as
follows.

From Equation (10), the kth moment of ¥?7°, 1 <r <

n, is given by:

B(rp) =L
—y +a(1 ZZZCW ](,u(k)
Poi.j
where, 4 = E(Y), 1Y) = E(¥},)and k=1,2,
The product of
60 00

YORS Y”RSS) 1 <r<s<n,is given by:
(k.
orss My s:n]

[rzn] > L]
+a(l 2220”,C (r.s)

()RSS
ORSS ﬂ[r n]

(16)
- lé{(z)

),

n?+1

moment two  concomitants

Poij.k

—a[l 22 201 /k r, v = +1] (k)(/l([)—ﬂgg) (17)
7 ik 241
n*—s'+1
n n2+1
-t l_zgu&cl Jk (r,s) 2r'(nz —2s)
) _(n2+l)(n2+2)
() = ) = )+ ) ).

Furthermore, using (16) and (17), the variance-
covariances of the concomitants of ORSS for r < s is:
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oS =i 2l 102) Y S (s

P ijk n+1

n’—s'+1

n?+1

_az(,u—,un) 1- 2;121((:”/( rs 2r'(n2—29)
(n2+1)(n2+2) (18)

—2ay(u—ym)[l—;m y X3, e +1]

~ n 111 55
o] {55500 J{l £
and:
o,

—a[l 222% 1]{#‘”—#@ 2u(u =) (19)

0]

From Equation (6)-(8) and (13), we can easily show
the following:

+0{1—22ch ;

ce {E(Var[Yl X, =x,.]) }

war(E[Y, 1%, =x_.])|
and forr=s (r'#s’):

[rn] 27 [s:n]

_chuk s)Cov (E[Y, |X, =X, . LE[Y, |X, =X .])

Cov (Y ORSS Y ORSS)

By using the facts that (EUEED WD Sl WP

[i:n] —17i(im) 2

we obtain the following relations immediately:

ZORSS/H[(HI] ZORSS/u1n Zﬂm _”/Un’

i=1 i=1

n-1
ZZORSS/LI[[I:::n]:ZZORSS/u1/n ZZMn /n’

i=1j>i i=1j>i i=1j>i

and:

z ORSS /u[(ik,i):n] =E (zyifffn))J = ”/‘1(’;)1
i i

Application

We consider an RSS (X, V), i =1, 2,---, n from the
Gumbel’s bivariate exponential distribution of the
Morgenstern family (see Gumbel (1960)), whose cdf
is given by:

Fyy (x,y)

L S e

where, x, y>0 and f;, f,>0. Hence, from (16), the
moments of Y7 is given by:

k
ORSS /U[(y:,)y]

=T(k +1) {1+0{1—222c‘ i

J(z_k _1)}@’ Q1)

n’+1

and, from (17), the product moment of ¥ and ¥7'", is

given by:

ORSS /‘[(fs(l]

=I(k +1)F(€+1){1+a[1—2z > (r,s):J(z"f -1)
i n’+

[1/1( 1

_az[l_zgi;(‘:i,j,k (r’s){n2 —zs'+1 B 2/(112 —29) H

n 4+l (0’ +1)(n’ +2)
X142 =2 =2 g

_a[l > S e, (rs) i” (27-1) (22)

Consequently the expected value and the variance of

Y[ff]ss can be obtained from Equation (21) as follows:

P i,j

E(r o= ﬂ2[1_(1—222c, S ID (23)

and:

s r,n
b5 0

2; ]+1—x/§]
+1
J+1+J—J

Furthermore, using (18) and (19), the variance-

24

x[a{l ZZZC’ J

covariances of (Y JAR ) is given by:
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O-ORSS nlos'=r'+1 and:
r:n] ﬂZ 1- a;l;Cl] k r, T n +1
@ [1 222 {”2 —s'+1_ 2(n’-2s) }J 5 = )| (26)
— ¢ 7, - 7
4 iy o ? n? +1)(n*+2 (1 2 ]{ 1+(1 2 ]}
)] Y S5
+a[1 ;;c"” n*+1 Z; RANE'E +1J By using Equation (23), (25) and (26), the
R moments of concomitants of ORSS can be derived
_(1 zz i ][ ] from the moments of ORSS for the Gumbel’s
PPl ” 41 bivariate exponential distribution.
Table 1: Means of the concomitants of ORSS for Gumbel’s bivariate exponential distribution, £ (1 <r<n)
o a o e e
1 1 1.00000 4 1.16909 6 4 1.03998 7 7 1.20245
2 1 0.90000 1 0.81560 5 1.11927 8 1 0.79178
2 1.10000 2 0.90570 6 1.19487 2 0.84890
3 1 0.85536 3 1.00000 7 1 0.79754 3 0.90886
2 1.00000 4 1.09430 2 0.86262 4 0.96956
3 1.14464 5 1.18440 3 0.93092 5 1.03045
4 1 0.83091 1 0.80513 4 1.00000 6 1.09113
2 0.94220 2 0.88073 5 1.06907 7 1.15109
3 1.05780 3 0.96002 6 1.13737 8 1.20821
Table 2: Variances and covariances of the concomitants of ORSS for Gumbel’s bivariate exponential distribution, o™ (1<r
<s<n)
n s r ook s r Jo i n s r o oS n s ra o oS
1 1 1 1.00000 5 1 0.00002 7 3 2 0.00127 8 4 1 0.00009
1 1 0.89000 2 0.00012 3 0.92617 2 0.00046
2 1 0.00306 3 0.00045 4 1 0.00010 3 0.00128
2 1.09000 4 0.00122 2 0.00051 4 0.96863
3 1 1 0.83444 5 1.15040 3 0.00153 5 1 0.00023
1 0.00240 1 1 0.76716 4 1.00000 2 0.00019
2 1.00000 2 1 0.00092 5 1 0.00001 3 0.00053
3 1 0.00049 2 0.86650 2 0.00002 4 0.00129
2 0.00240 3 1 0.00037 3 0.00058 5 1.02949
3 1.12372 2 0.00156 4 0.00157 6 1 0.00001
4 1 1 0.80231 3 0.95842 5 1.06431 2 0.00006
1 0.00169 4 1 0.00011 6 1 0.00031 3 0.00024
2 0.93886 2 0.00062 2 0.00002 4 0.00056
3 1 0.00053 3 0.00177 3 0.00060 5 0.00122
2 0.00240 4 1.03838 4 0.00055 6 1.08284
3 1.05446 5 1 0.00003 5 0.00128 7 1 0.00001
4 1 0.00008 2 0.00017 6 1.11852 2 0.00005
2 0.00053 3 0.00062 7 1 0.00001 3 0.00007
3 0.00169 4 0.00156 2 0.00003 4 0.00015
4 1.14050 5 1.10505 3 0.00087 5 0.00043
5 1 1 0.78159 6 1 0.00001 4 0.00010 6 0.00096
1 0.00122 2 0.00002 5 0.00032 7 1.12827
2 0.89680 3 0.00012 6 0.00071 8 1 0.00001
3 1 0.00045 4 0.00037 7 1.16149 2 0.00002
2 0.00196 5 0.00092 8 1 1 0.74842 3 0.00002
3 1.00000 6 1.15689 1 0.00057 4 0.00012
4 1 0.00012 1 1 0.75655 2 0.82607 5 0.00051
2 0.00066 2 1 0.00072 3 1 0.00025 6 0.00056
3 0.00196 2 0.84375 2 0.00117 7 0.00062
4 1.08541 3 1 0.00026 3 0.90056 8 1.16489
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ORS:

We simulated the values of st and Jr.::j] for n =

1, 2,--, 8 and 1<r<s< n based on Monte Carlo
simulations from the Gumbel’s bivariate exponential
distribution when a = 0.5 and $, = 1. The results are
displayed in Table 1 and 2 for different choices of .

Conclusion

In this study we investigated the distribution theory
of concomitants of ORSS from the FGM bivariate
distribution family. Also, we derived an analytical
expression of the joint distribution of concomitants of
two ORSS and find their single and product moments
alongside the correlation coefficient. The family
considered in this study is widely used in practice and
gives more flexibility to model various types of data as
well as it includes several important bivariate
distributions. The Gumbel’s bivariate exponential
distribution is used as an example of the FGM bivariate
family. Finally, we simulated the values of the means,
variances and covariances of the concomitants of ORSS
based on Monte Carlo simulations.
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