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Abstract: The number of conjugacy classes of symmetric group, dihedral 

group and some nilpotent groups is obtained. Until now, it has not been 

obtained for all nilpotent groups. Although there are some lower bounds to 

this value, there is no non-trivial upper bound. This paper aims to 

investigate an upper bound to this number for all finite nilpotent groups. 

Moreover, the exact number of conjugacy classes is found for a certain case 

of non-abelian nilpotent groups. 
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Introduction 

Classifying finite nilpotent groups is a difficult 

task, though there are some nilpotent groups that have 

been classified. The classification of conjugacy 

classes for certain groups such as symmetric groups 

and dihedral groups have been determined, see     

(Erdos and Turan, 1968; Pantea, 2004; Banti, 2005; 

Héthelyi et al., 2011; Al-Hasanat and Abdullah, 2012). 

In this research, we will denote clG as the number of 

conjugacy classes of a group G. 

The travail group has only one conjugacy class where 

an abelian group G has |G| conjugacy classes. Therefore, 

1 ≤ clG ≤ |G| for any finite group G. 

Erdos and Turan (1968) proved that G, clG > 

log2log2|G| for any finite group G. An improved lower 

bound was obtained by Sherman (1979), he showed that 

if G is nilpotent of class c, then clG > c(|G|
1/c

-1)+1, which 

displays the effect of the nilpotency class c on clG. 

The number of conjugacy classes was found for finite 

nilpotent groups in Lopez (1985), it is obtained as a 

function of the orders of certain subgroups. The 

conjugacy classes of p-groups, with an abelian subgroup 

of index p, with |Z(G)| = |G′|, were studied in (Pantea, 

2004). Zapirain (2011) established a lower bound for 

the number of conjugacy classes of finite nilpotent 

groups using the group size multiply by a certain 

constant c. Recently, Ahmad et al. (2012) obtained 

general formulas to find the number of conjugacy 

classes of 2-generator p-groups of class 2. 

The lack of using only a lower bound for clG would 

make the identification of this value a difficult task, 

especially for groups of big size. Arbitrarily, let L = 

c(|G|
1/c

-1)+1 be the lower bound obtained by Sherman (c 

is the nilpotency class of G), then L ≤ clG ≤ |G| (the trivial 

upper bound |G| will diverge for large size groups). 

In this study, a new approach has been followed by a 

distinct direction. That is to say, all of the previous 

research obtained lower bounds for the value of clG or 

obtained this value for certain groups and not for all non-

abelian nilpotent groups. This work aims to improve the 

ordinary upper bound |G| to another closed one. The 

estimation carried the calculation of an amount u as a 

function of the orders of the group G and its centre Z(G), 

together with the nilpotency class c. The replacement of 

the value of u instead of |G| as an upper bound will limit 

the value clG with more convergent boundaries. 

The paper is structured as follows. In the next section 

we fix our notation and establish some preliminary 

results. In section 3 the definition of the conjugacy 

classes is given. In section 4 outline our strategy for 

estimating the number of conjugacy classes. In addition, 

we prove the main results and display some examples. In 

the last section, we describe the research results where 

the research conclusions were given. 

Preliminaries 

Our notation is fairly standard. Throughout, all 

groups are finite. For a group G, e is the identity element 

and Z(G) denotes the centre of G. Recall the commutator 
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of x,y ∈ G is given by [x,y] = x
−1

y
−1

xy. For any 

subgroups A and B of a group G, the commutator 

subgroup [A,B] is the group 〈[a,b] | a ∈ A, b ∈ B〉. The 

derived subgroup of G is: 
 

[ ] [ ], , | ,G G G x y x y G′ = = ∈  

 

The direct product of the groups (G, *) and (H, ⋅) is 

{(g,h)| g ∈ G, h ∈ H} and denoted by G × H; with: 
 

( ) ( ) ( )1 1 2 2 1 2 1 2, , ,g h g h g g h h⋅ = ∗ ⋅  

 

follows that (G × H, ⋅) is a group. 

Let φ: H → Aut(G) be a group homomorphism, the 

semidirect product of G and H is the group {(g,h)| g ∈ G, 

h ∈ H} denoted by G ⋊ H, where the group operation � 

is defined by: 

 

( ) ( ) ( )( )2

1 1 2 2 1 2 1 2, , ,
h

g h g h g g h h
φ

= ∗ ⋅�  

 

The lower central series of a group G is: 

 

( ) ( ) ( )0 1 ...cG G G Gγ γ γ= ≥ ≥ ≥ ≥⋯  

 

where, γi(G) = [γi-1(G),G]. 

Definition 1 

A group G is called nilpotent if there exists c in the 

lower central series such that γc(G) = {e} and the 

smallest such value c is the class of nilpotency. 

The Conjugacy Classes 

The elements x and y in G are said to be conjugate, 

if there exists an element g ∈ G such that x = gyg
−1

. 

The set of all y in G, which are conjugate to x is the 

conjugacy class of x and denoted by CCG(x). The 

conjugacy classes of G are {CCG(x)| x ∈ G} and the 

order of this set is clG. 

The conjugacy relation is an equivalence relation. If 

no distinct elements of G produce the same conjugacy 

classes, then clG = |G|. Note that CCG(e) = {e}, therefore 

1 ≤ clG ≤ |G|. The equality holds that if G is the trivial 

group (G = {e}) then clG = 1, or if G is abelian group 

then clG = |G|. Unfortunately, for groups of large order, 

these bounds diverge and we observe that the description 

of clG becomes very difficult. 

The Number of Conjugacy Classes 

It is clear that CCG(a) = {a} for all a ∈ Z(G). 

Therefore, clG = |Z(G)| + |{CCG(x)| x ∈ G\Z(G)}|, where 

the estimation of the second term is very difficult. The 

next theorem will show an upper bound for these 

estimations using only three known values, which are; 

the order of the group, the order of the group centre and 

the nilpotency class. 

Theorem 2 

Let G be a finite group of nilpotency class c and Z(G) 

be the centre of G. Let u = |G|-r, where 

( )| | | |G Z G
r

c

 − 
=  

 
. Then: 

 

G
cl u≤  (1) 

 

Proof 

Let G be a group of nilpotency class c and let n(G) 

denotes the number of conjugacy classes CCG(x) for all x 

∈ G\Z(G). Then: 

 

( ) ( )| |Gcl Z G n G= +  (2) 

 

As G acts by conjugation on the set of all elements 

x ∈ G\Z(G), then each orbit has length ≥ 2 and the 

number of such orbits is n(G). Hence 

( ) ( )( )1
| | | |

2
n G G Z G≤ − . If G is an abelian group, then c 

= 1, |G| = |Z(G)| and n(G) = 0. Therefore, “Inequality 

1” holds with equality. If G is a group of nilpotency 

class c > 1, then 
1 1

1
2

c

c

−
> ≥ . Thus: 

 

( ) ( ) ( )( )| | | | 1
| | | |

2

G Z G c
n G G Z G

c

− −
≤ ≤ −  

 

Using Equation 2. It follows that: 

 

( ) ( )( )

( ) ( )( )

( ) ( ) ( )

( )

( )

1
| | | | | |

1
| | 1 | | | |

| | | |
| | | | | |

| | | |
| |

| | | |
| |

G

c
cl Z G G Z G

c

Z G G Z G
c

G Z G
Z G G Z G

c

G Z G
G

c

G Z G
G

c

−
≤ + −

 = + − − 
 

−
+ − −

−
= −

 − 
≤ − 

 

 

 

The value of u as it illustrated in the previous 

theorem is u = |G|-r, with 
( )| | | |G Z G

r
c

 − 
=  

 
 ≤ 
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( )| | | |G Z G

c

−
. Knowing that, the set Z(G) is a subgroup 

of G, then |G| ≥ |Z(G)|. In addition, the nilpotency class c 

is the index of the lower central series of G, so c is 

strictly positive integer. Therefore, 
( )| | | |

0
G Z G

G
c

−
≤ < . 

This implies that, 0 ≤ r < |G|. Hence, 0 < u = |G|-r ≤ |G|. 

Example 3 

The following table explains the use of Theorem 2. It 

should be followed by Table 1. 

All groups in Table 1 are nilpotent groups. Applying 

Theorem 2 on this table to get the last column, it appears 

that clG ≤ u for all groups. If u is reduced more, that is u 

< |G|-r, then u will not probably work as an upper bound 

to clG for all groups listed in this table. As the cyclic 

group Cn is an abelian group, then clG = |G| = n. So, if u 

< |G|-r = n-0 = n, then clG = n > u, which implies that u 

is not an upper bound to clG. 

Corollary 4 

Let G be a finite group of nilpotency class 2. If |G′| 
= 2, then: 

 

( )( )1
| | | |

2
Gcl G Z G= +  

 

Proof 

Let G be a finite group of nilpotency class 2, with |G′| 
= 2. Then: 

 

( )( )

2 1 1 1

1 1 1 1

2

, ,y x y y x x y yx

y y xyx xyx y yx

xy

− − −

− − − −

   =    

=

=

 

 

for all x,y ∈ G and the order of [x,y] in G divides the 

orders of xZ(G) and yZ(G) in G/Z(G). So if n(G) is the 

number of conjugacy classes of all x ∈ G\Z(G), then 

each orbit has length exactly 2 and the number of such 

orbits is n(G). 

Hence ( ) ( )| | | |

2

G Z G
n G

−
= . Then, the claim is 

followed by using “Equation 2”. 

Example 5 

The next tables conclude the required estimations for 

some groups G to show the relation between u and clG 

and to demonstrate the use of Corollary 4. It should be 

followed by Table 2 and 3. 

Table 2 contains only groups of nilpotency class c = 2 

and |G′| = 2; using Corollary 4 implies that clG = u. 

Table 1. Using Theorem 2 to find clG for some groups of 

nilpotency class c 

Group Structure |G| |Z(G)| c clG u 

C5 × D32 160 10 4 55 123 

Cn n n 1 n n 

C5 × D8 40 10 2 25 25 

D128 128 2 6 35 107 

 
Table 2. The estimated upper bound u meets clG for groups of 

nilpotency class 2 and |G′| = 2 

Group Structure |G| |Z(G)| |G′| c clG u 

C4 × D8 32 8 2 2 20 20 

C8 ⋊ C8 64 16 2 2 40 40 

C16 × D8 128 32 2 2 80 80 

C11 × D8 88 22 2 2 55 55 

C32 ⋊ C2 64 16 2 2 40 40 

C2 × Q8 16 4 2 2 10 10 

C12 × D8 96 24 2 2 60 60 

 
Table 3. The estimated upper bound u for groups of nilpotency 

class 2 and |G′| ≠ 2 

Group Structure |G| |Z(G)| c clG u 

(C8 × C2) ⋊ C8 128 8 2 44 68 

D8 × D8 64 4 2 25 34 

C9 ⋊ C3 27 3 2 11 15 

C9 ⋊ C9 81 9 2 33 45 

 

Table 3 contains groups of nilpotency class c = 2 but 

|G′| ≠ 2. So we can use only Theorem 2 to bound the 

number of conjugacy classes. Therefore, clG < u. 

Conclusion 

Using the estimated value u will improve the trivial 

upper bound of clG, which is |G| and make it closed to 

the exact value for large groups. The value of u depends 

on |Z(G)| and the nilpotency class c in addition to the 

main factor |G|, this will show the effect of c on clG, 

which makes u the first bound to use these values. The 

estimations meet the same value of clG for all nilpotent 

groups, in addition to abelian groups (using Groups, 

Algorithms and Programming software GAP). In 

addition, in Corollary 4 we can find the exact amount of 

clG, using as simple as fewer terms and estimations than 

the usual estimation. 
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