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Abstract: In many applications, the real high-dimensional data occupy
only a very small part in the high dimensional ‘observation space’ whose
intrinsic dimension is small. The most popular model of such data is
Manifold model which assumes that the data lie on or near an unknown
manifold Data Manifold, (DM) of lower dimensionality embedded in an
ambient high-dimensional input space (Manifold assumption about high-
dimensional data). Manifold Learning is a Dimensionality Reduction
problem under the Manifold assumption about the processed data and its
goal is to construct a low-di-mensional parameterization of the DM (global
low-dimensional coordinates on the DM) from a finite dataset sampled
from the DM. Manifold assumption means that local neighborhood of each
manifold point is equivalent to an area of low-dimensional Euclidean space.
Because of this, most of Manifold Learning algorithms include two parts:
‘local part’ in which certain characteristics reflecting low-dimensional local
structure of neighborhoods of all sample points are constructed and ‘global
part’ in which global low-dimensional coordinates on the DM are
constructed by solving certain convex optimization problem for specific
cost function depending on the local characteristics. Statistical properties of
‘local part’ are closely connected with local sampling on the manifold,
which is considered in the study.
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Bernstein and Kuleshov, 2014; Kuleshov and
Bernstein, 2016. Then the low-dimensional features can

Introduction

Many Data Analysis tasks, such as Pattern be used in reduced learning procedures instead of initial
Recognition, Classification, Clustering, Prognosis, high-dimensional vectors avoiding the curse of
Function reconstruction and others, which are dimensionality Kuleshov and Bernstein (2014):

challenging for machine learning problems, deal with
real-world data that are presented in high-dimensional
spaces and the ‘curse of dimensionality’ phenomena is
often an obstacle to the use of many learning algorithms
for solving these tasks.

Fortunately, in many applications, especially in
imaging and medical ones, the real high-dimensional
data occupy only a very small part in the high

dimensional ‘observation space’ R” whose intrinsic
dimension q is small (usually, ¢ < p)Donoho (2000;

Verleysen, 2003). Thus, various Dimensionality
Reduction (Feature extraction) algorithms whose goal
is a finding of a low-dimensional parameterization of
high-dimensional data can be used as a first key step in
solutions of such ‘high-dimensional’ tasks by
transforming the data into their low-dimensional
representations (features) preserving certain chosen
subject-driven data properties (Bengio et al., 2013;
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‘dimensionality reduction may be necessary to discard
redundancy and reduce the computational cost of
further operations’ Lee and Verleysen (2007).

The most popular model of high-dimensional data,
which occupy a very small part of observation space
R?, is Manifold model in accordance with which the
data lie on or near an unknown manifold (Data
manifold, DM) X of lower dimensionality q<p
embedded in an ambient high-dimensional input space
R” (Manifold assumption Seung and Lee (2000)
about high-dimensional data); typically, this
assumption is satisfied for ‘real-world’ high-
dimensional data obtained from ‘natural’ sources. In
real examples, a manifold dimension q is usually
unknown and can be estimated by a given dataset
randomly sampled from the Data manifold Levina and
Bickel (2005; Fan et al., 2009; Einbeck and
Kalantana, 2013; Rozza et al., 2011).

© 2016 Yury Aleksandrovich Yanovich. This open access article is distributed under a Creative Commons Attribution (CC-

BY) 3.0 license.
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Dimensionality Reduction under the Manifold
assumption about the processed data is usually
referred to as the Manifold Learning Smith et al.
(2009; Ma and Fu, 2011) whose goal is constructing a
low-dimensional parameterization of the DM (global
low-dimensional coordinates on the DM) from a finite
dataset sampled from the DM.

Manifold assumption means that local neighborhood
of each manifold point is equivalent to an area of low-
dimensional Euclidean space. Because of this, most of
Manifold Learning algorithms include two parts: ‘local
part’ in which certain characteristics reflecting low-
dimensional local structure of neighborhoods of all
sample points are constructed and ‘global part’ in which
global low-dimensional coordinates on the DM are
constructed by solving certain convex optimization problem
for specific cost function depending on the local
characteristics under some normalization constraints
(usually, generalized eigenvalues problem). It is typical
structure of certain class of manifold learning algorithms
such as Locally Linear Embedding (LLE) Roweis and Saul
(2000), ISOmerric MAPping (Isomap) Tenenbaum et al.
(2000), Laplacian Eigenmaps (LEM) Belkin and Niyogi
(2003), Local Tangent Space Alignment (LTSA)
Zhang and Zha (2004), Hessian Eigenmaps (HLLE)
Donoho and Grimes (2003), Semidefinite Embedding
(SDE) Weinberger and Saul (2006) and Diffusion Maps
(DFM) Coifman and Lafon (2006).

The radius of the neighborhood should be small
enough to achieve small local estimation error. On the
other hand, the number of points in the neighborhood
should be large enough to get a small statistical error.
There are two approaches to choose the ball’s size: it
consists of the fixed number of neighbors (k nearest), or
the radius is set. The first case does not guarantee that the
radius would be small so that the local approximation
error could be large. The distribution of the k-th neighbor
is studied in (Levina and Bickel, 2005; Farahmand et al.,
2007; Campadelli et al., 2015). Also in Smith et al. (2008)
distance to the k-th neighbor assumed to converge to zero
and is of the rate of convergence parameter. The second
case does not guarantee the large enough number of points
if the neighborhood. This question is mentioned in
(Levina and Bickel, 2005; Singer and Wu, 2012) but it
wasn’t specifically discussed. Singer and Wu (2012), it
was shown that both local and statistical parts of errors are
asymptotically small for a specific statistic and also large
deviation error was estimated.

Random variable ‘the number of points in the
neighborhood of a fixed point on manifold’ is considered
in the present paper. Such random variable is binomial
(sum of Bernoulli) and is well studied in general case
Shiryayev (1984): De Moivre-Laplace theorem provides
its distribution for a fixed success parameter and Poisson
theorem provides its distribution for a fixed finite
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product of success parameters and sample size. In this
study, it is supposed that sample is generated from a
good enough continuous measure on a good enough
unknown manifold and the parameter slowly tends to
zero. Thus, the case between de Moivre-Laplace and
Poisson theorems is considered: Success parameter tends
to zero but it’s product with sample size tends to infinity.
Another feature of the work is the measure’s support:
Unknown and curved manifold. In this study, parametric
families of random variables (correlated random fields
with neighborhood centers as parameters) are studied
and uniform results are obtained.

The paper is organized as follows. It is started with
the Manifold Learning problem and typical workflow
formulation in Section Common Manifold Learning
Problem. In Section Results Description, the main results
of the paper are listed and commented. In Section Data
Model the data model is defined and all assumptions are
listed. Then, Main Results Section contains exact
formulations of the main results. In Section Some
Definitions and Lemmas are listed useful definitions and
lemmas to prove main results. Proof of Main Theorems
contains the main proofs. In Section Conclusion the
paper summary and future work directions are given. In
Appendix A. Definitions and lemmas from differential
geometry useful definitions and results from differential
geometry are recalled. In Section Appendix B. Lemmas
Proofs the lemmas from the Section Some Definitions
and Lemmas are proved.

Common Manifold Learning Problem
Manifold Learning as Manifold Embedding

The main results are strictly formulated Consider
unknown -dimensional Data manifold:

X={X=f(b)eR’:beBcR"} (1)

Covered by a single coordinate chart B and
embedded in an ambient p-dimensional space R” , q<p.
The chart B is a one-to-one mapping from open
bounded space BcR” to manifold X=/(B) with
differentiable inverse map f':X —>B. The manifold
intrinsic dimension q is assumed to be known.

Inverse mapping /,(X)=f"'(X), whose values
b=h,(X)eB can be considered as low-dimensional

coordinates on the manifold X, gives low-dimensional
representations (features) b = h(X) of high-dimensional
manifold-valued data X .

If the mappings s(X) and f{(b) are differentiable and
J(b) is pxq Jacobi an matrix of mapping f(b) than g-
dimensional linear space:

Ty (X) =span(J,(h, (X)) 2)
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In R” is tangent space to the manifold X at the point
X € X; hereinafter, Span(H) is linear space spanned by
columns of the arbitrary matrix H. The tangent spaces
can be considered as elements of the Grassmann
manifold Grass(p,q) consisting of all g-dimensional
linear subspaces in R”.

Let X, ={X,...X,}cX
sampled from the DM X according to certain
(unknown) probability measure whose support
coincides with X . Common Manifold learning problem
is as: Given a sample X, construct a low-dimensional

be a dataset randomly

parameterization of the DM which produces an
Embedding mapping:
h:X <R > Y, =h(X)cR” (3)

From the DM X to the Feature Space (FS)
Y, c R”,qg < p, which preserves specific properties of

the DM.
Manifold Learning as Manifold Embedding

Following Goldberg et al. (2008), we consider a class
consisting of typical Manifold learning algorithms which
recover the underlying structure of the Data manifold
from the sample; this class includes so-called
‘normalized-output’ algorithms Goldberg et al. (2008).
A common scheme of the considered algorithms is
constructed in four steps.

First Step.: Neighborhoods Construction

For each sample point X,, local neighborhood
Uy(X,)={X,.X,,... X, ,,n} ©X, consisting of near

sample points is constructed. Typical examples:
Uy(X,)=U,(X,,&) consists of sample points that

belong to e-ball in R? centered at X,, or
Uy,(X,)=U,(X,,k) in which k(n) = k, consists of k
nearest-neighbors of the considered point X;,.

The constructed neighborhoods determine Sample
graph ['(X,) consisting of N vertices {Xj, Xa,...,Xy}; the
vertices X, and X; are connected by an edge (X, X;) when
X, € Uy (X)) and X; € Uy (X,). These neighborhoods
determine ‘Euclidean’ kernels Kg(X,, X)) = I(X, e U\(X));
X; eUnX,)}, in which I(4) is an indicator function of the
event A, or ‘heat-transfer’ kernel
K, (X,,X)=K.(X,,X,) exp(-s-1| X, — X, II) Belkin and
Niyogi (2003).

Second Step: Neighborhoods Descriptions

Chosen descriptions of the neighborhoods (local
descriptions of the DM) are computed. Examples of
such descriptions:
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e Barycentric coordinates {W,,;, W,2...,w,i} Of the
‘central’ point X, with respect to its k nearest-neighbors
{X,,X,,...X,,} that minimize the reconstruction

error functions || X, - w, X, I
J

n,k

2 Roweis and Saul

(2000); the neighborhood Uy (X, k) is used here

e An applying of the Principal Component Analysis
(PCA) Jolliffe (2002) to the neighborhood Uy (X, €)
results in an pxq orthogonal matrix Qpcy (X,) whose
columns are the PCA principal -eigenvectors
corresponding to the q largest PCA eigenvalues
(Zhang and Zha, 2004; Bernstein and Kuleshov,
2014). These matrices determine q-dimensional
linear spaces Lpcy (X,) = Span(Qpcy (X,,)) in the R?
which, under certain conditions, accurately
approximate the tangent spaces T,(X,) (2) to the

DM X at the points X, Singer and Wu (2012).
Third Step: Global Description

Chosen global description of the DM is computed by
solving some convex optimization problems under some
normalization constraints. Usually, low-dimensional
sample features Y, =A(X,)={y,y,,...yy}cY, are
computed by minimization of chosen cost function
L(Y, | X,)over Y, .Examples of cost functions:

N
Ly (Yy [Xy) = Z“ Yu ™ Z W, iVn,j Il
n=1 J

N
L (Y, 1Xy)= 2" Yu =V, "i‘

n=1

LLTSA(YN | XN) = 2" (Iq - QPCA (Xn) ’QPCA(Xn)T)

2
-H, ~Y(n) Il

Are used in the algorithms LLE Roweis and Saul
(2000), LE Belkin and Niyogi (2003) and LTSA
Zhang and Zha (2004), respectively; here gx(k(n)+1)
matrix Y, consists of q-dimensional columns {y,, y,.1,
Yn2s--Vukoys in which the same pairs of indices n,j
are uses as in Un(X,), H, = I-(1/k(n))x1x1" is gqxq
centering matrix in which 7, is gxq unit matrix and g-
dimensional vector 1 consists of units. Some
normalization constraints on the Feature sample Y,
are used to avoid the degenerate solutions.

ISOMAP Tenenbaum et al. (2000) is based on
estimating the geodesic curves on the DM X. Consider
the sample weighted graphT,(X,), in which an edge
(X, X;) has weight | X, - X, ||. Let {D,;} are the lengths

of the shortest paths between the vertices X, and X; in the
graph T, (X,) that can be computed with using the

Dijkstra algorithm; these quantities {D,;} accurately
estimate geodesic distances between the points X, and X;
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on the DM X Tenenbaum et al. (2000). After that, the
Feature sample Y, are computed with use Multi-

Dimensional Scaling framework (MDS) Cox and Cox
(2008) by minimization over Y, the MDS cost function

N
Lisorar Yy 1X)= D 0D, =1y, =y, I .

n,j=1
Fourth Step: Out-of-Sample Extension

The Feature sample Y, gives the values of the
Embedding mapping #(X) (3) only at sample points; a
finding of low-dimensional features /(X) for Out-of-
Sample (OoS) points X e X\ X, is usually called OoS-

extension problem. The OoS-extension for the algorithms
LLE Roweis and Saul (2000), ISOMAP Tenenbaum et al.
(2000), LE Belkin and Niyogi (2003), has been found in
Bengio et al. (2003) with use Nystrom’s
eigendecomposition technique Saul ez al. (2003).

Results Description

The main results are strictly formulated in Section
Main Results and all the assumptions, used in the proof,
strictly formulated in Section Data Model. Some
substantive comments are given here.

Data Model

Data Model consists of assumptions about support
(manifold), assumptions about sample distribution and
assumptions about neighborhood parameter. The
paper deals with ‘good enough’ manifolds with known
dimensionality q. The problem of dimensionality
estimation is a problem of the only integer parameter
estimation and solutions Campadelli et al. (2015) with
the rate of error probability ~exp(-C.N) are known,
where N is a sample size C > 0 is constant. Such rate
is smaller than the rates in this article. The sample
assumed to be independent identically distributed
(i.i.d.) with unknown ‘good’ continuous measure on
the manifold. The neighborhood parameter slowly
tends to zero.

Main Results

Manifold behaves as a linear subspace in a small
neighborhood of a point. Therefore, the intersection of
a full dimensional Euclidean ball with a manifold is
close to the low dimensional ball. Thus, the number of
sampling points, fallen into the neighborhood, should
be proportional to the volume of the g-dimensional
ball. This result was mentioned a number of times in
the works (for example, Levina and Bickel (2005;
Einbeck and Kalantana, 2013; Singer and Wu, 2012)).
However, in the Theorem 1, we prove that the number of
sampling points in the neighborhood, divided by the
volume of the neighborhood, is a consistent estimate of
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the density at the point. The Theorem 2 prove that
conditional distribution of sample points in the
neighborhood is asymptotically uniform. The Corollary
1 sets that all directions from tangent space are equal for
the conditional distribution. So, one could think of
conditional distribution as of uniform distribution on the
ball in tangent space. In the Theorem 3 asymptotic
expansion of the considered statistics is given and in the
Theorem 4 assesses the probability of large deviations.
The Theorem 5 prove a uniform result of the large
deviations probability: If we consider all points of the
manifold, which are a little removed from the border, as
the centers of the balls, then the minimum over all balls
of points in each of them, will be asymptotically
infinitely large with a high probability.

The features of the results are the curvature of the
unknown sample support, the tendency to zero of the
random variable mathematical expectation (‘hit one
sampling point in a ball with decreases to zero radius’),
the need to obtain uniform estimation on the manifold.

The basic ideas used in proofs: Local linearization of
the support, a generalization of de Moivre-Laplace
theorems to the case of decreasing the probability of
success in the Bernoulli scheme, the use of inequalities
for the probabilities of large deviations of sums of i.i.d.
random variables, the use of finite nets.

Data Model

Let’s assume that:
MI1. Xc R? is a g-dimensional manifold covered with a
single map. That is, for some open Bc R’ and
f:B—>R?:X=f(B) homeomorphism

M2. q is known
M3. B is a bounded set
M4. Eigenvalues of qxq Jacobi matrixes product

J; (b)-J,(b) of f mapping uniformly separated
from 0 and infinity

Hessian of f mapping exists and bounded on X
Third order derivatives of f existing and are
elementwise bounded on X

Condition number ¢(X) is bounded, where X is the
smallest number such that for each point, which is
distant from X at a distance smaller than1/c¢(X),
the only projection exists on X Niyogi ef al. (2008)
Manifold X is geodesically convex, that is, for any
pair of points on X exists geodesic line and it is the
shortest path

MS5.
M6.

M7.

MS8.

Note 1. The assumption M1 is equivalent to
the existence of the global dimension
coordinate system on the manifold.
Assumption M3 is used to obtain uniform
properties of statistics.
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Assumptions M4-M6 represent the conditions
of smoothness and are used to connect
Euclidean distances and volumes with the
distances and the volumes on the manifold.
Property M7 means that the manifold does not
contain a ‘short-circuit’: The closeness of the
points on the Euclidean distance implies the
closeness of points on the manifold. That is,
the intersection of the small Euclidean
neighborhood of the point creates a small
neighborhood of a point on the manifold.

The assumption M8 is a technical
simplification for Taylor expansion.

The set B is bounded and derivatives of f are
bounded too, so the manifold X is also bounded. Let a
be an edge of the circumscribed cube of manifold:

a=inf{a":da,...,a,: X c® [a,a +a']} “)

Let C; and C; be the minimum and the maximum
eigenvalues of the metric tensor J,(b)'J (b),beB

correspondingly:

=inf min

¢ beB leJ(J, O I, b)) A (5)

J
C, =inf max
beB

leo‘(J/ ®'J, (b)) A (6)

Let Cy be the maximum element of Hessian matrix of

(B, ) mapping:
e
- 9 Jil0) 7
Xe)&,siggl,...,q kZ::' (3b,.(3bj )

where, X = (fi(h),....£,(b))" . Let:

o’/ (b)

C, =
" 8b,0b,

XeX,i,j=1,...q9

o 2 10)
T XeX,i,jm=1,...,q 3b[abjabm
o o fe) | ®
= su -
A 0b,0b,0,

Manifold X is unknown and it is represented by finite
random sample X, ={X,,...,X,} cXcR” with N points.
Moreover, it is assumed about sample selection that:

S1. Points from X, are i.i.d. with some probability
measure g such that X is its support: X = suppu
S2. Measure p is continuous with respect to Riemannian

measure on manifold and its density p, is bounded
from zero and infinity

S3. Density p,, is twice smooth on X and its derivatives
are bounded

Note 2. Manifold X has Riemannian measure
dV(X) (volume measure) which is equal to the
-dimensional volume in the main term
(Section Some Definitions and Lemmas). Let
(Q,%8,P) be a probability space, than
Borelian function, B —X: X = X(w) is called
random variable on the manifold. Let’s call
such induced onX the measure as (. If for
each Borelian set XeB

wX eX)= L p(X)dV (X), then the
Sunction p (X),X X is a probability density
function Pennec (1999).

Let p,i, and p,.. be the minimum and maximum
values of p,, (they exist by S2):

Puin = }(rg; py(‘X) (9)
P =5Up p,,(X) (10)
XeX

Let define the bounds for maximum eigenvalues of
first and second derivatives (exist by S3):

C,, = sup N1V,p, (X1 (11)

XeX,0eTy (X)01=1

C ,= sup

P2 1VeVep, (X (12)
XeX,0eTy (X)101=1

where, Vy is a covariant derivative (Appendix A), which

is a kind of directional derivative generalization for the

manifold.

Note 3. S1 and S2 are standard assumptions
whose guarantee correspondence between
sample X, and manifold X. Assumption S3

is useful for uniform results.
For neighborhood parameter € = g¢(N) it is assumed that:

e Pl. For N>w:e—>0
e P2 For N> ww:Nsg? >
e P3. For N —>w:Neg™ -0

Note 4. The assumption Pl means that the
neighborhood size tends to zero and therefore
the expansion of functions at the main term is
a term with the lowest degree of length. The
assumption P2 provides an infinite number of
sample points in the neighborhood despite the
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decrease in the size of the neighborhood.
Assumption P3 is stronger than Pl and
guarantees that the contribution of the bias of
the order & is infinitely small in the results of
the central limit theorem for the number of
points of order Né'.

Main Results

Let IS(X,1|X) be an indicator of the event ‘p-
dimensional distance between X, and X is less of
equal to ¢’, that is IS(X,,|X) for 1X,-X|I<e and

I(X, |X) = (0 otherwise.
Let Ny(X) be the number of sample X, points in p-

dimensional &-neighborhood of X e R”:

N,(X) =Y 1,(X, | X).

n=1

(13)

Let V, be the volume of gq-dimensional ball of a
unit radius:
792

= TGi2en (14)

where, F(z):jowtz“e"dt,z >0 is a gamma function, that

m 2m m
-2 _ and v,
m.

2m+l (

m+1)!!

Theorem 1. (weak law of large numbers). If M1-M8,

S1-S3 and P1-P2, then for each X eX and Ny(X) for
N—oc:

is 7, for integer m.

N (X
R0,
where, V, is a volume of -dimensional ball (14).

Theorem 2. (conditional uniform distribution). If
M1-MS8, S1-S3 and P1-P2, then for each X eX for
N—oc:

X, 1 1(X, | X)=1)-8">1/V,

where, V, is a volume of q-dimensional ball (14).
Corollary 1. If M1-M8, S1-S2 and P1-P2, then for
each X € X the spectrum of a local covariance matrix

3L (X, [ X)-(X, - X)- (X, - X

> =nl e R”” tends to ones

N
DX, | X)
n=1

and p-q zeros as N—oc. Moreover, ones correspond to
vectors from tangent space and zeros corresponds to
vectors from cotangent space.
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Theorem 3. (central limit theorem for N (X)). If M1-
M8, S1-S3 and P1-P3, then for each X e X and Ny(X)
(13) N—>cc:

N.(X)-Ne'p (X,
JNe'p, (X,

45 N(0,1)

where, ¥, is a volume of q-dimensional ball (14), N(0,1)
is standard normal distribution.
Theorem 4. (large deviations of N.(X)). If M1-MS§,
S1-S2 and P1-P3, then for 0<z<1/16:
_ Z) _ 82 . C]Epmax J

P(NggX) g
Ne Vq qumin

< exp(—4zz : Ngql/:;pminz / pmax)

pmin ' (1

where, V, is a volume (14), C; is a constant from

Corollary 4, constants P, Pmars Crie» Cp1 and C,, are
defined in (9), (10), Lemma 4, (11), (12)
correspondingly.

If also S3, then for 0<z<1/16:

P 7]:’5()() —1>z+¢&- =
Ne'V,p,(X) V,p,(X)

Sexp(—4zz~Nng@p#(X));

. [ N.(6)

NV, p,(X)

< exp(—4z2 ~N£qquﬂ(X)).

—1<—z-¢&*.

c, ]
V.p,(X)

Theorem 5. (uniform large deviation). If M1-MS, S1-

S2 and P1-P3, then for
42— 1 1
&£ <min
{C(X) max {1 C[[} 2\/ Ric \/ er p.2 fOI‘

,+1 2’ £2C \4mem \j4pmm

each point (not too close to the boundary) X X, (17) and:

Cﬂup max J
qumin

P
g (W] exp(~42 N, p’ 1 Opo))
&

C

Ric p l

(A-z)-&*-

mm

P( inf LACOM <
XeX, Nng

where, V, is a volume (14), C, is a constant from

Corollary 4, constants puin, Pmaxs Crie» Cp,1 and C,, and
are defined in (9), (10), Lemma 4, (11), (12)
correspondingly and a>0 is an edge of the circumscribed
other cube (4).
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Note 5. If ¢(N)=C,-N*,a<1/¢q,C, >0,
then the right part of Theorem’s 4 equation
tends to zero faster than any degree N,

P>0 as a product of exponential and
polynomial terms.

Some Definitions and Lemmas

Definitions and Lemmas which are used to prove
main theorems are listed in this section.

Local Linearization

Manifold X is close to q-dimensional linear
tangent space 7T,(X) in a neighborhood of each point.

Differentiation on the manifold is slightly different
from the differentiation in Cartesian coordinates in
R*. The differences are mainly of a technical nature
and the main difference lies in the fact that derivatives
are defined only in the directions from T, (X)
(Appendix A).

In a sufficiently small neighborhood of X X there
exists a one-to-one mapping between the points of the
manifold X and a subset of the elements of the tangent
space T,(X). In this neighborhood vectors V e 7, (X) are

coordinates. These coordinates are called
Riemann (Appendix A).

Manifold volume element and q-dimensional
volume element of the tangent space are related by the

following lemma:

locally

Lemma 1. (Petersen (2006)) Riemannian
measure in polar coordinates in the neighborhood of
X eX has form:

dV(exp, t0) = J(t,0)dtd6

where, 0eT,X, 101=1¢>0,7 €[0,¢], exp, V is an

exponential map of V at X (Appendix A):

J(t,0)=t""+t""Ric,(0,0) + O(t"*?)
J(t,0)=t""+1""Ric(0,0)

Ricy (0,0) is a Ricci curvature (26) at X,
X efexp, 70]7 €[0,1]},0 e T,(X) .

The distance between the closest points of the
manifold in g-dimensional space and the distance between

them in the q-dimensional Riemannian coordinates
Singer and Wu (2012) are related by Lemma:

Lemma 2. (Coifman and Lafon (2006)). For
X,X eX, such that X =exp,(t0), where 0 €T, (X) and

I &1=1, for small (and small (and smallh = X = X ||) ):
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t:h+2—14|| 0,011 +0(h)

1 ~ o~
t=h+—1.(0,0)F

L @01

where, X e{exp,70|7[0,t]}, T (X), II,(V,V)is a

second fundamental form (22).
The values of the right-hand part of the Lemmas 1
and 2 may be bonded under the M1-M8 assumptions:

Lemma 3. For X eX and 0eT,(X) and |9=1:

Cu

¢

N1, (6,0)1<C, = q

where, Cy is a maximal element of Hessian matrix (7),
C;is a minimum eigenvalue of the metric tensor (5):

Lemma 4. For X eX, 0eT,(X) and | 9|=1:

C:+C.JC
Il Ricy (0,0) IS Cy,, =2¢° - —— 7
J

JC
+q5-(18-C,21CJ+4-CH J}/cj
CJ C./

where, Cy is a maximum element of Hessian matrix (7),
Cjand C;are a minimum and maximum eigenvalues of
the metric tensor (5) and (6), Cr is the maximal norm of
the third derivative (8).

The proofs of Lemmas 3 and 4 are in Appendix A.

De Moivre-Laplace Lemmas for Slowly Decreasing
Probability

We use local and integral de Moivre-Laplace lemmas
for success parameter which slowly tends to zero. In the
classical formulation, the parameter is considered to be
fixed. However, the proof almost does not change, if we
assume success parameter p, depends on the sample size,
but p,. N > o« when n — oc. The only difference is the
functions expansion in a small parameter 1/(p,-n),
instead of a small parameter 1/n:

Lemma 5. (local de Moivre-Laplace for slowly
decreasing probability). Let the success probability in a
Bernoulli scheme p, > 0 depends on the sample size n
and ¢, = 1-p, and also p,. n — o« for n — oc. Then for n
— o and the number of successes k& such that

% —0 forn — o
npnqn
_ _ 2
Pk~ 1 exp (k—np,)
J27np,g, 2np,q,
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That is:
P (k
sup " () " 3 -1->0
{ilk=np, |<p(np,q,)} ex —(k—np,)
\27np,g, 2np,g,
where, ¢(np,q,) is an arbitrary function such that

o(np,q,)=o0((np,q,)"").
Corollary 2. Lemma is equivalent to the following

statement: for each zeR such that z=o(np,g,)"* and
np +zy/np,q, is integer from {1,.., n}:
1 —z2/2
p(np+znp,gq,) ~——=e
Zﬂ-npnqn
That is for n — oc:
sup P.(np, +z\np,q) 150
)] I S
N27np,q,
where, y(n)=o(np,q,)"° .
Lemma 6. (integral de Moivre-Laplace for
slowly decreasing probability). Let the success

probability in a Bernoulli scheme p, > 0 depends on
the sample size »n and ¢, = 1-p, and also p,. n—o for

n—oc. Let P(k)=Ciplqi™,
P(a,b]= Y. B.(np,+z:lnp,q,) - Then sup
a<z<b —w<a<h<o
1 b
P (a,b]-——| exp(-z*/2)dzl > 0,n—> . The proofs
N27 L P

of Lemmas 5 and 6 are in Appendix B.

The Probability of Large Deviations for Bounded
Random Variables

To estimate the probability of large deviations we
will use the following lemma (proved in Appendix B):

Lemma 7. Let xi,...,x, be i.i.d. random variables,
Ey <o, | —-Ey KC<w and constants mj,...,m,

and m, such that max,,  [m, —Ey, [<m. Let

_ 1
l:;Z(Zk _mk) and o’ :E(ll _EZI)Z .

k=1

Then for H >2C and OSxS%:
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P(x>x-0>+m)<exp(-x’c’-n/4)

P(y <—x-0" —m)<exp(—x’c’ -n/4)
1
and for x>—:
H

P(y>x-0>+m)<exp(-xc’n/4H)
P(y <—x-0*—m)<exp(-xo’n/4H)

Integration Area Replacement

Let By(X) be the intersection of p-dimensional
Euclidian g-neighborhood of X € X and manifold X :

B(X)={X|XeXn||X-X|<&} (15)

Let B,(X) be the g-neighborhood of X in locally
Riemannian with center X e X :

(X)={X |3V eT,(X)
=exp, (MNIV < ¢}

B, (16)
X

Let X, be the set of internal points which are ¢ far

from manifold:

X, ={XeX|VVeT,(X)NIVI<¢e

17
exp, V e X} a7

Lemma8. For each bounded function and

- 1 a2z
2(X,X)=g(X,t1,0), gSmln{c(X), max(1.C, } ’2@}21

nd XeX,, XeX, 0eT,(X)N0]=1 :

J.B,. (X)g(X,)?)dV()?) - .[BH<X)g(X’)~()dV(X)‘

<8-V, -sup| g(X,X)|-&'"
XX

where, ¢(X) is a condition number (M7), V, is the
volume (14), Cy; and Cp,. are constants from Lemmas
3 and 4.

Lemma is proved in Appendix B.

Finite Nets

Additional construction will be used to prove the
uniformity of the estimates. 5-net of the metric space Z
is a set Z,_(5)cZ such that for each point Z eZ exists

net

d-close point Z,, € Z,,(5).
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Since the set of X_ (15) far from the border, points is
a subset of X and M2 and M4 hold true, then applying
Lemma 10 we get.

Corollary 3. For each & > 0 and € > 0 exist finite 6-

)
an edge of p-dimensional hypercube (4).

P
. 2 .
net X, with ( a\/;j or fewer elements, where a > 0 is

Proof of Main Theorems

Let y be the indicator the event ‘random point X,
which is distributed with density p,, is in p-
dimensional g-neighborhood of X e X’
r=2X|X.0)=111X - X I<¢) (18)

where, I(4) = 1, if occurred and else 0. N (X) (13) is a
sum of Bernoulli random variables:

N, ()= 2(X, | X.2) (19)

n=1
Let’s estimate first and second moments of y:

Lemma 9. Let:

, { 1 [24-@2-n 1 }
&<min > >
c(X) '\ max{l,C,} 2 Cr

XeX,, then By’ =Ey=¢*-V,-(p,(X)+&°5;), where:

| 5]& |S 8 : pmax + CRic
4" ((Cpe €, +Cp) 487 CoioC,0)

p.l

(20)

and constants V, Puin, Pmar-Cii Cric » Cp1 and C,, are
defined in (14), (9), (10), Lemmas 3 and 4, (11) and (12).
Also, if S3 is not supposed:

Elz :Ezz‘("q Vq 'pmin _Vq 'g(ﬁz '(CRi(‘ +8pmax)

Proof. Note that 3/ =
X e X be a random variable with density p, (X ).

2. So Ey’=Ey. Let point

By =], 2V (D)

Using Lemma 8 for p,(X)and (10):

J.B[(X)p” (X)dV(X)- J.Bg(x) P, (X)dV(X)

q+2
S8.Vq.pl'ﬂa)(.£‘
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Using expansion:

p,(X)=p(X)+1-V,p(X)

+%vév§p(f(),)? eB.(X)
And the symmetry of B_(X):

J‘B,,.mp“ (D)dv (X) - .[B (X)p/‘(X)dV(X)‘

Jy, o (PO = p, OV (D)

=, Jj(t'%p(XHZngép()?)]
»(t"‘l +1"'Ric (é,é))dtd@ |

< L j;rq -V, p(X)did6 |

et (CuC,u+C,a)- [ [ 14 dtd0)|
+]e(Cr-C,,) L 1 j:ﬂ'ldzde|

—0+V, & -((CR,,(. .C,,+C,, ) +62CyC,,
So:

Jy o PLCOTV(R) =V, -7, (X)

p.(X): j .[:t"“Ric):(z (é,é)dtd&‘

s

< p#(X)'Slﬁz Vo Cre
and for smooth density (with S3):
EBy=¢"-V, -(p,(X)+&°5,;)

Where:

105 1< 8 P + Cric
48 ((Cue €, + €y ) #67+Cr o€

Without S3 for Ey :

[y on POV 2 [ pdV (X)

_8'1/:] * Prnax g7 2 gt Vq * Proin _Vq g ( Ric +8pmax)

The Lemma is proved.

Corollary 4. If:
1 [24¢2-1) 1
c(X) ’ max {l,C,} ' 2\/ Cric

! )

+C,,+1

& < min{

’ \/CRicCp.l

1
JCC,
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and X eX_, then in Lemma 8 for J (20):
|65 [€ Cg =8+ Py + Cpie + 1.

Corollary 5. If:

1 [2a¢2-) 1
£ <min{ s s
o(X) "\ max{,C,} 2,/C,,
1 1
‘\/CRiacp.Z \/CRiL'Cp,l + Cp,Z +1

and X eX_, then:
Vary <&V, -(p#(X) +Co8’ = p (X)&" +677Cy + s“C]é)
Vary 2V, -(p#(X)—CEg2 - p(X)e" —&"C, —SAC]é)
Proof. Using Lemma 9 and Corollary 4 we transform:

Vary =By’ —(By) =&V, -(p,(X)+&%5,)
(1="-V, - (p,(X)+£75,))
<&, -(p”(X)+ Cye” = p (X) e +&7°Cy+ £4C£)

Vary =By’ —(E;()z
=&' V, (p,(X)+&°5,)-(1=&" -V, - (p,(X)+£°5))
>, (p(X)=Cye” = p,(X) e —£7C, - £'CF)

The Corollary is proved.
Proof of Theorem 1. Using (19):

EN,(X)=N-Ey

As Bis open set (assumption M1), from Corollary 4
for small :

‘L é'](vX )_ W, p, (X)) <&V Cy
Using Chebyshev's inequality for % and
g wy(N), where (any

1//(N)=(N¢£")_l/4 w(N):Ne? -y(N)> > and y(N) - 0
for N — 0 is allowed), we have:

N(X)
P( I

Vary
2y (N) | —FF—
Ve )] Ney (N

So:
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P[]vé]f[)() — ngqu(X)

>y Cy+ et Si\iarl 5
! Ne“'y(N)

Note that for N — oc:

Vary
N&*y (N)?
e (P (X)+Co&” = p (X)' 6" +£7°C, +£'CF) o
- Ne'y (N)?
"W, Cy+yw(N) >0

So:

)

N(X)
NeV p,(X)

The Theorem is proved.

Proof of Theorem 2.
L(X, | X)=1=X, > X .

So:

N—-0

PX, I L(X, [ X)=D) &
e pMX) &
P(B(X)) pX) V&

=1.(X,) -1V,

The Theorem is proved.

Proof of Corollary 1. Let be an orthonormal basis in
the tangent space T7,(X) and U,,...,U,, be an
orthonormal basis in the cotangent space 7, (X)". Then

Vise. VUi, .U, g 1s a basis in R”.
From the Theorems 1 and 2 for the elements of local
covariance matrix:

2L, 10 (X, =07 1) (X, = X)" V)

—>1(i=))
DX, | X)

n=1

SLX, | X)-((X,-X) V)-(X,-X)"-U)

n=1

-0

PYACAPS

ZIS(Xn 1 X)- (X, -X)"-U)-((X, —X)T~UI.)

n=1

¥ -0
2L, 1)
n=l1

The Corollary is proved.

Proof of Theorem 3. y (18) has Bernoulli

distribution, so using Lemma 8 and it’s Corollaries we
get the conditions of Lemma 6 for y:
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Ey >0 and N-Ey »>o for N — oc. It remains to
note that for N — oc:

Ey
&V Puix)
Vary

q
¢ qu#(X)

—1

So by Lemma 8:

N,(X)~Ne'p, (X,
e, (X,

4 5 N(0,1)

The Theorem is proved.

Proof of Theorem 4. We verify the conditions of
Lemma 7 for y (18), my = €% V,. p, (X), m=¢""C,
(Corollary 4) and:

lx-Exl<1
|mk -Ex, < ngcm

For & <min ;,q L by Corollary 4:
vV 4C]Epmin 4pmin

Vary <&V,

(P, (X)+Co&” = p,(X) &' +£7Cy +£'Cl)
<eW, p (X)(1+1/4+1/4+1/4) <26V, p,(X)
Vary21/4-&"V - p (X)

Thus, the conditions of Lemma 7 fulfilled and for z

< 1/16:
:]E J
qpy
< exp(—z2 -Nngqp#(X)/4);

X
Ptz emst S
NeV, p,(X) V,p,

—1>z+&%-

P( N.(X)
NeV,p,(X)

<exp(-z’-N&'V,p,(X)/4)

Similarly, if the S3 is not fulfilled, then replacing the
evaluation density expansion in Taylor's formula at their
rough equivalents.

The Theorem is proved.

Proof of Theorem 5. Indicator function is discontinuous,
s0 N(X) is a discontinuous function too. However, due to

nesting balls B,,,(X)c B,(X) for X € B,,(X) and &:
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N,(X)=N,,(X)

So we get the statement of this Theorem by Corollary
3, Lemma 11 and Theorem 3.
The Theorem is proved.

Conclusion

Random variable ‘the number of points in the
neighborhood of a fixed point on manifold’ is considered
in the present paper. Points are assumed to lie on a good
enough unknown manifold, the neighborhood is ball
shaped and Euclidean, its radius slowly tends to zero
with sample size growth.

Asymptotic expansion and uniform large deviation
results are obtained for the considered random variable. The
problem statement is motivated by manifold learning
problems (Roweis and Saul, 2000; Zhang and Zha, 2004;
Bernstein and Kuleshov, 2014).

The results of the paper could be used for the manifold
learning algorithms analysis and could be generalized to get
asymptotic properties of all algorithm steps.
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Appendix A. Definitions and Lemmas from
Differential Geometry

In this Section, we introduce the necessary
information for further consideration related to the
differential geometry.

Covariant Derivative

Differentiation on manifolds refers as usual. We
recall that does it mean. It is easy to determine the
derivative of a function in a given direction ¥ € R” \ {0}
at a given point Z € R” of the p-dimensional real space
R”. However, for X eX even a small displacement in
all directions leaves the transfer result from the
manifold. More precisely, for the manifold X covered
with the map (B,f) and full rank Jacobi matrix
J.(f7'(X)), at X,=f(h,) manifold locally behaves

almost like a g-dimensional linear space tangent space
T,(X), which can be defined as a linear space spanned

by the p-dimensional column vectors of the matrix:
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Jy(by) = (abl (b)) ‘ab" (by ))

where, the superscript denotes the component of the
vector. That is, one can only differentiate in directions
V(X)) el (X). Therefore, the tangent space

T, (X) depends on the point X, of the manifold, in which

it is defined. Hence, on the manifold one cannot
determine the derivative of a scalar function @(X) as the
limit of changes in the function ¢ from point X; to point
Xo + tV(Xp) over the length of the #V(X;), since
X, +tV(X,)¢X and the value of ¢ at this point is not
defined in the general case. So, instead of X, + Tw(X;) a
curve y(t), te (-€,) is considered on the manifold, such

that y(0) = X, and (0) V(X,) . The derivative of a

functlon is defined
w(y(t)) (/7(7(0)) i 20D —(Xo)

=0 t

scalar

V(X )¢(X )=

as

Note. The identity covering exists in the case
of Euclidean space R" :B=R" and f(b) = b,
i.e., X = b. Therefore, as a curve 1t), one can
choose nt) = Xy + tV(X,) and the covariant
derivative of the function @ coincides with the
usual directional derivative.

field
y(®):

is

vector
curve

restriction of the
on the

The derivative of ¥ (r)

Consider the
V(X)eT,(X), XeX
V(=V (@), te(-¢¢).

defined as usual:

17(; +h) -V @)

h~>0 t

()

where, t € (-g,6) . However, the derivative %—V(t) can be

not in the 7, ,(X) . Therefore, one can define the covariant
.. DV 1 4
derivative ?(h) as a projection E(t) on T,,(X).

Next, we consider the equation:

DW
a0
WO)y=W

@n

where, W €T, (X). It’s solution W(t) exist and is called

parallel transport of W(r) over y(t) and is designated as

W(t)=P, W . Now, to determine the derivative of the

7(1),7(0)
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vector field W (X), X eX along a curve y(t), t €(-g, €).

We will transfer W(y(t)) from point X, = y(0). The result
of the parallel transport P, W (y(t)) €T, (X), so the

Py(O),y(z)W(y(t)) =W (y(0)
T,,,(X) and the covariant derivative is defined for the
vector field W(X) on X :

difference is determined in

Py(())y(t)W(]/(t)) W (y(0)
t

V(X )W(X )=

where, yi(-¢,6) > X and

7'(O0)=V(X)eTy (X) .

y(0)=X, eX,

Note. For the Euclidian space R”"the
solution of (21) is
P, oW (r@) =W (y(0) =W (X, +tV(X,)) and

covariant derivative of the vector field
equals to directional derivative:

W(Xo +tV()(o)) - W(Xo)

W (X,) = lim ;

V(XU

We will denote the covariant derivative in the
direction ¥ eT,(X)\ {0}at X as Vy. The covariant

derivative has the usual properties of the directional
derivative, for example, linearity V.V, eT,(X)\ {0},
a,a, e R\ 0 for qV,+a,V, #0:

= aIVK + ozZVV2

ol +al;

Quadratic Forms and Ricci Curvature

In this study, it is assumed that the metric tensor of
the manifold X is generated by embedding at multi-
dimensional space R?. This means that the scalar
product of vectors V,W eT,(X) is the restriction of the

on T,(X), that
orthonormal basis is expressed by a bilinear form
1,(V,w)=v™w . The first quadratic form of manifold
is the length of the vectors of the tangent space and
allows to calculate the lengths of curves:

scalar product of R” is, in an

L., vy=v.
We write down the coordinates of the vector in the
basis induced by parameterization (B, /) :
b=f"(X)
V=J,ba,
o eR%a, =(J,(0) J,(B)) T, &)V
Ia)=al(J,()J,(b)a,
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The second bilinear form shows the orthogonal to the
tangent space component change of vectors from the
tangent space along different directions V,W e T, (X).
We write the expression of the second bilinear form
II,(V,w) in the basis, given parameterization (B,f)
and point X = f(b):

2 0°f(b

=zt Y L0 o (22)
/= abob,

where, @, =(a,,,...a,,)" and a, =(a,,....q,,)" are

coordinates of V' and W in the parametric basis,
o'f(b) -1 :
WERP, z(X)i=(1—J,(b)(J,T(b)J,(b)) J/,(b)T) isa

projector on cotangent space (TX(X))L .

The second fundamental form of II,(V, V) determines
the normal curvature of the manifold.

To determine the Ricci curvature we introduce the
notation for the Christoffel symbols. Define:

:l g,
2| b,

r,, are called Christoffel symbols of the first kind.

CAQ)
& ="a 1

+‘3gk1_agka (23)

b, o,

Let g’ be elements of the inverse matrix JL(b)J - (b), i.e.

-1

the elements of the matrix (J_;(b)J /»(b)) . The

Christoffel symbols of the second kind:

Ff/l: = erk.l g (24)
=1

Elements of the Ricci curvature tensor are defined as:

a (or* ork «
R =>|—L-—H4 ¥y -,
ij ;[ 6bk 6b/ ; kI~ ji JI ki (25)
i,j=1....,q9
Let R=(R)){,,, be the matrix of rank g. For

0T, (X): a,=(J,)J, 1) J,()6. Ricei curvature
in the direction of 6 at X:

Ric,(6,0)=a; -R-a, (26)

Ricci curvature describes the difference between
Euclidean volume element and the manifold volume
element.
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Locally Riemannian Coordinates and Exponential
Map

For a small neighborhood of X,eX mapping
X Vel,(X): X=f(1), where y: y(0)=X, and
%(0): vV, defines a one-to-one correspondence
between the neighborhood of X, and the neighborhood
of 0 in 7,(X). The inverse mapping is called
exponential and is denoted X =exp, (V).
this VeT, (X)

coordinates. These coordinates are called locally
Riemann coordinates.

In neighborhood vectors are

Note. For the Euclidian space X=R" the
tangent  space IS 7,(X)=R" and
expy, (V)=X,+V for each VeT,(X) (that

is, the result is valid for an arbitrary
neighborhood of Xy).

The distance between the points of the manifold in p-
dimensional space and the distance between them in the g-
dimensional Riemannian coordinates are related with
Lemmas 1 and 2. Lemmas 3 and 4 roughly upper bound the
second fundamental form and Ricci curvature through a
fairly smooth parameterization of the manifold.

We prove these Lemmas:

Proof of Lemma 3. For an arbitrary point 5B denote

by 7,....V, orthonormal basis of eigenvectors of

Jf(b)TJf(b). Let 4,...,4,be the corresponding to

q 9
V...V, eigenvalues. Let 0= BV, where ) B’ =1, be
i=1 i=1

the coordinates 9T, , (X)) @|=1 is the basis VisosV, -
Using (5):

o, =(J, ) J,b)) T, (b) 0

= (7, J,®)" O 27

q

1 1
lay IP=Y.—B5lap IP<—.
i=1 A c

i J

Using X = fb) (7), (27):

7 (X)- i *aazf(b) a

I1,.(60,0)|= a, .
116,01 ahb, 0%,

i,j=1

L 3 f(b)
/4 b,

<

1
<Cyllay I<Cyq-—
¢y

Oy &y,
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The Lemma is proved.

Proof of Lemma 4. Using (23) and (24) we estimate

(25) by triangle inequality:

.

3L
| ab,  ob,

<2¢-max, ;.

R |-

U

k
Ji

g
Zr" r r’;,r;]

2
+2q ~(max/.,i,k:1mq

X

0ob,
L | |- 1( 08 02y OZu | 4
=12 T e = ( Ly 2o Ok ol
s st =2\ ob, b, b
3q g,
S——emax,, abl ~max, ,_, ‘g”‘
o| ) FB)
% _ ob, " 0b,
0ob, 0ob,
2
<2-max,,_ o /) ~max ;_, 7o)
Tt Ob,0b, ! ob,
<2-Cy- C/;maxk,lzl,...,q‘gkl‘ S1/\/5
ort ¢ or a og,, .
Ji — Jk Il r. - 1, hiy i
ob, 2 o, ,112,;1 *8 op, &
Sqemax; b maxy ., ‘gkl‘
oy
2
+6]3 'maxj,k,lzl,...,q‘rjk,l '(maxk,zzl,...,q gkl )
ag/l
max ;i . .4 (371),(

< q/\jc./ Tmax; g

or
— Al <3/2. max, ;.o
k
5 ’f(b) of (b)
ob,ob, " b,
<3 maxl/kml 61)
So:
2
|R;1$2¢" - S +C\/7

N

‘!

arjk,l 3, .
o, +2q-C, \/a /c,
az(af(b) 6f(b)]

ob, ~ b,

0b,éb,

18- C2—+4 C,

¢

X

/ 2
Ji

n

/G

¢

Jg3-(c§,+cr-\/cf)

)
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Using (26) and (27):

. T 2
Il Ricy (0,0) 1=l ey - R-ayISmax, ., | R |-l

C:+C,[C, Jc,
<ogp tn T [18 =L S s C, ]/c

- a2z
7 ¢y ¢y

The Lemma is proved.

Appendix B. Lemmas Proofs

In this section, Lemmas used in the proof of the main
theorems are listed and proved.

De Moivre-Laplace for Slowly Decreasing Success
Probability

We prove local and integral de Moivre-Laplace
lemmas for slowly tending to zero success parameter.

Proof of Lemma 5. The proof almost repeats the
proof of the local limit theorem from Shiryayev
(1984) and essentially uses the Stirling formula

n!'=~2zn-e"n"-(1+R(n)), where
1 139 1
- +0(— and
Rim= 12n 288112 51840n° (n4)

—>R(n)>L, n>1 could be written via Bernoulli
12n 13n

numbers. We will omit subscript n in p, u ¢, for
convenience.
For n—> w0,k >0,n—k —>w0:

Cck = ni‘
" kN n—-k)!
_ mwf”n”
- \/Zﬂ'k 2r(n—k)-e ke " P n—k)y*
1 1+r

e () IO

Where:

1+ R(n)

r=r(nk,n-k)=
1+ R(k))(1+ R(n—k))

Estimate r for k> 1, n-k>1:

1+ R(n) ( 1 j( 1 j
> >SlT+— || 1-—
A+ R(k)(1+ R(n—k)) 13n 12k

( 1 ] 1 1
B [ PSR S N P . —
12(n—k) 12k 12(n—k)

1
=

LS S
12k 12(n—k)

So:
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B

ko .
—, qg=1-p.
n

pk)y=C,p'q"" =

—(1+7)

Denote p= p-p=q4—q because of

p—p and q—f?z_P_lA’
p q q
p—p_np-
pq npq
lemmas assumptions and 0< p,g<1. So:

1 17 k 1 B 17 n—k
) = i .
7o x/2ﬂnﬁ(l—ﬁ)(13J [1—1‘7] +n

’{’}_ (1+7)
-p

-(1+7)

ppj
p

p+tq=p+g=1. Also, are

small parameters as is small from the

kin 2+ (n—kyin
b 1

1
o ) exp[
I A pmZ +oml
_mexp[n (plni)+qlnéD

I SNy Gy (N BN e 4
= 271'}1—13(1—[7) exp( n (p [1+ » Jl [1+
+q-(1—ﬁ_len(l—ﬁ_pJ))~(l+r)

q q

We use an expansion in Taylor's formula with the
remainder term in the Lagrange form:
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where,

J, e{min{o p- p} max {0, p- p}} and
p p

5 e{mm{o PPy axi0. 2= p;} Also
q

_ptq_ 1
rq rq

nf(l1l 1) . n (k :
(+j(p—p)2 :7(7_17]
2\p ¢ 2pg\n

So:
L(ﬁ_ ]
2pg\n P

1 +l and

_ (k=np)’
2npq '

_(k=np)’
2npq

We get:

1
k)= -
7o 27npq exp(

Where:

(k—np)®
2npq

J-(l +7(n,k,n—k))

1+ F(nk,n—k) = (L+ r(n,k,n — k)

.exp(_n.([;_.

1 1

3 (1+5[,)2

Gop)' [ 1,11 =)y
P 2 3 (1—54) q

Finally,

p-p)
p(-p)

Sup|f(’1,k,n—k)|—>0, n—>o0 for

2/3

k:[k—np|/npq)
The Lemma is proved.

Proof of Lemma 6. Let ow<a<b<wm
P(a,bl= Y. P.(np,+z\np,q,), where the sum is over

a<z<b

such z that np, +z\np,g, is an integer. From Lemma 5
for each ¢, such that k=np, +1,/np,g, and |7, |<T <o0:

P (np, +t,np,q,)=

exp( ip 12)(1+&(t,,m)

1

where, sup |&(t,,n)|>0, n—>o and &, =

It |sT N4, '
So for the fixed a and b such that
—T<a<b<T,T<Lw:
>, B(np+tnpq)

a<t<b

:Zl<l,{<b‘\/§k_e)(I)(_t/f /2)+ Z

a<ty <b

g(tk,n)%exp(—t: / 2)

2%/ 2)dv+R" (a,b) + R (a,b)

\/_f exp
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Where:

R"(a,b)= Y ! exp(—; /2)

a<t, <b N27

1 b )
———| exp(-z"/2)dx;
\/27r"-“ p( )
9,
R®(a,b) = &(t,,n)—==exp(—t’ /2).
Pab)= 3 elom e p(~t/2)
From the properties of the integral sums

sup | R™(a,b)|>0,n — oo,
—T'<a<b<b

Given the non-negativity of the integrand:

-z? /2)dz < ij‘:exp(—zz / Z)dx

1 T
7o el
That is:

sup | RP(a,b)|< sup | &(t,,n)]

~T<a<b<T It |<T

1 qr 2 )
| =] exp(-z*/2)dz+ sup [R"(a.b)||—>0
N27m J.’T

—T<a<b<T

Denote (I)(z):%r exp(—t2 /Z)dt. Get:
P

qu(pbq | P.(a,b] - (®(b) - D(a))|— 0, n—> . 28)
Now for T = o Ve>0 3T =T(e)>0
ﬁﬁexp(—zz 12)dz>1-%.
From (28):

N: Van>N: sup |P(a,b]-(D(b)-D(a)) |<§

—T<a<b<T

So Pn(—T,T]>1—§, Pn(—oo,—T]+Pn[T,oo)<§, where
P(~0,~T= lim P,(S,~T] u B,(T,) = lim B[T.S).
Finally VT: —0<-T<a<bh<w:

1 b
P (a,b]—-—| exp(-z*/2)dz
,(a,b] ﬂja p(=z*/2)
<|p(-1,1] 7Ljr exp(=z* / 2)dz
N ’ N2m 0T

+

P(a,-T]- ﬁj{;rexp(—zz / 2)dz

exp(-z°/2)dz

+

F(T,b]

1 b &
S <& p(-o0,-T
N2x L 4 2 ]
+Lj’rexp(—z2 /2)dz + P(T,0)
N2 T "
1

NeY3

& &
=+
8 8

+

“exp(—z2/2)dz< S+ 4
L_ Xp(—z )dz 275

That is P,(a,b] > ®(b)-P(b) for all —w<a<b<owo.
The Lemma is proved.

The Probability of Large Deviations for Bounded
Random Variables

Theorem 6. (from Petrov (1987)). Let xi,...,x, be
independent random variables, Ey, =0,

o; =By <o, k=1,..,n, B=Y o] .Let H>0 be such
k=1
1
constant that |Ey) |S%-af-H’”‘2, k=1,.,n for all

integer m>2.Let S=) y, thenfor 0<x<B/H:

k=1

P(S > x)<exp(-x’/4B)
P(S <—x) < exp(-x*/ 4B)

and for x>B/H :

P(S>x)<exp(-—x/4H)
P(S <—x)<exp(—x/4H)

We prove the lemma about the probability of large
deviations for bounded random variables:
Proof of Lemma 7. Modify:

_ 1 1<
l:;Zlk_mk:7Z(lk_Elk)+(Elk_mk)
k=1

k=1

1< 1<
= Z(lk_Elk)"'*Z(Elk_mk)
k=1 N =1

n

For the first sum multiplied by t, we use Theorem 6.
To do this, check the conditions of the theorem:

E(x -Ex)=0
E(x, -By) =0’ <o
[E(z, -Ex)"|<Elz - Ex|"

2 . CrrﬁZ

< E‘Zk -Ey,

m!
< O_Z .Cm—z STO_ZCmfZ

Thus, the conditions of Theorem 6 fulfilled for H > 2C .
For y, -Ey,,...,x, —Ey, using %g(;@ -Ey,)-7|<m we
get the result. The Lemma is proved.

Integration Area Replacement

Proof of Lemma 8. We transform difference of

considered in the lemma integrals for & < % :
C
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."Bg(x)g(X’f()dV(X) - Jgg(x)g(Xaf()dV(f()

= o 0, 8KV (X)

_-[BAX)\BAMg(X’X)dV(X)'

From Lemma 1 follows that each element from

B.(X)AB,(X) is not far from B/(X) as
£ = i 111,(0.0)1¢& for  some XeX and
fe T.(X)1101=1. From Lemma 3: &< ic,,ﬁ .

For e< 24- (\/— D (e+8) <2-&.
max{l C,

\/_ <2.

Using Lemmas 2 and 4:

For ¢ <———:1+Cy (s +&)

-[Bu(mg(X’f()dV(;()iJ‘B&u)

< L’?m){)
<((e+2) -(s-2)) ¥,

sup | g(X, X) |-(1+ (6 +8) - Cy, )
XX

g(X,f()dV(f()‘

gX.Xar (-, g(X,f()dV()?)‘

<V, -sup| g(X,X)| 2e-(1+4-£°-Cp, )
XX
(e+&)"-(e-8)" o

I/q-sxgg|g(X,X)|~§-q~(g+g) (1+4-2-Cy, )

q
354*2~2-n-[1+ic,,52j (1+4-£-Cp, )-sup | g(X. X)|
24 X.X

<8-V -sup|g(X,X)|-&""
X, X

The Lemma is proved.
Finite Nets

Lemma 10. For each o exists finite d-net on a manifold

»
X with [2[1(;/;} or fewer elements, where a > 0 is an

edge of circumscribed p-dimensional hypercube.

Proof. Thus X< R” is bounded it could be placed
into a hypercube C, with edge a > 0. Let 5 > 0 be a fixed
number. Consider a uniform grid G(8) for the cube with
the distances between points along each edge at most

5 /[p . The number of points in the grid does not exceed
[a\;;] . Cube C, is divided by net G(d) into small

cubes with edges not exceeding 5 /./p .

173

Therefore for every point Z of the cube G(J) the
distance between the and does not exceed the length
of the diagonal of the small cube, which it belongs to:

d(Z,G(8)) < Ep:% =5

k=1

where, d(Z,A4)= }nt; Il Z-Z") is a distance between point

ZeR” andset AcR”.

Therefore on a manifold G(J) for every point X e X
contains a point distant from it by no more than 5. But
G(S) & X.

Denote the ball with center X and radius & as Bjs (X).
Denote G(5) : each point XeG@©/2), if
B,,,(X)=B,(X)nX=J, we get X from B, and add it

to G(5). The set G(5) is a d-net for X and contains not

For

P
more than [Za(;/;] points. The Lemma is proved.

We prove the lemma about the joint occurrence of
events system:

Lemma 11. Let each of the events 4,, dots, A,; occurs
with a probability of not less than p. Then they all come
together with a  probability of at least
P(N A)=1-M-(1-p).

m=1*"m

Proof. Let 4 be the complement of a Borel set A to
the set of elementary events. Transform:

Acm

ml m P(m A)>P(m

m=1*"m

m=1 m7 m= lAm)

=1-P("Y 4)>1- ZP(A y21-M -(1- p)

m=1
m=1

The Lemma is proved.
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