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ABSTRACT

In this article the structure of non-stationaryvas which are stationary connected in Hilbert spactudied
using triangular models of non-self-adjoint operalthe concept of evolutionary representabilityyplere
an important role. It is proved that if one of taarves in Hilbert space is evolutionary represdatabd the
curves are stationary connected, then another csiesolutionary representable too. These curvestadied
firstly. The structure of a cross-correlation fuootin the case when operator, defining the evohaty
representation, has one-dimensional non-Hermitisgace (the spectrum is discreet and situatdainpgper
complex half-plane or has infinite multiplicity zgro (\Volterra operator)) is studied.

Keywords: Stationary Connectedness, Infinitesimal Correlatighatrix, Triangular Operator Model,
Channel Operator Element

1. INTRODUCTION (linearly) representable (Pugachev and Sinitsy®120
Livshits and Yantsevich, 1979), i.e., may be expeels

It is well known (Rozanov, 1967; Hannan, 2009; a5 & (1)=e"™¢, (a=12), where A are linear
Pugachev and Sinitsyn, 2001) that if two stationary
random processes of the second oréldt) and &,(t)

(in what follows we consider thaMm{é,(t)=0) are
stationary connected, then in the correspondingespa H, :I;Ck,a{, (to)-

He(H, = 0C &, (t).a =1.2k= 1= {t} =[ Om) is the

bounded operators Hi,. For simplicity, we assume
that H,=H, =H, H, are Hilbert  spaces

value space of random processes) they correspond to 2. EVOLUTIONARY
the stationary curves of the for@,(t)=U, &, , where REPRESENTABLE STATIONARY

U, is a one-parameter group of unitary operators CONNECTED CURVESIN H¢

which always can be representedias=e€", whereA Let us introduce an infinitesimal correlation matri
is a self-adjoint and, in general, unbounded omerat (Pugachev and Sinitsyn, 2001) with components:
in H,. If &(t)(a=12) are nonstationary random

processes, then the question concerning stationary Wp(t,s) =—(0t +0s)K 4 (t,S)
connectedness, i.e., the cross-correlation function
dependence upon differente-s, is still opened. The For evolutionary representable curves one canyeasil

solution of problem may be found in the framewofk o derive the following expression:
the Hilbert approach to the construction of the
correlation theory of random processes. We will )
- Serat _[AA
restrict our consideration to the case when W,,(t,5) = —2&,(1).65(9) Q)
corresponding curves inH, are evolutionary :

He

Corresponding Author: Raed Hatamleh, Department of Mathematics, Jadanrgelsity, Irbid-Jordan

% Science Publications 262 JMSS



Raed Hatamlekt al. / Journal of Mathematics and Statistics 10 (BR-266, 2014

Lemma 1. ie.:

In order for two random processes to be stationary R _
connected, it is necessary and sufficient that <(A1 _AZ)hl'h2>H =0

3
K., (t,s) satisfies the equation:
where, h,h, are elements of linear span

(0t +0s) K, (t,5) =0 () L=0Cué.(t). Proceeding to a closure df, we

The necessity is evident, since, in the case ofderivethatA =4, or A, =A.
stationary connected processes,,(t,s)depends on Hence, if & ()and &,(t) are evolutionary

the differencet-s and, for the proof of sufficiency, representable and stationary connected, ther irthey
the new variables U=t+s V=t-s should be  gre expressed as:

introduced in Equation 2.
Theoran 1 <(1 (t) :eltA{l)l"(Z(t) :eltA <(02'
If the random processes are stationary connectéd an

) N and the matri{Ww,
are evolutionary representable, thigrs A .

5 (t.5)) is given by:

Pr oof. W, (t,S) =
Let (K, ,(t.s)) be the correlation matrix for a vector [(2ImA& ().¢, (s)>H‘r 0 3)
random proced; (t).&,(t))OH,. Then the following 0 ~(2mAE, )¢, 6),
representation for K, ,(t,s) in H, is valid, ¢
Kaﬂ(t's):ga(t)'{ﬂ(s»m' where ¢ (t).&(t)H, are For the stationary and stationary connected
corresponding curves in Hilbert spa¢e,. Since, by  curvesA =A,=A=A", we arrive to the well-known
hypothesis &, (t) are evolutionary representable: representation of the stationary vector curve in
H,:&, (t)=€%&, (a=1,2) (Rozanov, 1967).
Kt s)=<eitAa50 ésAgOﬂ> In the subsequent discussion, we restrict our
aj ’ a H{

consideration to the most interesting case foriegibn,
when the subspactn AH, is finite-dimensional and let

r be the subspace dimension.
If the nonstationarity rank of the vector curve

In view of the stationary connectedness,(t,s)=0
(Lemma 1) and:

W.ts 0 (&(1).&(1))in H, is defined as maximal rank of
(W, (t,9)) =| "1 . .
0 W,(,s) quadratic forms:
From the other hand: NNy, —— = (®
CD[Z] = z <W(tk' tl)zk' Z|> ’ Zk :[ (2)}
KI=1 =) Z

Wi,(t,5) :<Ali‘A2<a (t),fz(s)>

e Z*? are complex numbers, then, in the case of
Hence, it follows from the stationary dimIimAH =r, one may show that the nonstationarity
connectedness that: rank does not excee?t .

Really, if the operatorA is included in the operator
complex (Livshits and Yantsevich, 1979; Zolotar2903),

K=(AH;0,,.9, (In)), where (3,,)is an involutive

<(A1 _A;)i‘iaj {1(tj )'ibl A )> =0
= =

He
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matrix [ =3 andz.]Ip om -Jim], then we obtain the :<iA{(t),{2 (S)> <<‘1 O, dé, (s)>

H
. 3
following expression fo W, (t.s) :

:<<‘1 (t),—IA &, (s) +d%s(,3)>
P EAC) 0 '
W,4(t,8) = hm=t r (4) Hence, it follows (compare with the proof of
0 =3 W (S) Theorem 1) that:
I,m=1
where: < -iA Ez(s)+d{2(s)> =0,0hOH,,
He

4 0=(¢" e ), ¢ O=( ) 5) e

Then we have: —iA*EZ(s)+%(S):O or &, (s)= & ¢,

S

I —_— r J—
®[7 = Z Jiml Ug = Z JimVi Vg
I, m=1

I,m=1

3. THE STRUCTURE OF W, (t,s) AND
where: K, (t.;s) FOR STATIONARY

Ny N, CONNECTED CURVESIN H,
u =24tz =3 4 )z
k=1 =1

Now we proceed to the investigation (i, (t.s))

hence it follows that the rank ab[z] does not exceed for the dissipative operatok.J,, =4, and:

the doubled rank of matrikJ,, ), i.e., 2r .

r -
20,0, (s) 0
Theorem 2. (Weg(t.9)=| "™ r :
If two curves inH, are stationary connected and one 0 ‘é‘“l % )
of them is evolutionary representable, then anathere
is also evolutionary representable. If the dissipative operatoA has discreet spectrum:

Pr oof .

g B i 2
Let ¢& (t)be evolutionary representable curve, i.e., J(A)_{akﬂ 2 k:l'w'thk;’g" =

& (t) =€%&,. In view of stationary connectedness:
then, if r =1, the functionsg(t) and ¢(t) (index | is

W, (t,s) = (0t +0s) K,(t,5)= 0 omitted) may be restored only by spectrum andaihiti
values &, and &,,.

But:
Theorem 3.

(ot+0s)K (.9 = (At +05)(& (0.5, 9),, Let:

_/d& ) déz (s) A -

—<dty<(2(s)> <<(1(t) >H {)\k:(]kﬂ%},k:l,m
He 3
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be arbitrary complex numbers in upper complex

half plane and:

B§<oo,

M

=

=1

and a ,a,,--,b, b,,-- be arbitrary sequences with:

>faf <eoandy| b <es
k=1 k=1

Then there exists the evolutionary representable

Gauss vector process with matrix Equation 6 and 7:

w,, (t,s):[¢(t)¢(5) o ]

0 W(w(s)

where:

O (1) =D o A (D)W1) =Y BA (1) (6)

k=1 k=1
with:
1 2Im/l klA —A
A :——
< 277I, A - A n)l —)|

(@)

. wy2ImA, = A =2
/\k(t):—%je"u T M S—2da
r

Ak _/1 j=k+lAj _/1

Proof.
Let us build a triangular model of operatar acting
in the spacer? with the help of the set ofi,4,,

(Livshits and Yantsevich, 1979; Zolotarev, 2003hem
consider in¢? the model curves:

&) =€R8,,.8, () =%,

where:

a, b,

$o1=| 2 |10 =| b,

Taking into account the expressions (5) #{t) and

w(t), with A=A and the expressions fa* and e
via the corresponding resolvents:
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i 1
itB _ __
e = 72 _q3e < oo

14

the contour y encloses the spectrum of opera®r

(Pugachev and Sinitsyn, 2001), we obtain the
expressions (6) and (7).

The existence of Gauss vector processes resuits fro
the possibility of the correlation matrif,,(t,s)) to be

restored by the scalar products calculations:
— [ aitA isA*
Kaﬁ(t,s)—<e e £Oﬂ>H{

The Gauss complex valued vector process
(&(t).&,(t)) may be reconstructed, but not uniquely

defined, by the correlation matrix (Hannan, 2009).
In our case, the most interesting is the structure:

Kpo(t.s) =<ei (=) 501'502>H5

First we consider a case when:

where, § is a channel element of dissipative operator A

with discrete spectrum. Then using results fromptéra
V (Livshits and Yantsevich, 1979) we derive the
expression:

K, (t-S) =§:a| A t-9) ®)

where, A (t) are special A-functions (Livshits and

Yantsevich, 1979) built only by the operator sp@ctr
{A} - For example, if ally, are different, then:

itAj

A (t) = Zdl e
If £&,=0, then we can derive similar expression (8)
for Ky,(t-s) using formula:
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1 If we use as a model operator the Volterra operator

. o . ~ -1
=i (t-s)A* — —-i(t-s)A _
e fn="5 o pe (Ax-21) " &dn
. _ Af =i [f (u)du
The calculation of resolvent for the triangular rabd °
operator A on ¢&,#§is reduced to the solution of

inhomogeneous difference equation: acting in a space;[zo,l] , then one can easily obtain the
following expressions fop(t) andy (t):

yk+1_yk')i_)\ = Yis1 ™ Yk (9)
A -A |
o0 =[a(03 (/1) du
Where: !
|
b A (0 = [be)b( 2/t u) du

Vo =Y =——F (), 0

B B

where, J, is the Bessel function of a zero order.

Using the universal models of dissipative operators
) ) _ ) (Livshits and Yantsevich, 1979; Zolotarev, 2003jie0
Solving Equation (9) fof, (), we obtain Equation 10:  may also consider any case2fr < .

f, (1) =((A* BT )_lfozjk

_ _ —ok-2{ k-j
- :7& [k lﬁ 1 +§k 2[ Jl““'_)l]yjﬂ], 4. CONCLUSION
Am AU A -4 =R A -4 Spectral representation for non stationary curves,
k=2 (10) which are stationary connected, in the case when th
¢ (/])=7bl _opera'gorA satisfies the_ requirements of completeness,
1 X - i.e,, it has full chain of decreasing subspaces

H=H,OH, O--- with H,_GH, =1, may be obtained
If (502) coincides with channel elemeng of the using the theory of open systems associated wih th
operator colligations containing the operatoks or
operator A, then all y, =1(b, = 4) and (10) changes to A" (Livshits and Yantsevich, 1979; Zolotarev, 2003).
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