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ABSTRACT
In this study we considered a deformed elasti@swith a unilateral contact of a rigid body. Wediad the

existence, uniqueness and continuity of the defiomaf this solid with respect to the datsle proved the
existence of solutions for a class of variatiomalgualities.
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1. INTRODUCTION 2. FORMULATION OF THE

. . . CONTACT PROBLEM
Several problems in mechanics, physics, control and

those dealing with contacts, lead to the studyystesns Here we consider a solid occupying an open bounded
of variational inequalities. _ domainQ of a sufficiently regular boundafy= Q.
This model has been studied by Slimanal. (2004); The solid is supposed to have:

Bernardi et al. (2004); Brezis (1983); Brezis and
StampaCChia (1968), Ciarlet (1978), Grisvard (1985) . A density on the V0|ume, of force PGn
Haslingeret al. (1996); Lions and Stampacchia (1967). .  Homogenous boundary conditions on
We consider a solid occupying an open bounded,  pjlateral contact with a rigid obstacle of equatio
domainQ of a sufficiently regular boundafy = 0Q with x5 = 0 on contact surfad®. = Q/T".
unilateral contact with a rigid obstacle.

Theorem 1.1 The displacement is given by:

Let POL? (QR® be the resulting of force density. (u(x)) &2 0, inQ,
Then there exists a unique solution for the varsl
problem: find WV such that: With (e, &, &) Cartesian base we denote tpythe

reaction of the obstacle on the solid. The relatigading
a(u,v)=1(v),0v0V to a unilateral contact (without friction) are givey:
With: (u(x)).e 2 0,inQ,
(n)e=0,inQ,

v ={vOH}(Q R} (om0
a(u,v) = The bilinear form

I(v) = The linear form We use the spacei(Q,R?) of functions in H (Q,

To prove this theorem we make use of the Lax-Mitgra R®) equals to zero oh.
which is based on proving the continuity and Vptiltity of Let us introduce the convex subspace K for the
the bilinear form a(u,v) and the continuity of I(v) authorized displacements, to be defined as:
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K :{vDHg(Q,R3) (v).e,2 0, ich}

We consider the variationnal

formulation Find:

following

(un)OHY(Q.R)x HY(Q)
Such that:
(R) a(uy-¢n Y= (.01 B(Q R)
With:
c(n,v)=9jr]vdx

And the reduced problem becomes:
Find uJK such that:

Theorem 2.1

For any solution (u;) of problem (B), u is a solution
of problem (P.

Pr oof

Let (un) be a solution of problem {Pand WK,
OvOK and we have:

(n,v)2z0< —(n,v)<0
Problem (B leads to:

(x-n.u)y=0,0x0K
We assume that x = 0:

-(nu=z0< (n,u<0

By replacing v by v-u in line one of problemP
we get:

a(uv-u-dn,v- 9= (wy
Where:

=c(n.v=-u)==(n.v=y==(n,y+(n.g= C
=a(u,v-u==(v-u 0vIK
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Let u be a solution of problem jRhen (up) is a
solution of (R):

a(u,v-u-Iv-u= 001K
By using Green's formula, we get:
a(uv-u-(n,v-d-(v-4U=0C

We assume that v =, with $OD(QR?), (i.e., d

is of a compact support), then the integral on the

contour is zero:
a(u)=I(o).0¢
The integral on a contact area leads to:
(n,v-uy=0,0vOK

By assuming that:
v=0
v=2u

And with the property of convexity of K, we get:

(x-nu)=0(x.u-(n.y=(x.y= C

Theorem 2.2

For any PIHY(Q, R?), the problem (B has a unique
solution (un) OHe' (QR})xH™(Q)

Pr oof

= (nu)=0

The existence of the solution u of problem is @ddir
application of Slimanet al. (2004).
Let us consider:

L(v)=a(u,v)- (V)
Remark

In problem (P, we have:
o ifv=0,then:

-a(u,u)=-(u

e jfv=2u,then:
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a(u,u=

(Y= Uu=0
The Ker of the formn, v) is characterized by:
v ={vOH}(QR?), ue = 0,im)

Let vV, then v and -v are in K from the problem
(P) and L(u) = 0, we have:

a(uy-dug+ §w)- (¥+ )=z 0
“I(v)#1(u)20 = a(u)-1(v)-a u,y
S(u)20 = a(u)- (V2 0= (Y= 0

We remplace v by -v in L(u) to get:

20- —guy+ (Y=

= a(uV)-1(vso0= L(uy=0

L is of a compact support in V and from the
following inf-sup condition:

n.v)

SUPW 2Bn| -

We can prove that there exisfsIH (Q).
Then (u,n) satisfies line one of problemdP
The definition of K and L(u) = 0, leads to:

(x-nuw=0xu-(n.y =(x.y= 0,0x0 K

This proves the existence of the solution.
Let U; and U be two solutions of problem (jPWith
U; =uw and Y = v, then:

a(U,w-u)zI(w
a(U, W-U,)=2 K

)DWDK
U,).0WOK

By adding that W = WJand W = Ywe have:

a(Y,
>Nu u)
a(Uu,,u,-U

(U,=U)a( U, U= U)+ H U= U,d )
(u U-U,)=zI(U,-U))

(U, U,)
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a(U,-U,,U-U,)<0
= a(U-U,U-U,)<0
- alu,-U,| <

By the inf-sup condition of problem {Rgives us:
OvOHy(Q.R?) (n,. V) =(n,.V) = n,=n,

3. THE DISCRETE PROBLEM

We introduce a discrete subspageo¥V such that:
m;{wmcﬁzwyvgﬂﬁ@ W:Opmg}

And dim V;<o, therefore there exists a basisy¥ |
=1to N, we can then write:

N
v, = ;Bm

Now, let us construct a closed convex subsedv,,
such that K should be reduced to a finite number of
constraints on thg;:

Kh:{vhljvh, ve,2d _ }

at every vertex of each triangle |k

Then K,OK and K,OVy.
We remark that problem (Pis equivalent to find
u,OK}, such that:

(Ph) a(qw'\ﬁ_ LL)Z (Vh_

We assume U=uand W =v.

Theorem 3.1

Let U and Y be the solutions of problems,\Rnd
(Py), respectively. Let us denote bylA (V, V') the map
defined, by a(U, W) = (AU, W), then:

u) .0 w0 K,

HU W, 5 +

HU_Uth_ HP AUHV‘

HU _Wth +HUh _WHV

JMSS



Taallah Frekh / Journal of Mathematics and Sta<3i(4): 305-309, 2013

With P is the resultant of the volume force.

A '}\ /\ //
Pr oof g g
roo —é

By the definitions of U and W, we have: o \

s JP\
AVA

a(U,u-w)s(P,U- W,

OWOKa(U,,U,-W,)<(P,U,- W) OW,0 K, B ~ \J
By adding these inequalities and transposing terms, % /1', ,»7\
we obtain: P N\
a(U U+ U, . U)<(P,U- W Fig. 1. Mesh

H(PU - W)+ UW+ Y W)

By subtracting a(U, P+ a(U,, U) from both sides =
and grouping terms and by using the continuity and L
the coercively of the bilinear form a(U, W), we

deduce: — o SR

HP_ AUHV' HU_Wth
2
afu-u,|,"<| +[P- AU, u, - w],
+MHU _UthHU _Wth

Since:
Fig. 2. Isovalue of deplacemen{ u
M
MHU _UhHHU _WhH SEHU _WhHZ =
We obtain: b
M? 2 1 2
— U -W, —(P— AU .
HU_UhHV = GZ H hHV+qH HV
HU _Wth +Huh _WH\/
OWDOK and OW, O K,
4 NUMERICAL RESULTS
Fig. 3. Isovalue of deplacemenj u
Consider elastic plate with the undeformed
rectangle shape (0, 200, 2). The body force is the 5. CONCLUSION
gravity force f and the boundary force g is zero on
lower and upper side. On the two vertical sideshef By starting with the classical model for a deformed
beam are fixedKig. 1-3). elastic solid with a unilateral contact of a ridgiddy, we
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proved the existence of solutions for a class of Grisvard, P., 1985. Elliptic Problems in Nonsmooth

variational inequalities. Domains. 1st Edn., SIAMPhiladelphia, ISBN-10:
1611972035, pp: 410.
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