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Abstract: Problem statement: In this proposed research, we developed an inventoodel to
formulate an optimal ordering policies for supphto offers progressive permissible delay periads t
the retailer to settle his/her account. We assuthadthe annual demand rate as a decreasing fanctio
of price with constant rate of deterioration anddivarying holding cost. Shortages in inventory are
allowed which is completely backloggeipproach: The main objective of this study to frame an
inventory model in real life situations. In thisidy, we introduced a new idea of trade credits,etgm
the supplier charges the retailer progressive éstenates if the retailer prolongs its unpaid bedarBy
offering progressive interest rates to the retsjlarsupplier, can secure competitive market adgant
over the competitors and possibly improve markatsliprofit. This study has two main purposes, first
the mathematical model of an inventory system ataebdish under the above conditions and second
demonstrate that the optimal solution not only tsxisut also feasible. We developed theoretical
results to obtain the optimal replenishment intebyaexamine the explicit condition. An algoriths i
given to find the flow of optimal ordering policRResults: The results is illustrated with the help of
numerical example using Mathematica software amdfftimal solution of the problem is Z (p,) E
76.8586 at (p, ) = (0.952656, 0.128844Lonclusion: We proposed an algorithm to find the optimal
ordering policy. A numerical study has been perfeinio observe the sensitivity of the effect of
demand parameter changes.

Key words: Linear holding cost, progressive permissible dedlyerioration rate and shortages

INTRODUCTION al. (2000); Chang and Dye (2001); Teng (2002); Teing
al. (2005) and Hwang and Shinn (1997) developed the
In the traditional Economic Order Quantity (EOQ) model with permissible delay in period. Chaetgal.

model, it is assumed that the retailer pays forgheds (2010) Developed an Optimal replenishment polifoes
as soon as it is received by the system. Howewer, inon-instantaneous deteriorating items with stock-
practice, the supplier offers a retailer a delayfixdd  dependent demand.
time period for setting the amount owed to him. In the progressive trade credit period, retailer
Usually, there is no interest charge if the outditagqn  settles the outstanding amount by first credit qubri
amount is paid within the credit period. Howevéthe  Hence, the supplier does not charge any interest.
payment is not paid in full by the end of the ctedi Supplier charges an interest at ratgomcthe un-paid
period, then interest is charged on the outstandingalance if retailer pays after first credit peribat
amount. Goyal (1985)eveloped an EOQ model undebefore second period offered by supplier to retaile
conditions of permissible delay in payments extende retailer settles his amount after second creditoder
Goyal (1985) model by allowing shortages. Mandal an then supplier charges to retailer an interesttatl@a on
Phaujdar (1988) developed an inventory model byn-paid balance (i&lc,). By assuming progressive
including interest earned from the sales revenuéhen trade credits to the retailer supplier can secure
stoke remaining beyond the settlement periodcompetitive market advantage and improve market
Aggarwal and Jaggi (1995) extended Goyal's model foshare. Goyalet al. (2007) developed an inventory
deteriorating items because the loss due to det¢ivno model with constant demand rate and deterioration
cannot be ignored. Jamel al. (1997) generalized the rate under progressive payment scheme. Soni and
model to allow for shortage and deterioration. Lého Shah (2008) developed a model for stoke-dependent
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d(_emand rate under progressive_ payment schemdg, Interests charge peg in stock per year by
Singh et al. (2008) extended Soni and Shah (2008) supplier when retailer pays during [M, N]

model by allowing shortages and variable holdlng|C Interests charge pgrin stock per year by
cost. This fact attracted a number of researchers t supplier when retailer pays during [N, T]

drive inventory modals on price dependent demand (Ico> Icy)

rate patterns. Presented an inventory model fonste Interest earnedd / year
havinf the demand rate is constant and variable® ) y
deterioration rate under the trade credits. Sonthef Replenishment cycle
related works in this area are by Haley and Higgin Deterioration rate, (B«<1. _ n
(1973); Wee (1995); Chung and Tsai (2001); Tend" Holding cost h (t) per timr unit and it is

(2002) and Tenet al. (2005). time dependent and is assumed as:
In this study, we address the issues relating t& (t) = a+pt, wherea>03>0.
progressive credit period relating to the retaitesettle  OC = Ordering cost / time unit

Interest earned/time unit
Interest charged/time unit

his account. We developed a mathematical model wheke
the demand rate, as a decreasing function of amce 1C

shortage which are fully backlogged with time vagyi  Q (t) = On hand inventory at time £f0t< T,)
holding cost. We assume that the supplier offers tw GR = Gross revenue
progressive credit periods to the retailer to settle  SC = Shortage cost/time unit

account. The net profit is maximized by optimizatio 7z (p, T,) = Total net profit/time unit
technique. An algorithm is presented to derive the

retailer's optimal solution. Formulation of mathematical model Eq 1 and 2:
Fundamental assumptions and notations. The
following assumptions are used to develop the model aQ(t)+eQ(t) =-D, 0st< T, (1)

e The inventory system deals with the single item.

* Replenishment rate is finite Q( )=-D, T,<ts<T )

« Shortage are allowed and completely back logged. dt

* Leadtimeis zero ) N

«  The annual demand, as a decreasing function of ~With boundary conditions, Q (0) = Q, Q1= 0,
price; we get D (p) =p®, Wherea>0 andB>1. p consequently, the solution of the above Eqg. 3-5 are

denotes selling price of the item during the cycle

time and a decision variable Q(t :E[eﬁrt) _1J LT (3)
» If the retailer pays by M, then suppliers does not Q

charge to the retailer. If the retailer pays after

and before N (N>M), he can keep the difference inQ(t)=D(T,-t), T,<t<T 4)

the unit sale price and unit cost in an interest
bearing account at the rate of le /unit/year. Dgirin

[M, NJ, the supplier charges the retailer an insére And the order quantity i® = ( eh - ]) 5)
rate Ig /unit/year. If the retailer pays after N, then
supplier charges the retailer an interest ratecof |

Junitlyear (16> Ic;) on unpaid balance The cost components per unit time are as follows

Eq. 6:
The notations are as follows:

Ordering Cos{(OC) = (6)

—|>

Inventory holding cost/ unit/ year.

Selling price/unit (a decision variable).
Shortage cost/unit.

Unit purchase cost with C<P.

First offered credit period in settling the
account without any extra charge. fJ‘ Q(t) dt _7J‘T1 g-n ]] dt

Second permissible credit period in (7)
settling the account with interest rate Ic :@[ 9T, - 1]

on unpaid balance and N>M e°T

Inventory holding cost Eq. 7:

ZS0O0nTVS
e

Z
1
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The deterioration cost in the time interval [Q] iE p and Tare continuous variables. Hence the optimal

Eq. 8: values of p and j£an be obtained by setting Eq. 14, 15:
CDrom _ 95T - Pt _ s, aBp**h
DC= BT[ -7 -1 (8) o (P T)=ap” +aBep™ —aB pr+— o —
T, _ CO(BP T, SXBP[“
Shortage cost occurs during the periog, [T] is { 0T, - ]} or {é] 01~ }+
given by Eq. 9 and 10: &t _gT
( TS ]+ple —app™” 0°T 2 '
_SqT _ ST 6® -2 1
sc==[ -QWd==[ - D(I-ya o 2 (14)
P10\ —
:sar £ _Tﬂ Bl (AT _91_]}}6
T 2 0
() i
Gross revenue GR = (pc) D (p) (20) { { —0T - ICE -1
Regarding interest charged and interest earnegtibas | D(p)(M - T){ o _oT _j}} -0
j =
on the length of the cycle time,Tthree cases arise: e’
Case 1: T<M, Case 2: M << N and Case 3:1> N. And:
Case 1. T< M;
0
Here, Retailer sells Q units during (0,) Tand afTZl(pyTlF 0
paying for CQ units in full to the supplier at tin\ ' hD D sD ole
>T,, so interest charges are zero, i.e. Eq. 11: = —e—T{e"Tl -3 ——{ én - }—7{ T- 1}+?
IC,=0 (11) DM-T) e _4_D
_ _ ) ) _ E{ QT - ]} Q { ]} o |- 0
Retailer deposits the revenue in an interest bgari | g2 &g
account at the rate of Ig//year. Therefore interest { Lo ]} (15)
earned I, per year is Eq. 12: :{p—le—l} D{een _91—1_]} . pleD(M—-ﬁ);eeTl _:}
T 6’ T !
_Pl.I¢m _ n
E, = UO Q). tdt+ (M-T,)]] Q(t)dt] —(D+c) 0" -3 sp-1).
D(M-T,) (12) 0 T T
202 +— =
=P|{|33{GBT1_BT1_9T1 _1} 7 N _ _
T]|6 2 {een 0T, _J} To maximize the net profit, provided Eq. 16:
- , . rt- S2<0 (16)
To maximize the net profit at; = T; and p = p*,
here T is fixed for one year planning horizon pd®d.  \where:
The net profit Eq. 13:
9? - . B
Z,(p,T,)= GR- OC- HC- DG- Ig+ IE- SC r=?21(p,T1)=-OtB»|OB "-aB@+ 1o +ap’ptt
A hD
= (p-op(E- 2 + Lo ¢ -0 T- BBy gy g @B B 0P
cD(p) SD(p) T*+T/ o oT
_ eTl 1 _ sB-2
oT |: GT 1] T )( 2 T-E} (13) {eeTl_e-l—l_]}_SaB(B_T_l)e {T2+-|IZ_T-E}
2 2
T e 2 +Lb e 1
+DPM-T)r e T -T)p*?
5 { €T _91—1_]}} +O(B(B+l)(g/|2 T)p {eeTl _eTl_]}
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l oT _ _GZTIZ_
_app e 63{e o 2 I+
T M-T
( - 1){e9T1 91’1—]}
_ ple \D pleD(M-T)
—Z(pT e e
GRTRNCI Ea
& 4 pIeD{eeTl_:}_[D+ (ﬂ Do &n _ﬂ)
oT 0 T T
And:
ple _ \aBP*f &

_—r l_e -
aTap [ j o -}
Dleg Dle(M-T))¢ or

+92T{ o eT ]} or 1{epT ;

C‘Bpiple(M_Tl) oT, h
B S M

R

app®?
T

Case2: M<T;< N.
The interest earned, 4Euring [0, M] is Eq. 17:

M M N
IE, =F>|ej0 D(p). tdt= F>|ej0 o p? . tdt
. (17)

= Pleap“‘—:Ea PP I M?

The retailer pay for Q units purchased at time0t =
at the rate of & /unit to the supplier during [0, M].
The retailer sells D (p) M units at selling pricéuit.
So, he has generated revenue of p.D (p) M+IE

Then two sub cases may arise:

Sub case: 2.1: Let p.D (p).M+IE2CQ, i.e., retailer has

enough money to pay for all Q units procured. Then

interest charge will be Eq. 18:

IC,,=0 (18)

2.1

And interest earned per unit time is Eq. 19:

_IE,

T

apfleM?
2T

IE

2.1

(19)

The net profit Eq. 20:
Z,,(p,T,)= GR- OC- HC- DG- SG g, + IE,

-B
Z,u(p.T)= (p= o p? -2 - M2 @ 0 T- )

B yP
_CO(;? {¢" 6T, -3 - SGTID

i)

(20)

T2 +T/°
2

ap®leM?
2T
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The optimal values of p =;pand T1 = }, are
solutions of Eq. 21 and 22:

aipzll(p‘Tl):ap_B+GBCp_B_1_aB F5[3_+_a[3p-:3-]-|«|
fer-01-4+ B0 g7} 21)
S(J(Bp"31 T?+717 T (J((l—B)p‘BIeI\/F:0

T 2 2T
And:
9 w1 CDf g 4 SD,
T, Z,,(p.T)= {ee -3~ &1 Y=
-D mo_ 4 _ SD I
e

For maximizing the total net profit, provided Eg.
23-26:
<0

-

rZ. 2.1

t (23)

2.1

Where:

0 5 p-
357 24P T)=aBp"" ~aB B+ op”?

p-1_ GB(B*‘J—)p—BZh{ QT - Z}

e°T
_CO(B(B"']') p_B { oT, _ GT ]}_ SIB(B"' :y Ijﬁ_z
oT T

2 2 _ —B-1 2
T2+T, _TTl]_aB(l B)p*tleM
2
L 20

2 2T
-D{h
21 :Tﬁzz'l(p'Tl) :?{6 + l}eéTl -

P

+ap’p
(24)

SD_-D . (23)
_?[S+ (h+8)é 1]

T

And:

62
oT.9p
. CGB_IF?_B_l {e" -}

aBp®*h
oT
o1
+SBp
T

S

{€ -3
{1-1

Z,,(p,T)=

_app™*

T S A

! (26)

e
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Sub Case: 2.2: Let p.D (p) M+IE<CQ. Here retailer
will have to pay interest on unpaid balance.

U;=cD (p)-[p.D (pM+IE)] at the rate of Icat time
M to the supplier. Then interest paid; kcper unit time
is given by Eq. 27:

2 .
22" Plél(lF(J:)lTI w QO 27)
e o

And Interest earned Eq. 28:
Net profit Z ,(p, T,) is given by Eq. 29:

Z,,(p,T,)= GR- OC- HCG- DC- SC g, + IE,

1

=(p-c)ap” -— hap € -8T- ﬂ-%

[e7 -0T-1]- Tp [TZJ;IZ—TTJ
UZIC, [ ot -m) ap**flem? (29)

—ﬁ{e : +9(M—T1)—]}+72T

The optimal values of psp and T=T,, are
solutions of Eq. 30 and 31:

9 h B B
oy, 2= {4 )

_Sap—B _ _U12|Cl B(T-M) _ A —
T (T pTe{e 3=0

(30)

And:
9 7,0 T)=ap® ~aB(p- cyp* + MEP
ap 2.2 1 11 SZT

{eeTl _e.l_l_]} + CGL;_FI)—‘B‘l{ &n_g T- }_

(M)

u |c1{ }
p’TO* [+6(M -T)) -1 (31)

T 2

Laa- B)p " leM?
2T

~p-1 (T2 2
+SaBp {T T —TT1}+
=0

At p = poand T1 = F,maximized the net profit
provided Eq. 32-35:

.t 2.2_522,2< 0 (32)

Where:

62

Lo =TF)ZZZ.2(p,T1 =-app** +aB @+ 1)(p- c)

. s hap@+1)p*?
2 _qBpPt-
Bp 0T

g2
{eT1 —8T - ]}_CGB(BG"'Tl)p {ém_e-[_}_

Sap@+21)pF? [ T*+T2 2U2c,
- -TT - 32
p°TO
aB@-B)p*tleM?
2T

T 2 (33)

{m™+oM-T,)-1 -

02 hap?e™ @ pfo é&-
=252, P. T) =~ -
2.2 ale 2.2 1 T T
_Sap® _Uflc, QOTM)

T pT

(34)

S 2
p- _Uilc, QM)

B
=P (h+ cg)e -2
T pT

0 hot
5= o 20 )= 1R

: SoBptt Ullc -
{em-3+=— (T )Jfﬁ{ee(T

-1
{éTl_}_+me
T ()
M)_}-

Case 3: T, > N: Based on the total purchased cost, CQ,
total money pD (p) M+IEin account at M and total
money pD (p) N+Ik at N, there are three sub cases
may arise:

Sub Case 3.1: Let pD (p) M+IE=CQ

This sub case is same as sub case 2.1; heresab ca

3.1 designate decision variables and objectivetfonc

Sub Case 3.2; Let pD (p) M+IE=CQ and

pD(p){ N- M)* le

pD(p){ N- M) + 5

<CQ-[pD(p)M+ IE,]

This sub case is similar to sub case 2.2; here sub
case 3.2 designate decision variables and objective

function.

Sub Case 3.3; Let pD(p).N+

M< CQ
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And:

. pleD(p)( N- M)’
pD(p)(N M)+f

<CQ-[pD(p).M+ IE,]

Here, retailer does not have enough money to payFSaBp"H

off total purchase cost at N. He will do paymenptf

)+ pD(p)le( N- M)*
2

(p) + IE; at M and pD(p)( N- M at

N. So, he has to pay interest on unpaid balanc
U, =CQ-[pD(p).M+ IE,] with Ic, interest rate during
(M, N) and

pleD(p)( N- M)?
2

U, =U; —| pD(p).(N- M)+ with

interest rate lcduring (N, Tp).
Therefore, total interest charged on retailer; C

per unit time is Eq. 36:
Ulc,(N-M)  Ulc, (u
lc,,=—171 +—2-2| "Q(t)dt
2 T PD(p)TI N (36)
_Ulc(N=M) UZlc,r gmn
Icys = s lT + P29T2|:e _e(Tl_N)_]]

Interest earned per unit time is:

I M?op*®
2T

The net profit is:

Z,,(p.T,)= GR- OC- HG- DG- SG IG,+ IE,

¢ _A_hD(P)f et _n+_1_CcD(p)
T OZT{é 91—} oT

2, T2
{eBT1—9T1—J}—SGD(p) T°+T) -TT
T 2

i

The optimum values of p =3p and T;=T33 are
solutions of Eq. 37:

=(p-cp

¥ (i-M)

-0(T, - M) -1

_U,le,(N-M)  Uic,
T poeT

13 2
Lap~leM
2T

0 hD . L
ﬁzs.s(prTl): _${99 t- :} —%{ & — }I_
(37)
_asSb(p)

Ullc .
(1.1 + U 4= 0

T p
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And:
0 N oy haBp®?
;sz_s(p.Tl)=apB—aB(p— c)pf+ gsz
g
{eeTl_e'I;-_]}_'_CaBp {éTl_e-[_}_
eT (38)
T2 +T7 Ullc,
— L -TT,
T 2 p-TO
—RYn P [eM?
[ -o(1 - N)-F + a@ B;El)_ leM” _ o
e
To maximize the net profit, provided:
r3.3t3.3_523,3< 0 (39)
— 0 — —p-1 ~B-2
r3.3—6?23,3(p.T1)——aB(B—1)p —ap @+ cp
hoB(B+1 BB+ 1
_ %(Er ){eeTl—e'I;—]}— Bef- ){ éTl_e'[_}_
(40)
_Sap@+D| T 4T |, 2Ujlc,
T 2 Y pTe
— NP 1aM2
{ee(Tl-N) _e(Tl _ N)—]} + GB(B 1;[:')_ leM
02 h+®)ap”*en
tss =ﬁ23,3(p,T1)= _%
Sa’? - U2l (41)
_ p + 21C, eee(TrN)
T pT
And:
02 happ™™
=— 7 ,T = éTl —
S5 = g7ap 2P = g7 {¢"-1
capp s g Sp ptt
+ -1+ -T
{0 (1-T)
Ullc _
_ pzz_rz{ee(T1 N) _]} (42)

Algorithm for optimal solution: Step 1: Compute ;1=
T, and p = gfrom case-1:

Step 2: If T,< M.
Then calculate:

Z(p,T,)=maX Z (p.T) Where | = 1, 2.1, 2.2, 3.1,

3.2,3.3.
Step 3: IfM <T, <N.
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If pD (p) M+IEx=CQ is true then compute, & T, 4 Using the above algorithm, we obtain the
and p = p;from sub case 2.1or,F T;;and p = p;  computational results as shown in Table 1-3.
from sub case 3.1, repeat step 2 and stop.

If pD (p) M+IE;>CQ is not true but pD (p) Results The data obtained clearly shows that

pleD(p)(N— MY individual optimal solutions are very differe_nt |fno_
PD(p)(N= M)+ === > each other. However, there exists a solution which
M+IE,<CQ and oD .then  yitimately provides the Maximize the total profit
cD(p)T- pD(p)T—w operating of inventory system. In the above talites,

2 observed that as the value ofdnd p are increased and
compute T =T, and p = pofrom subcase 2.2 0nF o the total cost is increased. Thus, the optimal
Ts,and p = p,from subcase 3.2. solution of the problem is Z (p,JJ= 76.8586 at(p, 1)

If pD (p) M+IEx>CQ is not true, but pD (p) = (0.952656, 0.128844).

pD(p)( N~ M) + PEDEIN= M)

M+IE,<CQ and 2 is not CONCLUSION

D(p)T - pD(p)T-PIEDEOIM

cD(p)T-PD(P) 2 In this study, we introduced a new idea of trade
true, then compute;T= Tzz and p = psfrom sub case credits, namely, the supplier charges the retailer
3.3, repeat step 2 and stop. progressive interest rates if the retailer prolorigs

Step 4: M<T<N is not true then computes ¥ T;;  Unpaid l_)alance. By oﬁering progressive inter_e_'sisrao
and p = psfrom sub case 3.3, repeat step 2 and stop. the retailers, a supplier, can secure competitieekat
advantage over the competitors and possibly improve
Numerical examples: The preceding theory can be market share profit.

illustrated by the following numerical example wéer Shortages are allowed and completely backlogged
the parameters are given as follows: _ _ in the present model. In many practical situati@tsck
Demand parametes, = 10,000 B = 2.5, Selling price, out is unavoidable due to various uncertaintieser&h

p = 13, Deterioration raté,= 0.03, are many situations in which the profit of the etbr

Deterioration cost C=0.05, Shortage cost S=3jiem js higher than its back order cost. Considenaf
Holding cost h=2.5, Flrst_delay period, M= 0.08¢cSe shortages is economically desirable in these cddes.
delay per;}od, Nd: 0.1,_the mtersst_ earned, Ihe 5,0tﬂia traditional parameters of holding cost is assume h
Iontze(;e(ilc:‘l::gze; LI_I_CllO_ 0.12, the interest charbeli= to be time varying. As the changes in the time @aiti

' T money and in the price, index, holding cost cannot

Table 1: Retailer does not pay any interest tcsthmplier remf_iin constant over time. .|t is a$Sume(j_ that the
n T P Profit Z(p, ) holding cost is linearly increasing function of &m

1 0.822346 0.126863 43.8315 We developed theoretical results to obtain the
2 0.856542 0.128116 52.8059 optimal replenishment interval by examine the eipli

3 0.883456 0.128522 57.2229 diti W d lorithm to find  th
4 0.917391 0128723 63.8578 condition. We proposed an algorithm to fin e
5 0.952656 0.128844 76.8586 optimal ordering policy. A numerical study has been

performed to observe the sensitivity of the effett
Table 2: Retailer will have to pay interest on Lidplaalance at the demand parameter Changesl Further the model can be
rate of interest lc Retailer does not have enough money to . . . )
enriched by incorporating other realistic paranseserch

pay off at M i e o . ;
n T P Profit Z(p, &) as Weibull distribution deterioration rate, inftati rate,
1 0.74453 0.137546 35.2673 partial backlogging and in progressive interestgas
2 0.78238 0.139723 39.2645
3 0.82874 0.143271 46.2451 REFERENCES
4 0.85961 0.151293 48.2103
5 0.89453 0.157934 52.3940 i L
Aggarwal, S.P. and C.K. Jaggi, 1995. Ordering [edic
Table 3: Retailer pays interest at the rate of tie the supplier; of deteriorating items under permissible delay in
Retailer does not have enough money to pay off at N payments. J. Oper. Res. Soc., 46: 658-662.
n T 3 Profit Z(p, T) Chang, C.T., J.T. Teng and S.K. Goyal, 2010. Ogtima
1 0.79343 0.132163 30.7830 i i i
5 0.82871 0. 138945 366734 :je;ile_nlshtr_nenyt pohu_;ahs tfoLdnon |Qsta:n(tjaneou§
3 0.83456 0145280 20,0989 eteriorating items with stock-dependent demand.
4 0.86820 0.150834 43.7824 Int. J. Product. Econ., 123: 62-68. DOI:
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