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Distributed Three Parameters Beta typel and Erlang
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Abstract: Problem statement: Moments of order statistics of independent non4idaity distributed
(INID) random variables is not an easy subjectaaldvith for continuous distributions. One is falce
to use messy algebraic calculations (whether oes psrmanents or not). This was the motivation
behind this study. In this study the moments ofomtatistics arising from independent nonidenijcal
distributed three parameters Beta type | distrdrutand Erlang Truncated Exponential distribution
were derivedApproach: We employed an easier technique established bykBb&Abdelkader will

be referred to as (BAT)Results: The mean, the second moment and the varianceeah#édian and
the smallest order statistics for the first disition were given for different values of the shape
parameter and different sample siz€snclusion: The results can be used to make some inferences
and used the BAT technique to derive moments oferorstatistics arising from independent
nonidentically distributed for any other continuadistribution with distribution function (cdf) irhe
form: F(x) = 1 (X).

Key words: Moments, non-identically distributed order statist permanents, three parameters beta
type | distribution, erlang truncated exponentiatribution

INTRODUCTION INID distributed three parameters Beta type | (daim
o et al., 1994) and Erlang Truncated Exponential (El-
The moments of order statistics (0s) of Independena|osey, 2007) and (Mohsin,2009) random variables .
Non-ldentically Distributed (INID) random variables The subject of os from INID rvs is discussed
(rvs) have been established in literature in twoyidely in the literature (David, 1981; Bapat andgBe
directions. The first direction was initiated by 1989; Davidand Nagaraja, 2003)Barakat, 2002).
(Balakrishnan, 1994). It requires a basic relationfound the limit behavior of bivariate order statist
between the probability density function (pdf) aheé from INID distributed random variables. (Giingor,
cumulative distribution function (cdf). This techme is  Gokhan and Bulut 2005) expressed the multivariate
referred to as Differential Equation Technique (DET  order statistics by marginal Ordering of INID rando
enables one to compute all the singleand productectors under discontinuous dfs.
moments of all order statistics in a simple recigsi Applications of the previous two methods are also
manner and the derivation of the moments depend®und in literature for several continuous disttibos.
mainly on integration by parts. The second techmiqu The DET was used by (Balakrishnan, 1994) to derive
was established by Barakat and Abdelkader(2003) wilrecurrence relations satisfied by single and produc
be referred to as (BAT). It is an easier manner tanoments of os from INID rvsfor the Exponential and
evaluate the moments of INID os but can be appbed right truncated distributions. (Childs and Balakrian,
distributions with cdf in the form: F( x) = Ax) or by = 2006) applied DET to derive the moments of os from
using the survival function of the distribution wnd INID rvs for Logistic random variables. The first
study. BAT cannot be used to evaluate the producapplication of BAT was by (Barakat and Abdelkader,
moments. In this study it was our interest to use t 2000) to weibull distribution and then the methodsw
BAT technique to get the moments of os arisingnfro generalized by (Barakat and Abdelkader, 2003) azsl w
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applied to Erlang, Positive Exponential, Pareto and MATERIALS AND METHODS

Laplace  distributions. Abdelkader(2004) and

(Abdelkader, 2008) used a closed expression for the We consider the three parameters Bet type |
survival function of Gamma and Beta distributions t distribution (Johnsoet al., 1994) with cdf:

compute the moments of os from INID rvs using BAT.
Jamjoom(2006) applied it to Burr XII rvs. _ O—x
Let X;, X,,...,X, be independent random variables F(X)_1_|:6_W
having cdfs KXx), FxX),..., F(X) and pdfsfi(x),

f2(X),.... fn(X) respectively. Let X<, XanS...<Xnn  and Erlang truncated exponential (El-Alosey, 20670
denote the os obtained by arranging the i X1 (Mohsin, 2009) with cdf:

increasing order of magnitude. Then the pdf of rhe

0S.X%n(1<r<n<) can be written as: F(x)=1- 6™ (- & ),& xoBA> (6)

}P , W< X< (5)

_ 1 2 L Now, we consider the case when the variables X
fral) = (r-1i(n- r)!zp: u':iu Caf, G0 [18-F 6} (1) be INID rvs, then the above cdfs can be written as:

c=r+l

; R
Where, Zp: denotes the summation over all n F (x)zl_[s—x} We x<3, > 05w € 7
-W
permutations[g, i,...,i) of (1, 2,....,n). (Bapat and
Beg, 1989) put the prgwous pdf of the rth qg M the F(x)=1- % (- 6" ).&c oo BA, > | (8)
form of permanent as: i i
Applications of theorem 1 for the above distribng

1 i .

f )= per| F(x) f (x) fL- F(x)} @) will be stated as theorem 2 nd 3
(r=}(n-r)! - 1

Moments of os from INID three parameters beta
type | rvs:

To derive the moments of os from INID rvs Thegrem 2: For any real number§ w > 0, kr<n and
arising from this distribution we need the follogin =1 2 -
theorem which is established by (Barakat and
Abdelkader, 2003).

k+ P

6 (= i
Theorem 1 Let X; Xp...X, be independent ,(K)=k > Zﬂw(gﬁ’ +1,k] 9)
nonidentically distributed rvs. The kth moment dif a R ewyE T
order statistics, , fordr<n and k =1, 2,... is given

by:
4 Proof: On applying theorem 1 and using (4), we get:
n j=(n-r+1) ]_1

=3 e (1w @ R

j=n-r+1 _ K-1 =t

j |j(k)—k]$il§ijsn...2kvj;x [—é_w} dx
Where:

_ Substituting,/:s_X the above equation reduces
w j -W

Lky= 3 ...ijxk‘lrl G, (X\)dx,j=12,...n  (4) to:

1<iy <ip<ij<n 0 1=

G 5w 7N 3,
Gi () = 1-F; () With (i, ip..., in) is a permutation of (1, /() =k > ..2G-w)@)" 1]{1-Ty} y= ‘dy
2, ..., n) for which i<i.<, ..., <i. 15h g sty =n 0

Proof: The proof of this theorem can be found in By substitutingzza_xy we get:
Barakat and Abdelkader (2003). 5
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kip Sw
= 3 klZP +1-1
L=k ¥ 32" [[1-47 7 az
1<iy <ip<.. <| <n ZR 0
(3-w)=
g;ﬂ |
L=k > B QR +1K)

1<iy <ip<.<ij<n 5 t=1

(6- W)g '

where, 3,(a,b) is the incomplete beta function defined

by:

jx“(l— x)”'dx =, (a,b)

Moments of os from INID erlang truncated
exponential rvs:

Theorem 3:For I<r<nand k=1,2, ...

1, (k) =k % (10)
®" {J-Ze }

DI

1<iy <ip<.<ij<n

Proof: On applying theorem 1 and using (8), we get:

|j(k)—k Z sz'Xk 1|—lel3x1—e ‘)d ,

1<iy <ip<.<ij<n

i

Bx e")

= Y ijx“e & dx

1<y <ip<.<ij<n
On integrating term by term using the integral:

Jxk 1eaxdx_ r(k)
a

We get:
O T S
1<y <ip<.<ijsn (B) |:z(1 e i|
r(k
S (k)

1<iy <ip<.<ij=n

@) {i ->eh }

and the proof is completed.

RESULTS

Result 1: Substituting (9) in (3) the kth moments of the
rth os from INID three parameters beta type | can b
finally written as:

n j=(n-r+1) ]_
W= 2 (1 ( _r]k 2

j=n-r+l n 1<iy <ip<.<ij=n
e | (11)
6 (S J
)y — % By QR +1K)
2R 3ot
@-w)=

Remark 1: The kth moment of the largest og.from
INID three Beta type | rvs can be written as:

=3 ()71, (12)

where, | (k) is defined in (9).

Remark 2: The kth moment of the first os;X from
INID three parameters Beta type | rvs can be writis:

uily =1,(k) (13)
Where:
kzP
In(k):kLBa W[ZP +1, kj 5,w> 0 (14)
G-wy= o7
Remark 3. IID case The Independent Identically

Distributed (IID) case can be deduced from theorem
(2). lj(k) can be written as:

k+j p

1,(k) = k[ ]6‘3 W(]pl +1,k)
(d-w) " &

(15)

where,Bz (a, b) is the incomplete beta function defined
before.

Result 2: Substituting (10) in (3) the kth moments of
the rth os from INID Erlang truncated xponentiah ¢z
finally written as:

n j=(n-r+1) ]_1
Ko = 2 (D ( J" >

j=n-r+l n-r 1<i; <ip<.<ij<n

r (k) (16)

" {j Y }
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Remark 1. The kth moment of the largest ggXfrom
INID Erlang truncated exponential rvs can be writt
as:

U = 3 (-1 (k) a7)

j=1
where, |j (k) is defined in (10)

Remark 2: The k, moment of the first os Yfrom
INID Erlang truncated exponential rvs. can be terit
as:

(k) —

Hin = 1(K)

(18)
Where:

kI (k)

— (19)
®)"[n —Ze‘*‘ I

l(k) =

Remark 3: The Independent Identically Distributed
(IID) case can be deduced from theorem (2)K) lis
written as:

1K) :[r.‘]
J

Numerical calculations for three parameter beta
type I: Simple programs written by Mathematica 7
were used to calculate the moments given in tahl@s
3,4,5.

kI (k)

20
] (20)

Example (1): Multiple outliers sample:

Let:

n =3,

X,OBetatyp 16 =1, w=0.5, P=0.1), X%[Betatyp |
(6=1,w=0.5, p= (0,(0.5)2)), %[OBetatyp1p=1,w
=0.5, p =0,(0.5)2).

Then from (3) the kth of the median.)s given by:

(k) - j-2
Mz Z( 1) [ ]l(k) 21)
=l,(k) —215(k)
From (9):

445

(k) =k

2 X

1<iy <i,<.<<3

(3- W)Z ‘

B (XP +1K)

t=1

ak*Fh*Pz

= 62

6k+p1+pz

Bs-w (P, + P, + 1K)
3

W)Pl*Pz

+
(6-

6k+p2+p3

(6 - W)Pz‘fps

Byw (P + Py + 1K)
d

W)P1 +P3

v Bsw (P, + Py + 1K)
3

(22)

1,(k) =k

> X
1<y <i,<iiz.<<3
(23)
6k+P1+Pz+P3

(6 W)P1+P2+p3

Substituting (22) and (23) in (21)¢) is then can be
obtained.

Table 1 represents the mean, the second moment
and the variance of the medianof the sample size3n
arising from three parameter Beta type 1 distridmuti
These computations are done whér (1, w = 0.5, p=
0.1, p =(0,(0.5)2)).

Example (2): Single outlier sampleWhen w =09 =1,
the three parameter Beta type 1 distribution resluoe
F(x) = 1-1[1-x]", 0=x<1 and Eq (9) can be written as:

=k Y LYBER, +1K) (24)

1<iy <ipe< <n
i

Let:

X1, Xa,..., Xg[Beta typ 16 = 1, w =0, P = (0,(0.5)2)),
X[ Betatyp | § =1, w= 0.5, p= (0,(0.5)2))10, 20,
50, 100, 10000)

From (13, 14) the kth moment of the smallest os
when the sample size n = 10 is:
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=1 (k) Example 3: Single outlier sample:
o =1.dK) Let:
~ 10 X1, Xa,..., Xo[Beta typ 16 = 1, w = 0.5, P = (0,(0.5)2)),
=k Z <m'"z B(; R+l "j (25) X Betatyp | 6 =1, w = 0.5, p= (0,(0.5)2))10, 20,
e 50, 100, 10000)

9
:kB(Z(1)+ P, +1k) From (13, 14) the kth moment of the smallest os
t=1

when the sample size n = 10 is:
=kpB (10+ py k)

Mo = 1K)
Table 2 and 3 represent the mean, the second _ 1 L
moment and the variance of thesmallest os of thgpka _kﬁi g ;i <10"'20510 b BOE[;R * 1’kj
size n =10 arising from three parameter Beta type e o

t=1
ldistributions. These computations are done when:

k 9
=B M+ P+ 1K) (26)
P +po t=1
(3=1,w=0, p=(0,0.5)2)),:p= (0,(0.5)2))10, 20, (0.5 "
50, 100, 10000)
Theorem 2 of Abdelkader (2008) with= 1 is the :Lgos(lm Pio-K)
" !

same as Eq. 25. (0.5
Table 1: n =3,d =1, w=5P1 = 0.1, P2 = (0(0.5)2),P3 = 0,(0.5)2)
P2/P3 0 0.5 1 15 2
n
0 0.500000 0.475379 0.466450 0.462238 0.459922
0.5 0.475379 0.398810 0.365980 0.348894 0.338870
1 0.466450 0.365980 0.320276 0.295482 0.280483
15 0.462238 0.348894 0.295482 0.265713 013173
2 , 0.459922 0.338870 0.280483 0.247318 0.226502
E(X?)

0.750000 0.704970 0.689429 0.682412 0.678700
0.5 0.704970 0.568918 0.513282 0.485493 0.469761
1 0.689429 0.513282 0.436875 0.397066 0.373803
15 0.682412 0.485493 0.397066 0.349727 0.321458
22 0.678700 0.469761 0.373803 0.321458 0.289703
o
0.0 0.500000 0.478985 0.471853 0.468748 0.467172
0.5 0.478985 0.409869 0.379341 0.363766 0.354928
1 0.471853 0.379341 0.334298 0.309756 0.295132
15 0.468748 0.363766 0.309756 0.279123 0.260292
2 0.467172 0.354928 0.295132 0.260292 0.238400
The mean, the second moment and the variance afi¢den of the sample size n = 3 in the presenceutifple outliers using Eq 21

Table 2:n=100=1,w=0,p=p=...=p=p = (0,(0.5),2), -(0,(0.5),2
0.5 1

P/pro 0 15 2

8 1.00000000 0.66666700 0.50000000 0.40000000 3383800
0.5 0.18181800 0.16666700 0.15384600 0.14285700 .13383300
1 0.10000000 0.09523810 0.09090910 0.08695650 8383830
15 0.06896550 0.06666670 0.06451610 0.06250000 .06060610
200 0.05263160 0.05128210 0.05000000 0.04878050 .04761900
0 1.00000000 0.53333300 0.33333300 0.22857000 6660
0.5 0.05594410 0.04761900 0.04102560 0.03571430 03187250
1 0.01818180 0.01656310 0.01515150 0.01391300 282060
15 0.00889878 0.00833333 0.00782014 0.00735294 0.00692641
czrz 0.00526316 0.00500313 0.00476190 0.00453772 .00482900
0 0.00000000 0.08888890 0.08333330 0.06857140 5569560
0.5 0.02288620 0.01984130 0.01735700 0.01530610 0.01359480
1 0.00818182 0.00749285 0.00688705 0.00635161 0.00587607
15 0.00414253 0.00388889 0.00365781 0.00344669 0.00325331
2 0.00249307 0.00237328 0.00226190 0.00215818 00206143
The mean, the second moment and the variance shib#est os of the sample size n = 10 in the paEsef single outlier sing Eq. 21
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=p = p =(0,0.5),2), p= (10,20, 50, 100, 1000)
20 50

p/pro 10 100 1000

m

0 0.0909091 0.047619000 0.019607800 0.009900990 .000999001
0.5 0.0645161 0.039215700 0.018018000 0.00947867 0.000994530
1 0.0500000 0.033333300 0.016666700 0.009090910 000890099
1.5 0.0408163 0.028985500 0.015503900 0.008733620 0.000985707
2 0.0344828 0.025641000 0.014492800 0.008403360 0.000981354
E(X?)

0 0.01515150 0.004329000 0.000754148 0.000194137 1.900000000
0.5 0.00782014 0.002959670 0.000637806 0.000137800 1.900000000
1 0.00476190 0.002150540 0.000546448 0.000163800 1.900000000
1.5 0.00320128 0.001632990 0.000473401 0.00B5 1 1.900000000
czr2 0.00229885 0.001282050 0.000414079 0.000140056 1.900000000
0 0.00688705 0.002061430 0.000369680 0.0000961075 9.900000000
0.5 0.00365781 0.001421800 0.000313157 0.00B1 9.800000000
1 0.00226190 0.001039430 0.000268670 0.0000811555 9.700000000
1.5 0.00153531 0.000792827 0.000233031 0.0ER 9.600000000
2 0.00110979 0.000624589 0.000204039 0.0000E043 9.600000000

The mean, the second moment and the variance shib#est osof the sample size n = 10 in the presehsingle outlier Eq. 25

Table 4:n=100=1,w=05,p=p=...=p=p =(0,(0.5),2), p-(0,(0.5),2

p/pio 0 0.5 1 2

1]

0 0.500000000 0.333333000 0.250000000 0.2000@0000 0.166667000
0.5 0.005681820 0.005208330 0.004807690 0.0044061429 0.004166670
1 0.000195313 0.000186012 0.000177557 0.00(BED8 0.000162760
15 8.400000000 8.100000000 7.000000000 7.600@DO00 7.000000000
2 R 4.000000000 3.900000000 3.000000000 3.7000000000 3.600000000
E(X 1:10)

0 0.750000000 0.466667000 0.333333000 0.2571430000 0.208333000
0.5 0.006555940 0.005952380 0.005448720 0.005@@r32 0.004656860
1 0.000213068 0.000202187 0.000192353 0.00@4EB4 0.000175280
15 8.900000000 8.600000000 8.300000000 8.000@WO00 7.800000000
c2,2 4.200000000 4.100000000 3.900000000 3.8000@000 3.700000000
0.0 0.500000000 0.355556000 0.270833000 0.217D4B00 0.180556000
0.5 0.006523660 0.005925250 0.005425600 0.005@1239 0.004639500
1 0.000213030 0.000202152 0.000192322 0.000B8B39 0.000175254
15 8.900000000 8.600000000 8.300000000 8.000@WO00 7.000000000
2 4.200000000 4.100000000 3.900000000 3.8000@0000 3.700000000
The mean, the second moment and the variance shih#est os of the sample size n = 10 inthe presehsingle outlier Eq. 25
Table5:n=100=1,w=0.5p=p=...=p=p=(0,(0.5),2), »-(10, 20, 50, 100, 1000)

p/pro 10 20 100 1000

1]

0 0.0454545000 0.0238095000 0.0098039200 0.04880 0.0004995000
0.5 0.0020161300 0.0012254900 0.0005630630 (NG 0020)] 0.0000310791

1 0.0000976563 0.0000651042 0.0000325521 0100ES 7 1.9000000000
1.5 4.9000000000 3.5000000000 1.8000000000 1.00000 1.2000000000

2 , 2.6000000000 1.9000000000 1.1000000000 6.4000000 7.4000000000
E(X9)

0 0.049242400 0.0248918000 0.0099924600 0.0049@@903 0.0004995000
0.5 0.002138320 0.0012717400 0.0005730290 0.000288 0.0000310791

1 0.000102307 0.0000672043 0.0000330857 0.0GaG6/ 1.9000000000
1.5 5.100000000 3.6000000000 1.9000000000 1.000umo 1.2000000000

2 2.700000000 2.0000000000 1.1000000000 6.40000000 7.4000000000

0.2

0 0.047176300 0.0243249000 0.0098963400 0.0049M452 0.0004997500
0.5 0.002134250 0.0012702300 0.0005727120 0.0Gu2e8 0.0000311090

1 0.000102297 0.0000672001 0.0000330847 0.000EB 1.0000000000
15 5.100000000 3.6000000000 1.9000000000 1.000000 1.2000000000

2 2.700000000 2.0000000000 1.1000000000 6.40000000 7.4000000000

The mean, the second moment and the variance shih#est os of the sample size n = 10 inthe presehsingle outlier Eq.26
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Table 4 and 5 represent the mean, the secoridarakat, H. and Y. Abdelkader, 2003. Computing the
moment and the variance of the smallest o.s. of the ~moments of order statistics from nonidentical
sample size n =10 arising from three parameter Bpta random variables. Stat. Meth. Appl., 13: 15-26.

P ; . DOI: 10.1007/s10260-003-0068-9
1§|§trl|but|o_n%. ;_I)'hesiz cgrgguta;ons a(r)e 80;3 ngn'zo Barakat, H.M. and Y.H. Abdelkader, 2000. Computing
(=1, w =05, p=(0(0.5), )¢ (0,0.5)2))10, 20, the moments of order statistics from nonidentically

50, 100, 10000). distributed Weibull variables. J. Comp. Applied
Math.,117:  85-90. @ DOIl:  10.1016/S0377-
DISCUSSION 0427(99)00343-X

Barakat, H.M., 2002. The limit behavior of bivadat
Using the BAT Technique beautiful and elegant  order statistics from Non-identical distributed
recurrence rlations were obtained for the momeffits o random variables]. Appl. Math, Polish Academy
rder statistics from nonidentically but independient Sci., 29: 371-386. ISSN: 1233-7234.
distributed variables for both distributions undémdy  Childs, A. and N. Balakrishnan, 2006. Relations for

which can be considered an addition to INID. os. order statistics from non-identical logistic random
variables and assessment of the effect of multiple
CONCLUSION outliers on bias of linear estimators. J. StatnRla
Inference., 136: 2227-2253. DOl:

BAT technique is strongly recommended for anyDavi%jm?—?.,lb\spisg(l)S.8?(-jgrzgtatistics ond Edn., Wile

other continuous dlStrIbutIOh with cdf in the form: New York, pp: 360. ISBN: 0-471-02723-5
F(x)=1-A (x). Comparison between the DET and payid, H.A. and H.N. Nagaraja, 2003. Order Statssti

BAT technique is also recommended for future study. 3rd Edn., Wiley, New York, pp: 458. ISBN: 0-471-
38926-9
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