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Abstract: Problem statement: The modeling of aggregate losses is one of the robjactives in
actuarial theory and practice, especially in thecpss of making important business decisions
regarding various aspects of insurance contratts.afjgregate losses over a fixed time period e&noft
modeled by mixing the distributions of loss freqexand severity, whereby the distribution resulted
from this approach is called a compound distributidowever, in many cases, realistic probability
distributions for loss frequency and severity canbe combined mathematically to derive the
compound distribution of aggregate lossegproach: This study aimed to approximate the aggregate
loss distribution using simulation approach. Intigatar, the approximation of aggregate losses was
based on a compound Poisson-Pareto distributioa. €ffects of deductible and policy limit on the
individual loss as well as the aggregate losses akso investigatedResults: Based on the results, the
approximation of compound Poisson-Pareto distribbutvia simulation approach agreed with the
theoretical mean and variance of each of the losguéncy, loss severity and aggregate losses.
Conclusion: This study approximated the compound distributbaggregate losses using simulation
approach. The investigation on retained losses@sutance claims allowed an insured or a company
to select an insurance contract that fulfills gquirement. In particular, if a company wants taehan
additional risk reduction, it can compare altenvmtpolicies by considering the worthiness of the
additional expected total cost which can be estthata simulation approach.
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INTRODUCTION aggregate loss distribution is available for furthe
statistical estimation and inference. Nevertheless,
Let Xi, Xz..., Xy denote the amount of loss of an several researches on aggregate loss distributians
insurance portfolio that recorded N losses oveixedf peen carried out and such examples can be found in
time period. If N is a random variable independeht propkin (1964) and Bickerstaff (1972) who showed
Xj, 1 =1.2,...,N, which are identical and independentl that the Lognormal distribution closely approxinsate
distributed (i.id.), then the aggregate losses igertain types of homogeneous loss data, Pentikainen
calculated a$=zi'i1xi . Due to numerical difficulties, (1977) who improved the results of Normal
approximation methods of the exact cumulativeapprOXimatiOn by suggesting Normal Power metho_d,
distribution function (c.d.f) of S, &s), have been >eal (1977)who compared Normal Power method with
suggested and tested namely the Fast Fourieqaam_ma approximation and concluded_that_ the Gamma
Transform, inversion method, recursive method,Provides a generally better approximation, Venter
Heckman-Meyers method and Panjer method1983) who suggested transformed Gamma and
(Heckman and Meyers, 1983; Von Chossy and Rappp,ransformed Beta distributions for approximating
1983; Pentikainen, 1977; Jensen, 1991). All of ehesaggregate losses, Chaubetyal. (1998) who proposed
approaches are based on the assumption that theverse Gaussian distribution for approximation of
distributions of loss frequency and severity areaggregate losses and Papeashl. (2001) who compare
available separately. Gamma distribution with Normal and Lognormal
In other cases, due to incomplete information ondistributions and concluded that the Gamma provides
separate frequency and severity distributions, onlyetter fit for aggregate losses.
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Another approach that can be used forsuch instance is the Inverse Gaussian and the Gamma
approximating aggregate losses is the method afixtures suggested by Chaubetyal. (1998).
simulation. The main advantage of simulation ig tha This study aims to approximate the aggregate loss
can be performed for several mixtures of loss feeqy  distribution using simulation approach. The follogi
and severity distributions, thus producing apprated  steps summarize the algorithm for such approach:
results for the compound distribution of aggregate
losses. In addition, the effects of deductible poticy « The distributions for loss frequency and severity
limit on individual loss as well as aggregate Isssan are chosen, if possible, based on the analysis of
also be investigated and the simulation programming historical data
can be implemented in a fairly straightforward memn . Accordingly, the number of losses, N, is generated

based on either Poisson, or Binomial, or Negative

MATERIALSAND METHODS Binomial distributions

o o e+ Fori=1toi=N, the individual loss amount, ¥
Collective risk model: In a collective risk model, the generated based on Gamma, or Pareto, or
c.d.f. _of aggregate losses, S, can be calculated |ognormal, or other positively skewed
numerically as: distributions

* The aggregate losses, S, is obtained by using the
F (x) = Pr(Ss x)= 1 sum of all X's
37 Pr(Ss x[N= nP=Y"_F (P (1) * The same steps are then repeated to provide the
"~ "= estimate of the probability distribution of aggrega
losses

where, F, (x)=Pr(X< x) denotes the common c.d.f. of
each of %, Xo,..., Xn, P, = Pr[N = n] the probability In addition to the approximation of aggregate
mass function (p.m.f.) of N and losses, the effects of deductible and policy limit

E"(x)=Pr= (X, + ..+ X, < x) the n-fold convolutions of individual loss amount can also be investigatechgusi
F.(.). The distribution of S resulted from this apach simulation approach. Let X denotes the random kgia
is called a compound distribution. for individual amount of loss. When an insurer

If X is discrete o012 ... the k-th convolution of introduces a deductible policy, say at the valud,ahe
e loss endured or retained by the insured can be

Rl s represented by the random variable Y:
I{x =0}, k=0 Y =X, X=d -
F(x)= E (x), k=1 ) =d, X>d

X (k1) (v _ _
Zy:o':; (X=Yf, (y). k=2.3,.. whereas the loss covered or paid as claim by theén

can be represented by the random variable Z:

Based on Eq. 1, a direct approach for calculating
the c.d.f. of S requires the calculation of theotf Z=0 X<d @)
convolutions of E{.) implying that the computation of =X-d, X>d
the aggregate loss distribution can be rather
complicated. In many cases, realistic probabilityso that X = Y+Z. When an insurer introduces a polic
distributions for loss frequency and severity canm®  limit in its coverage, say at the value of u, tlssl
combined mathematically to derive the distributinin ~ retained by the insured can be represented by the
aggregate losses. random variable Y:

Simulation: Based on the actuarial literature, several ¥ =0: X=<u (5)
methods can be applied for the approximation of =X-u, X>d
aggregate loss distribution. For examples, the
approximations of Normal and Gamma are fairly easyvhereas the loss paid as claim by the insurer @n b
to be used since they are pre-programmed in severggpresented by the random variable Z:
mathematical and statistical softwares. Howevdreiot
distributions are not as convenient to be compbigd Z=X, X=u (6)
may produce a more accurate approximation and one =U, X>u
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Therefore, if an insurance contract containse Fori=1toi= N, the individual loss amount, }6

deductible, d and policy limit, u, the loss retair®y the generated based on gamma, or Pareto, or
insured can be represented by the random variable Y lognormal, or other positively skewed distributions
* The aggregate losses, S, is obtained by using the
Y=X, X<d sum of all X's
=d, d< X<d+u @) « For an insurance contract containing deductible
=X-u, X>d+u and policy limit, the conditions specified by Eq. 7

and 8 are applied on all’%, i = 1,...,N, producing
whereas the loss paid as claim by the insurer @an b the retained loss, i¥i = 1,...N and the loss paid as

represented by the random variable Z: claim, Z,i=1,....N
e If deductible and policy limit on the basis of
Z=0, X<d aggregate claims are to be included in the
=X-d, d<X<d+u ©) insurance  contract, the condit_ions specified by
—u X>d+ U Eq. 9 and 10 are applied also on all

Xi's, i=1,...,N, producing the retained lossg, Y
) ) ) S i =1,...N and the loss paid as claim, i~=1,..,N
The implementation of deductible and policy limit,  The same steps are then repeated to provide the

may not be limited to the basis of individual loss approximated distributions of loss, X, retaineds|os
they can also be extended to the basis of aggregate v c|5im. Z and aggregate losses, S

losses. The main advantage of simulation approsch i
that it allows the implementation of deductible and
policy limit not only on individual loss but alsono

_ N
aggregate losses. La_zﬁlx' denotes the random This section presents several results from the

variable for aggregate losses. If an insuranceraont approximation of aggregate loss distribution via
contains both aggregate deductible, aihd aggregate sjmulation approach based on a compound Poisson-
policy limit, u’, the aggregate losses retained by thepareto distribution which is often a popular chdice

RESULTS

insured can be defined by the random variable V: modeling aggregate losses because of its desirable
properties. Detailed discussions of the compound
V=S, s<d models and their applications in actuarial and
=d, ds<S<d+ i 9 insurance areas can be found in Klugretal. (2006)
=S-u, S d+ U and Panjer (1981).

In this example, the loss frequencies are gengrate
whereas the aggregate losses paid as claims by tfi®m Poisson distribution whereas the loss sewsviti
insurer can be represented by the random variable W are generated from Pareto distribution. The p.m.f.,

mean and k-th moment about zero for Poisson

V =0, S<d distribution are:
=S-d, dssd+u (10)
L * no-A
=u, S>d+u Pr(Nzn):)\el :
n:
so that S = V+W. The following steps can be usead fo g(N)=, (11)

approximating the distributions of individual loasd .
aggregate losses of an insurance contract congaininE(N)=>"" n
deductible and policy limit and also for an inswan

contract containing aggregate deductible and policy
limit; whereas the probability density function (p.d.fjean

and k-th moment about zero for Pareto distributioe
e The distributions for loss frequency and severity

-\
A'e
n!

distributions are chosen, if possible, based on the a
: N __ap __B
analysis of historical data f.(x)= B+ X)M,E(X) =41
» Accordingly, the number of losses, N, is generated . (12)
based on either Poisson, or binomial, or negativeg(x*) = kip >k

,a
binomial distributions (a-@-2)..a- k)
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Where: most aggregate losses are around RM200,000-
a = Shape parameter RM350,000.
B = Scale parameter Table 1-3 show the statistics summary of simulated

aggregate losses based on 1,000 simulations ofaxordp
The parameter ofa in Pareto distribution Poisson-Pareto distribution. In particular, we assua
determines the shape, with small values correspgndi fixed value foroa and@ and increase the value dfin
to a heavy right tail. The k-th moment of the Tapje 1, in Table 2 we assume a fixed valueMandp
distribution exists only ib>k. C and increase the value efand in Table 3 we assume
The moments of the compound distribution of Sa fixed value foiA anda and increase the value Bf
can be obtained in terms of the moments of N anthX. In general, the results show that the mean andlatdn
particular, the mean and variance of S are: general, ;
deviation of aggregate losses increase when theesal
E(S)= E(N)E(X), 13) of A or 3 increase and the mean and standard deviation
_ of aggregate losses decrease when the values of
var($)= E(N)Var(+ Var(N)YE(X)j increase. Thus, the simulated results of the comgou
The frequency, severity and aggregate distribstion Poi_sson—Pareto distribution agree with the mean and
based on 1,000 simulations are illustrated in Eig. Vvariance of each of the loss frequency, N, losesy
The simulated loss and aggregate losses are asgomedX and aggregate losses, S, shown in Eq. 11-13.
be in the currency of Ringgit Malaysia (RM). Figure

shows the frequency of loss assuming a Poisso Frequency distribution
distribution with an expected value of 20, i%.= 20. 0.08+ R
Note that the distribution is bell shaped for apemted . | /

number of loss this large. The distribution wouddrbore =

skewed for lower expected number of loss. Figure & 0.044 /

shows the amount of loss or loss severity froRaeeto 2

distribution with an expected severity of RM15,04d 0.024 17

a standard deviation of RM16,771, i.e,= 10 and 0.001~

B = 135,000. Note that most losses are less tha 10 15 20 25 30
RM10,000, but some are much larger. Figure 3 show

the aggregate losses from a compound Poisson-Pare.. Number of losses

distribution withA = 20,a = 10 andp = 135,000. Note ) ) o
that the aggregate loss distribution is also pagjti Fig- 1: Simulated loss frequency (Poisson distrdmyt

skewed but not as skewed as the severity distoibathd A =20)

Table 1: Simulated aggregate losses (Poisson-Pesatpound distributiord,, o = 10, = 135000)

A 1st quarter (RM) Median (RM) 3rd quarter (RM) Me&iM) Std. dev. (RM)
10 100,023 145,023 195,917 153,406 71,926
20 230,306 292,006 371,940 305,319 105,428
30 368,809 445,145 521,782 452,879 121,297
50 634,947 742,087 855,587 750,770 158,540
100 1,343,541 1,495,566 1,650,632 1,498,137 228,403

Table 2: Simulated aggregate losses (Poisson-Pesatpound distributiorh, = 30,0, B = 135000)

o 1st quarter (RM) Median (RM) 3rd quarter (RM) Me&M) Std. dev. (RM)
5 809,654 994,186 1,195,972 1,020,394 296,576
10 368,809 445,145 521,782 452,879 121,297
20 175,476 212,369 247,264 214,399 55,690
50 68,213 82,343 95,402 83,109 21,244
100 33,841 40,736 47,185 41,130 10,461

Table 3: Simulated aggregate claims (Poisson-Paretppound distributiory = 30,0 = 10p)

B 1st quarter (RM) Median (RM) 3rd quarter (RM) Me&M) Std. dev. (RM)
90,000 245,873 296,763 347,855 301,920 80,865
100,000 273,192 329,737 386,505 335,466 89,850
135,000 368,809 445,145 521,782 452,879 121,297
150,000 409,788 494,605 579,758 503,199 134,775
175,000 478,086 577,039 676,384 587,066 157,237
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DISCUSSION
Table 4: Alternative insurance policies (PoissoreRa compound
Table 4 summarizes the results of 1,000 distribution,\ = 30,a = 10,8 = 135,000)

simulations for three alternative policies, assugriimat  policy  Deductible (RM)  Policy limit (RM)  Premium (®
the aggregate losses follows a compound Poisson- d = 10,000 u = 30,000 9,152
Pareto distribution with parameteps= 30,0 = 10, 2 d = 13,000 u =30,000 7,874
B = 135,000. As an example, the first policy progside 3 d = 40,000 u= 60,000 4,179

RM30,000 coverage or limit per loss above a

RM10,000 retention or deductible for a premium of  The simulated retained losses for policy 1 ande3 a
RM9,152. In other words, the insured retained thst f illustrated in Fig. 4 and 5. Note that the retdit@sses
RM10,000 of loss, whereas the insurer pays any amoufor deductible and limit per individual loss shown

of loss above RM10,000 up to the limit of RM30,000 Fig. 4 is more skewed compared to the retainecetoss
(a total loss of RM40,000). The second policy mikir  for deductible and limit per aggregate basis shdmvn
to the first, but with an increased deductible eallihe Fig. 5. In particular, most retained losses ars tesn
third policy provides a RM60,000 aggregate coveragermM10,000 for policy 1 whereas for policy 3, most
or limit above a RM40,000 aggregate retention Ofetained losses are less than RM20,000.

deductible for a premium of RM4,179. In other words  ysing the simulated distributions, Table 5 shows

lthe insure(rj] retaine(rj] the first RM40,000 of aggregattpe mean of retained loss, E(Y), standard deviatibn
osses, whereas the insurer pays any amount of . .
aggregate losses above RM40,000 up to the limit orfetalned lossyVar(Y) and maximum probable value

RM60,000 (a total aggregate losses of RM100,000). at 95% level of retained loss for each insurance
The calculation of premium is based on thealternative. The maximum probable value at ninety-
assumption that the estimate of premium is equahéo five percent level is equivalent to the ninetykift
expected value of claim costs obtained from sirmriat percentile of the distribution. In addition, theopability
plus a loading charge equivalent to the fixed espenf that the individual loss exceeds policy limit, Pr
RM1,000 and the variable expense of 15% of expectetX>d+u), is also provided. The mean total cost,ahihi
claim cost, i.e., premium = 1.15E(Z)+1000, whelis the ~ is defined as the mean of retained loss plus
random variable for claim or loss covered by tisaiier. insurance premium, i.e., E(Y)+premium, is also laigpd.
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Table 5: Simulation results for alternative inswapolicies (Poisson-Pareto compound distribution 80,a = 10,3 = 135,000)

Statistics Policy 1 Policy 2 Policy 3 Policy 4
Mean of retained loss (RM) 8,020 9,131 12,344 1%,10
Standard deviation of retained loss (RM) 7,756 7,86 17,151 16,971
Maximum probable value of retained loss at 10,000 13,000 45,128 47,218
95% level (RM)

Probability of loss exceeds policy limit 0.08 0.06 0.00 -
Premium (RM) 9,152 7,874 4,179 -

Mean of total cost (RM) 17,171 17,005 16,523 15,108

The fourth policy has no deductible and limit ahést aggregate claims to be approximated by using &yfair
policy can be used as a proxy for losses withoyt anstraightforward  simulation  programming. The
insurance coverage. investigation on retained losses and insurancemslai
From the insured’'s perspectives, based on thallows an insured or a company to select an insaran
maximum probable value of retained loss at ninetg-f contract that fulfills its requirement. In partiay| if a
percent level and the standard deviation of rethinecompany wants to have an additional risk reduction,
loss, the least risky strategy is policy 1 (RM1®00 can compare alternative policies by considering the
retention per loss), followed by policy 2 (RM13,000 worthiness of the additional expected total costctvh
retention per loss), policy 3 (RM40,000 retenticgr p can be estimated via simulation approach. It i® als
aggregate losses) and no insurance coverage. Hgwevevorth to note that different simulations can be tan
the ranking for the least expensive strategy whgh examine the sensitivity of the results to different
based on the premium is reversed, where most savingssumptions concerning the type and parametetseof t
can be made on the premium provided by policy 3assumed frequency and severity distributions. Binal
followed by policy 2 and 1. the simulation approach can be applied on any tgpes
Based on this information, an insured, which canosses and disasters and may not be limited to the
be represented by an individual or a company, camactuarial and insurance areas.
make an informed decision on which strategy to yeirs
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