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Abstract: For functions belonging to each of the subclasses S’,, (B) and C", (B) of normalized analytic
functions in the open unit disk D, which are investigated in this paper when 0<p<1, the authors derive
several subordination results involving the Hadamard product (or convolution) of the associated
functions. A number of interesting consequences of some of these subordination results are also

discussed.
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INTRODUCTION

Let A be the class of functions f normalized by:

(1

e 0]
f(z)=z+ 3 apz®
n=l

which are analytic in the open unit disk D = {zeC:|z/<1}.

As usual, we denote by S he subclass of A,
consisting of functions which are also univalent in D.
We recall here the definitions of the well-known classes
of starlike function and convex functions:

S :{f eA:Re[Zf (Z)j>0,zeD},

f(2)

C=lfeare|1+25@ 0 ,epl,
f'(z)

Let w be a fixed point in D and A (w) = {feH (D):
f(w) = (w)-1=0}.
In'"!, Kanas and Ronning introduced the following
classes S, = {feA (w): f is univalent in D}
ct =1t eAw):Re[ 1+ 2@ 0, Dl Late
f'(2)
r Acu and Owa' ‘' studied the classes extensively.
Let Sy, denoted the subclass of A(w) consisting of

(1]

the function of the form:

(04
Z—W

n

o0
+ X ap(z—w)
n=l

f(z)= @)

(anzo,zeD). where o = Res (z,w), 0<a<l with z # w.

The class s’ is defined by geometric property that
the image of any circular arc centered at w is starlike
with respect to f (w) and the corresponding class C"\, is
defined by the property that the image of any circular
arc centered at w is convex.

We observe that the definitions are somewhat
similar to the ones introduced by Goodman in'"*'*! for
uniformly starlike and convex functions, except that in
this case the point w is fixed.

The functions f (z) in S,, is said to be starlike functions
of order B if and only if:

Re{%}> B (2¢D) 3)

f(z)
for some B(0<B<1). We denote by S”, (B) the class of

all starlike functions of order f3.
Similarly, a functions f (z) in S, is said to be
convex of order f if and only if:

Re{n(z’#ﬁ”(z)} >B  a(zeD) 4)

for some B(0<P<I).
It follows from the definitions 3 and 4 that:
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£(z) Sy (B) = z'(2) e Ciy (B) (5)

We denote by C'y (B) the class of all convex
functions of order .
For the function f (z) in the class S,,, we define:

o I'f(2)=f(2)

o If@)=(z-w)f'(D+ %
20

7Z—W

o If(2)=(z-w)(I'f(2)) +

and for k = 1,2,3,... we can write:

I'(2) = (z— W) @) + 2%
_a © i N (6)
= +nZ:1n a,(z-w)

The differential operator I studied extensively
10111 and in the case w = 0 was given by!”).

We note that the class S”y (B) and various other
subclasses of S’y (B) have been studied rather
extensively by 10121623,

Next, we will recall each of the following
coefficient inequalities associated with the function
classes S°, (k, ) and Cc'y (k B) as well as some
significant definitions which will contribute to this
study.

by

Definitions and preliminaries: Theorem AMf fes,,
given by 2, satisfies the coefficient inequality:

Xk
Zln (n+P)ay <a(-p) (7
n=

withB(0<B<l)and0<a <1,then f &Sy, (k,B).

Theorem B: If feS, , given by 2, satisfies the

coefficient inequality:

§lnk+1 (n+P)ay <a(-p)
n=

®)

with B(0<B<1) and 0<a <1, then feCy(k,p).

Proof: It is easy to check that if:

(2) Sy, (B) & 2'(2) < Cy, (B)

Then we havef e Cﬂ\;v (k,B) . Hence the theorem.

In view of Theorem A and Theorem B, we now
introduce the subclasses S, (B) = ST, (B)

C.(B)c=CV, (B) which consist of functions feS,
whose Taylor-Maclaurin coefficients a, satisfy the
inequalities 3 and 4, respectively.

In our proposed investigation of functions in the

classes S',, (B) and C’,, (B) we shall also make use of
the following definitions and results.

Definition 1: (Hadamard Product or Convolution).

Given two functions f, geS,, where f is given by 5 and
g (z) is defined by:

a
Z—W

g(z) = ©

®© n
+ X by(z-w)
n=1

(bn>0,zeD). The Hadamard product (or convolution)
f*g is defined (as usual) by:

(10)

Definition 2: (Subordination Principle). For two
functions f and g, analytic in D, we say that the function
F (z) is subordinate to g (z) in D and write f
f<g orf(z)<g(2).

If there exists a Schwarz function w (z), analytic in
D with w (0) = 0 and |w (z)|<1 such that f(z)=g(w(z)).

In particular, if the function g is univalent in D, the
above subordination is equivalent to
f(0) =g(0) and f(D) c g(D).

Definition 3: (Subordinating Factor Sequence). A
sequence {ba]_, of complex numbers is said to be a
subordinating factor sequence if, whenever f (z) of the
form (2) is analytic, univalent and convex in D, we

have the subordination given by:

Elanb“(z—w)" < f(z) (an

(zeD,a, =1)

Theorem C: (cf. Wilf [26]). The sequence {ba| _ is a
subordinating factor sequence if and only if:

9{[1+20§bnzn] >0, (zeD) (12)
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Subordination results for the classes: S, (B)AND

W

STy (B) Our first main result (Theorem 1 below)
provides a sharp subordination result involving the
function class S, (B).

Theorem 1: Let the function f defined by 2 be in the
class S, (B). Also let Q denote the familiar class of

functions f €8S,, which are also univalent and convex in
D, then:

1+

Iipra—apl *8@ =@ (13)
(zeD,0<p<1,0<a<l1) and
R(f(2)> W (14)

The following constant factor in the subordination
result (13):

1+
1+B+a—af

cannot be replaced by a larger one.

Proof: Let f €S, (B) and suppose that:

(04
Z—W

g(2)= + 3 ey (z-w) e

n=l

Then we readily have:

1+B N _ 1+
1+B+a—oc;B(f g)(z)_l+[3+oc—a[3 15)
2 £ enanlew)"

Thus, by Definition 3, the subordination result 13
will hold true if:

{ 4B }“’
l+B+a—-af /4

is a subordinating factor sequence (with, of course,
a = 1)

In view of Theorem C, this is equivalent to the
following inequality:

(16)

® 1+ _.\n
m[lJrznéll-l-B%—ot—otBan(z W) J>O

(17)
(zeD)

Now, since(n+p).(0<p<I1) is
function of n, we have:

an increasing

® 1+ Y
m(1+2n§11+[3+a—a[3a"(z W)]
s 2 w _ n
:R[1+I+B+a—aﬁn§1(l+ﬁ)a"(z w)]

2 S (n+B)fag|r" (18)

T 1+Bra-apg
20.(1-P)
1+B+o—-af

(|z—w|=r<1)

>1- r>0

where we have also made use of the assertion 7 of
Theorem A. This evidently proves the inequality 17 and
hence also the subordination result 13 asserted by
Theorem 1.

The inequality 14 follows from 7 upon setting:

o)

o0
=% 4 > (Z—w)neQ
Z=W n=]

g(z)=
(19)

Next we consider the function:

a  20(1-B)
z—w 1+B+o-af
(0<B<])

(z=w)

q(z) = (20)

which is a member of the class S, (B). Then, by using
13, we have:

148 | a
1+[3+0c—0c[3q(z)< z—w[l—(z—w)]’
(zeD)

€2y
It is also easily verified for the function q (z)
defined by 20 that:

1+

. -a
min {ER [Mq(z)} =5 (22)
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which completes the proof of Theorem 1.

Corollary: Let the function f defined by 2 be in the
class STy, (B). Then the assertions 13 and 14 of

Theorem 1 hold true. Furthermore, the following
constant factor:

1+
1+B+a—af

cannot be replaced by a larger one.
By taking o = 1 in the above corollary, we obtain.

Corollary: Let the function f defined by 2 be in the
class STy, (B) . Then

[S0+B)Er2)@) <) e3)

and

! (24)

R(f(z))> _W

The constant factor (%(1 + B)) in the subordination

result 25 cannot be replaced by a larger one.

Subordination results for the classes: C:V (B) and
CVy, (B) Our proof of Theorem 2 below is much akin

to that of Theoreml. Here we make use of Theorem B
in place of Theorem A.

Theorem 2: Let the function f defined by 2 be in the
class C:V (B) - Then:

1+B

m(f*g)(z)< g(2) (25)
(zeD,0<p<1,0<a<l1) and
R(f(2))> % (26)

The following constant factor in the subordination
result 25:

1+
1+B+a—-af

cannot be replaced by a larger one.

Corollary: Let the function f defined by 2 be in the
class CVy, (B). Then the assertions 25 and 26 of

Theorem 2 hold true. Furthermore, the following
constant factor:

1+
1+B+a—af

cannot be replaced by a larger one.
By taking o = 1 in the above corollary, we obtain.

Corollary: Let the function f defined by 2 be in the
class CVy, (B) . Then

0+p o))< e) @

and

R(f(z))>- (28)

1

1+B

The constant factor (1(1 + B)) in the subordination result
2

27 cannot be replaced by a larger one.
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