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Abstract: We defined new concept of complete sequences of equivalence relations on a given abstract
set on which no topology is considered, the concept of contraction mappings with respect to these
sequences, proved the existence of a fixed point of a multivalued and in particular single valued

mappings T on the given abstract set.
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INTRODUCTION

Let X be a metric space with metric d. Denote by
CB(X) the class of all nonempty closed bounded
subsets of X and define the Hausdorff metric H by

H(A, B) :== max{sup ibng d(a, b), sup in£ d(a, b); for A, B € CB(X).
acA O€ beB 2€

A mapping T of a metric space (X, d) into itself is
o - contraction for some o € (0, 1) if and only if

d(T(x), T(y)) £ a d(x,y) forall x,y € X.
A mapping T of a metric space (X, d) into CB(X)
is o -contractive for some a € (0, 1) if and only if

H(T(x), T(y)) £ a d(x,y) forall x, y € X.

The Banach contraction principle stated that if (X,
d) is a complete metric space and let T be a contraction
mapping from X into itself. Then T has a unique
element x € X such that T(x) = x. Moreover the
sequence {T"(y)},en is converging strongly to x for
every ye X.

Nadler!" generalized this principle as follows: Let
(X, d) be a complete metric space and T be a-
contractive mapping from X into CB(X). Then there
exists ye X with yeT(y). For other results™”™.

In this paper we introduce the concept of complete
sequences of equivalence relations on a given abstract
set on which no topology is considered, the concept of
contraction mappings with respect to these sequences,
proved the existence of a fixed point of a multivalued
and in particular single valued mappings T on such a
given abstract set. we also showed that the existence of
complete sequence of equivalence relations on a given
abstract set is restricted to the existence of a non-
Archimedean metric on it and the multivalued
mappings are contraction with respect to this sequence

of equivalence relation and its contractive condition
with respect to the corresponding metric are equivalent
in that case the sequence of iterates T"(y) is Mosco’s
convergent to the set of fixed points of T for every y in
X. We supported our work with some examples,
showed the validation of Nadler's fixed point theorem
for multivalued mappings.

A sequence of subsets {A } - in a metric space
(X, D) is said to be Mosco’s convergent to a subset A if
and only if for every x € A there exists a sequence
{x,}7,, x, €A, VneN suchthat {x } _ is strongly
convergent to the point x[.

A metric d on a set X is call non-Archimedean if
and only if for all x,y,ze X, d(x,y )< max {d(x,z),
d( z, y)}, then, in fact
d(x,y)=max{d(x,z),d(zy)}.

If d(x, 207 d(z, y) and therefore, each non-
Archimedean metric space has the geometric property
that each three points of it are vertices of an isosceles
triangle®’.

We introduce the following definitions.

Definitions
1. Let X be an abstract set. Then the sequence of

equivalence relations {R } _, on X is said to be
complete if and only if {R }~_, fulfills the following
conditions.

i. XxX=R;, 2R, 2R,... ;

ii. fA,Bc X, AxB gﬁRn , then either A — B or
n=0

BcA,
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iii. If a sequence {A } ., of P(X), the set of all non-
empty subset of X, satisfies A xA ,, <R, for all
n € N, then there exists a non empty set A such that
A xAcR, VneN.

2. Let X be an abstract set. Then the sequence of
equivalence relations {R }7, on X is said to be

n+l

diagonally complete if and only if {R, } _, fulfills the

following conditions
i. XxX=R; 2R, 2oR,...;

1. ﬂ R, =A ,the diagonal in Xx X ;

n=0
ii. For {A ., of PX)
that A, xA , <R, forall ne N, there exists x € X
such that A x{x}c R, forallneN, .

a sequence such

3. Let X be an abstract set, {R, }7

~_, be a complete

sequence of equivalence relations on X. A mapping
T:X —P(X), set-valued mapping or a single valued, is
said to be contraction with respect to {R }~_, iff T
satisfies the assumption, given any two subsets
A,BeP(X) with AxBcR,, neN,, then
T(A)xT(B)cR,,, .

Remarks
1. If {R,},_,is a complete sequence of equivalence

relations on X, we in particular have,
a. {x}x{y}c ﬁ R, if and only if x=y.

n=0
b. If {x,}., such that
(X, X, €R, for all ne N, then there is x in X
such that (x,,x)eR, VneN.
2. If T is multivalued and 6 (T( x ), T(y)) := Sup {d(a,
b):a €T(x),beT(y)}, we have H(T(x), T(y)) <6 ( T(
x ), T(y)) for every X, y €X and X # y, hence if T
satisfies the condition 8 (T(x ), T(y )< & d(x, y) for
every X, y €X and x # y, then T is a-contractive and

according to Nadler’s theorem T has fixed point.
We have the following Results.

is a sequence in X,

Theorem 1: Let X be an abstract set and {R_ }~_ be a
complete sequence of equivalence relations on X. If
T:X —»P(X) is a contraction set-valued mapping with
respect to {R, }7_, from X into P(X), then T has fixed
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points x €X. Moreover, if F(T) is the set of fixed
points of T, T"(y)xF(T)c R, for each yeX and
neN,.

Proof: Fix that

{y}xT(y)<R,, since T is contraction with respect to

yeX and use (i), we see

{R, }7_,, we may infer that

T"(y)xT"(y)cR, VY neN,. (1)
Let A, = T"(y), (iil) insures the existence of non
empty subset A(y) of X such that T"(y)*A(y) <€ R, V

n € N,. We claim that every element in the set A(y) is

a fixed point of T. Let x €A (y), since T"(y) x{x*} <
T"(y)x A(y), we see that

T(y)x{&x} R, V neN,. )
Since T is contraction with respect to {R_ }”_,
T"'(y)xT(x')cR,, cR, ¥V neN, )

since R, is transitive for all ne N, (1) and (3) insure
that,

T"(y)xT(x )R, V neN,, 4)
Since R, is symmetric for all n € N, (4) insures that,
T(x)xT"(y)cR, ¥V neN, (%)
Since R, is transitive, (2) and (5) proved that
T(x*)x{x*}gRn V neN,

equivalently, T(x )x{x } < ﬁ R, , using (ii), we see
n=0

that {x'} < T(x") or T(x') < {x'}. Either of the two
cases proved that x* is a fixed point of T, x €X, this
proved that A(y) < F(T) clearly T"(y)x{x'} <R,
for each yeX , neN, and x € A(y), therefore
T"(y)xA(y)c R, for each yeX , neN,. Finally,
let z be any fixed point of T, since (y, z) €Rg and T is
contraction with respectto {R }>_,

T"(y)xT"(z)c R, VneN, )
on the other side
T"(z)xA(z)cR, VneN, @)

Since R, is symmetric and transitive, (6) and (7)
showed that
T"(y)xA(z)c R, VneN,
Consequently T"(y)xF(T)c R, VneN.

Corollary 1: Let X be an abstract set and {R_ }”_ bea

diagonally complete sequence of equivalence relations
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on X. If T:X —P(X) is a contraction set-valued or a
single valued mapping with respect to {R }~_, then T

has a unique fixed point x eX. Moreover,

T"(y)x{x'}cR, forevery yeX and ne N, .

Proof: Fix that

{y}xT(y) < R,, since T is contraction with respect to

yeX and use (i), we see

{R, }7_,, we may infer that

T"(y)xT"'(y)<R, VneN, .

Following the same steps of theoreml, the set A
given their is a  singleton in X,
T(x)x{x}cR,V neN,, equivalently,

X
X

T(x)x{x'} c ﬁ R, . Clearly T"(y)x{x'}<=R, for

n=0
each yeXand neN, since {R,},_, is diagonally
complete, we see that T(x')={x}. To show the
uniqueness of x*, let y* € X be such that T(y")={y'},

then {x'}x{y}<R, , since T is a contraction

0
n=0"2

we see that
Then
{Rn }?:0

mapping with respect to {R, }
T"xX)xT"(y)<R, ¥V neN,.

{(xIx{y'}JcR, VneN, , since is

diagonally complete, we see that x =y’ .

Examples

1. Let X be the finite set, X:={(0, 4), (0, -4), (3, 0) and
(8, 0)} the following defined set of equivalence
relations {Rg, R, Ry ¢ R3 } is diagonally complete:
Ro:=XxX

Rl:: A i {((09 4)’ (390))9 ((094)9(09 '4))9 ((390 )9 (09'4))a
((330)3 (09 4)): ((09'4)9(3a0))a ((09 '4)’ (09 4)) }

Ry:= A {((0, 4), (3.0)). ((3.0). (0, 4)) }

R3 = A

Any of the following multivalued mappings
contraction with respect to {Ry, Ri Ryana R3 }

Ti:= { ((0,4),{(3,0)}), ((0,-4), {(3, 0), (0, 4)}), (3, 0),{
(3,0)}), ((8,0), {(3,0)H)}

TZ:: {((074)7{ (39 0)’ (07 4)})7 ((09'4)9 {(3:0)})’ ((3’ 0)7{
(3,0), (0, H}), ((8,0),{(3, 0), (0, 4), (0, -4)})}

T3 = { ((094)9{ (37 0)’ (0> 4)})> ((09'4)’ {(0’ 4)}): ((3:
0),{ (0, H}), ((8,0),{3, 0)})}

Ts:={((0,4),{3, 0)}), ((0,-4), {(0, 4)}), (3, 0),{ (3, 0),
0, H}), ((8,0),{ (3, 0), (0, -4)})}...and many other,
such mappings all have a unique fixed point, note that
as X is a finite subset of the Euclidean space it is

is
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complete and bounded whose Diam X=4 J5 and every
three points lie on isosceles triangle.

2. Consider X = Z, the set of all integer numbers. The
following sequence of equivalence relations {R }°_ on

Z is diagonally complete,
R, ={(x,y): x,yeZ, 2"divides (x—y)} for all
neN, we have R,=ZxZ and as
R, ={(x,y):x,yeZ, x-y=2"r, reZ}, {R, }’,

satisfles ZxZ=R, >R, oR,...oR,_, .. .To prove
that ﬂRﬂ =A, the diagonal in ZxZ, Ilet
n=0

(x,y)eR, Vne Nand x # y, then there is a sequence
of integer {r },_, = Z such that x—y=2"r,, hence

1
2" x-y
convergent to zero sequence which is a contradiction as
o0
n

a sequence of integers, otherwise {r, }*_, = Zmust be

, this in turns showed that {r }~  cZis

stationary after certain natural number, thus there is a
natural number n such that {r;, 1, ...1,, Iy, Ip,...} and

x—-y=2"r, with (x,y)¢R,_ Vm>n which is a
contradiction, hence x=y. Finally condition (iii) is true.
Let z be an integer and consider the mapping T: Z — Z
defined by T( k ) = 2k+z keZ, T is contraction with
respect to {R, }._,, indeed if A, B €P(Z) such that

AxBcR, forall neN, ,thenforeach ac A,beB

there is r € Z such that a—b=2"r. Hence T(a)-T(b) =
2a -2b =2(a-b) =2( 2" r) =2""" (r). Consequently
T(A)xT(B)<R,,, . The unique fixed point of T is (-
z) a number in Z, T(-z)
T"(k)—-(-z)=2"(k+2), we
T"(k)x{-z}cR, foreachkeZandall neN,.
We have the following interesting theorem.

since
that

Z’
see

Theorem 2: Let X be an abstract set. Then the
following are equivalent,

1. There exists a complete sequence of equivalence
relations {R }. , onX,

2. There exists a non-Archimedean bounded and
complete metric d on X.
Proof: Let {R }”,
equivalence relations on X and x, y € X are two distinct
elements of X, it follows from (ii), that the set
{neN, :(x,y)eR,} is of a form {0,1,2,3,....,p} for

some pe N, and if x=y, (X, y) € R, for every n. Set

be a complete sequence of
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p, if x#y,
P(x, y) ={ .
o, if x=y.
For each e (0, 1) define

d(x, y)=a"™" V x, yeX, we see that
i.d(x,y)=0andd(x,y)=0ifand only ifx =y.

ii. since the function p(.,.) is symmetric, d is symmetric.
iii. Now fix elements x, y and z in X, without loss of
generality, we assume that x, y and z are distinct. Then

(x,z)eR,,, and (z,y)eR, . Set
k=min{p(x,2), p(zy)}
since  {R,} is  descending, we  have

(x,2),(z,y) e R, . Since
Ry is transitive, (Xx,y)e€ R, and hence p(x,y)=k ,
then by the definition of k
d(x,y) = aPY) < gk = max{ap(x,ﬂ’ap(z,y)}
= max {d(x,2),d(z,y)}

which means that d is a non-Archimedean metric,
clearly disboundedas 0 < d(x,y) <1 V x,yeX .

Now, we show that d is complete. Let {x } _ bea
Cauchy sequence in (X, d ), then there is a subsequence

a0 such that d(x, ,x, )<a”.

{an }n:O
Set vy, =x, , since d(y,,y,,)<a" ,

P(Yo>Yn) > 10
Hence by the definition of p(y,,y,,;) € R,, put

we get

A, ={y,} , we get A, x A, < R, (i) insures the
existence of an element y in X such that

A, x {y} cR,, equivalently,

(v y) € Ry n €Ny,

then p( y,, y ) = n which yields that

d(yny) <ol

o
Hence {x, }/_, is convergent as a Cauchy

sequence contains a convergent subsequence, this
proved that X is complete.
Conversely, let d be a non-Archimedean bounded and
complete metric on X. Define R, = {(x,y) € X x X:
d(x,y) <a"Diam( X ) } forall neN, , Diam( X )
denotes the diameter of X. Then it is obvious that R, are
reflexive, symmetric, to show that R, is transitive, let (
X,¥),(y,z) € R,, we have
d(x,y) <max {d(x,y),d(y,2) }

=max {a" Diam( X ), o" Diam( X )}

=q" Diam( X ), n € Ny,
which implies ( x, z ) € R,. Now conditions (i) is
clearly true, to show that (ii) holds, let A, B < X,

AxB gﬂRn , we will show that either A — B or B ¢

n=0
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A, other wise there are two points ae A, a% B and be
B, b¥% A, since (a, b) € R, for all ne N, we see that
d(a, b) < o" Diam( X ), taking the limit as n—— o0
showed that d(a, b) =0, hence a=b which is a
contradiction. Finally we are going to verify condition

(iii), assume that a sequence {A },_,such that A, x
ApmpcRyforall neNj,thatis(x,y) e Ry x € A,y
€ A,.. Pick a sequence {x,}”, such that x €A _,
thus
d(x,,x,,,;) <a"Diam(X) Vn e X, hence we see that
d(x,,X,,,) <d(X,, X)) +d(X, X0+ d(X s Xpa)

<(a" + o 4.0 ) Diam(X)

(x,.%X,,,)€R, for everyneN,, therefore

n?

1 .
<a” L—} Diam(X) foreveryk eN,
—a

taking the limit as k—— o showed that the sequence
{x,}._, is a Cauchy sequence in a complete space (X,

d), hence there exists an element xe X such that x, —>
x. We will prove that ( x,, x ) € R,. Fix anne N,

using (8), we see that ( x,, X+ ) € R, . Now let k tends
to infinity, we obtain that ( x,, X ) €R, . take A to be
such all limits, let y € A, and x € A using the
definition of A there is a sequence {x,},_, such that
x, €A, and (x,,x )eR once (x,,.X,)eR,, (y,

Xnt1 ) €A, X Ay < R for all neN, and R, is

symmetric and transitive, we see that (y, x) € R, for all
neN,. Equivalently A, x A < R, neN, . This
completes the proof of condition (iii).

Now, our main purpose is to show that Theorem 1
is equivalent to the restriction of Nadler’s theorem to
the class of non-Archimedean bounded metric space.
We have the following interesting theorem.

Theorem 3: Let T be a set-valued mapping of an
abstract set X into P(X) and e € (0, 1). If {R,};, isa
complete sequence of equivalence relations in X, d(., .)
is the corresponding non-Archimedean bounded and
complete metric space. Then T is contraction with
respect to {R }. , if and only if T is contraction
mapping in the metric space (X, d).

Proof: Let T be contraction with respect to {R }._,

and fix two distinct elements x, y in X, then (x,y ) € R
pex, yusing (1), T(x ) x T(y ) € R yx yy+1. Thatis (a, b)
€ R y+1 foreveryae T(x),b e T(y).

Hence p( a, b ) > p(x, y) + 1 for every a € T(x), b €
T(y), this implies that d(a, b ) = a?*? < g P* ¥ '= o
d(x,y). Hence
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S(T(x), T(y))=Sup {d(a,b):aeT(x),beT(y
)}

<o Sup {d(a,b):aeT(x),beT(y)}

=ad(x,y).

Conversely, if A, B € P(X), A x BC R, then
(x,y)€eR, foreveryx € A,y € B,

Since T is contraction mapping in the metric space (X,
d).

S(T(x), T(y))<ad(x,y)<a"™ Diam(X),

so foreacha e T(x),b e T(y),
d(a,b)<8(T(x), T(y)) < o™ Diam(X)

implies

(a,b) e Ry foreveryae T(x),b e T(y).

So

T(x)xT(y)cR,+ x€ A,y €B,

Equivalently

T(A)xT(B)cR,41,

This proved that T is contraction with respect to

{Rn };O:O °
The following corollary, restricted to the non-
Archimedean bounded metric spaces case, fulfills our

main purpose.

Corollary 2: Let {R }7  be a complete sequence of

equivalence relations in X and d(., .) is the
corresponding non-Archimedean bounded and
complete  metric. Then  the following  are

equivalent,

1. T has fixed points, in this case the sequence of
iterates T" (y) is Mosco’s convergent to the set of fixed
points F(T) of T.

2. T is contraction mapping in the metric space (X, d).

Proof: We need here only to verify the suitable
property of a sequence of successive approximations.
Theorem1 implies Nadler’s theorem follows from the
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fact that, if

R,={(x,y):d(x,y)<aDiam( X) }.*

Then by Theoreml, T has fixed point x and

T'(x)x {x } =R,

That is

d( yn x") < o" Diam( X ) for every y, € T"(x)

in particular, y, — x forally, € T"(x),s0 T"(x) —
{x }.

We show the converse implication,
assumptions of Theoreml. If d is defined by
d(x,y)=a™Y x,ye X

Then by Nadler’s theorem T has fixed point x,
moreover, given ne N; andy € X,

S (T (y), {X})=8(T"(y), TN(xX ) <ad(y,x) <
o’

That is

d(y, x" ) <o foreveryy, € T"(y).

Hence p( yn, X ) > n, which implies that

(ynx)€R, foreveryy, e T'(y)

Equivalently

T'(y)x {x'} =R,.

under the
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