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Computing the Moments of Order Statistics from Independent Non — Identically
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Abstract. In this paper, we derive a recurrence relation for computing all single moments of all order
statistics arising from independent but not identically distributed Burr type XII random variables.
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INTRODUCTION
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Variables having cumulative distribution functions i.e.
Fl (x), F2 (X)), s Fn (x) and probability density

Let be independent random

X
n

function , respectively.

Let X " <X < denote the order

1: 2:n

Statistics obtained by arranging the n X g in

<X
n:

increasing order of magnitude . Bapat and Beg " have
shown that the CDF of the rth order Statistics

X ., (I <r <n) is conveniently expressed in terms

of permanents as follows

1-F(x)], =00 { x (o @

n—i

n
Fr n (x) = igr m Per[F(ix)

where F(x) and 1—F (x) denote the column
vectors (F1 (x), F2 (x),..., Fn (x))
and (|- F (0= F, (1)...1- F, () respectively.

Moreover if a, ,a are column vectors, then

128 e
a a, ],
la, 51
il i2 will denote the matrix obtained by
taking i1 copies of a ,i2 copies of dy and so on.

Also, in (1) , Per (A) denotes the permanent of a square
matrix A ; which is defined similarly as the determinant
of A except that all terms in the expansion have a
positive sign, i.e.
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n
PerA= Y I1 a. .
cesS i=1 io)

where S . 1s the set of permutations of 1,2,...,n[2’3’4] .

In the last few years much attention had been paid to
order statistics from independent  nonidentically
distributed variables i.ni.d>*"* .

Derivation of recurrence relations for single moments
of order statistics from
i.ni.d available samples found in the literature have
taken two directions, the work initiated by Balakrishnan
56 and that of Barakat and Abdelkader "' In
Balakrishnan 's work?% , a linear relation between the
PDF and CDF of the distribution , if exists, is exploited
and then one has to go through messy calculations
using integration by parts to get the result. Application
of this method was done on many distributions such as:
exponential®,  right-truncated exponential'® doubly-
truncated exponential and logistic distribution!*'"l" |
power function distribution'”’ | Pareto and doubly-
truncated Pareto distributions ">, All of these results
were obtained by exploiting a basic differential
equation satisfied by the distribution under
consideration. For example: the differential equation
satisfied by the PDF and CDF of exponential
distribution is

1
= — — > | =
fi (x) ) {1 Fi (x)} , x>0, Hl. Y0 i=1,2,...,n,
i
for Pareto distributions it is

F.(x)=1-" f.(x) i=1,2,..n
1 V. 1
1
and for power function distributions it is

xfl.(x):l)l. Fl.(x) ,0<x<1

v,)0,
i=1,2,....n
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However, most of these recurrence relations show that
it is enough to evaluate the kth moment of a single
order statistics in a sample of size n, if these moments
in samples of size less than n are already available. The
kth moments of the remaining n — 1 order statistics can
then be determined by repeated use of these recurrence
relations.

Barakat and Abdelkader” generalized their
procedure initiated in (2000)'"”' to any d.f. and
expressed the kth moment of the rth order statistics

ﬂ’{k)lq (k=1,2, ....),(l <r< n) of a sample of

size n purely in terms of the kth moments of the
maximum order statistics or of the minimum order
statistics from samples of size up to n of all possible
subsamples of the given samples. This in fact simplifies
the recursive computation of the single moments of
(i.nid) order statistics.

Application of Barakat and Abdelkader 's
method™ started in fact in (2000)"*
when they first applied it to calculate single moments of
non-identically distributed Weibull random and in the
year (2004) to Erlang distribution by!'*.
The advantages of their procedure can be simply
described as follows: first there is no conditions
imposed on the CDF. and PDF. of the underlying
distribution, i.e. whether they are related on not ;

secondly ,u (k ) (l <r< n) obtained by their method

is purely expressed in terms of the kth moments of
maximums and the minimums of all possible
subsamples of the given sample.

In this paper we consider the case where the r.v.s

Xi ,i=1,2,...,
having Burr type XII distribution with CDF.

n are independent and non identical

—m.
Fl.(x)zl—(1+x2j [ x>0, cm>1 2
For i=1,2,...,n, where c and mi are shape
parameters!'>'®!18 191 \We  consider Burr type XII

distribution since it is widely used in approximation,
and as failure rate model® and also in predicationm‘m,
and in many other fields *****>?%! Tt has the advantage
of being used in approximating distributions of rather
complicated PDF's (i.e. intractable
distributions)[27'28'29’30'3 Y. Burr distribution, also known
as Lomax at ¢ = 1 or compound Weibull or Weibull
Gamma distribution®®”. At m = 1, the Burr distribution
reduces to loglogistic or Weibull- Exponential
distribution Al-shboul and Khan*****!
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In the next section we derive the kth moment of

® _g(xE, )
A 65k )

Moreover, a recurrence relation is introduced which
will enable one to compute the kth moments of all order

the largest order statistics

smallest order  statistics

statistics (,u’(‘k)n ,for all r < nj in a simple

manner by using only the kth moments of the
maximum.

_Relations for single moments: We shall present some
recurrence relations for the single moments of order
statistics obtained from Burr type XII distributions.

Relation 2.1: For n=1,2,...and k =1.2, .....
wir==1, 3)
k kI i+1
W == Yt
. c jzl
where
=% ¥ y. % B[ﬁ m, _","J
O e A AV

and B (c,k) is the regular beta function define by

_T(e)T(k)
Ble.k)= C(c+k)
Proof

Since

x,, =inf{x: F,(x) > 0}20,i=1,2,...,n

definition of moments we have:

-5(x*)

x° f(x)dx

, then by

[
0
Tx dF (x)
0

=Tk aa-ruy,
0

(6)
Integrating by part gives

2 kT k1= F ()] ax )
0
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This equation was obtained by Galambos®. Then
the kth moment of the smallest is

oo

yl(’f;: k| xk‘1(1—F1:n ) dr ®)

(=]

where F1 . (x) is the CDF of the smallest order

statistics from independent not identically distributed
random variables defined by

n
£, @=1-11 (£ ) ©

i=1
n
(1—F1_n (x))= I (l—Fl. (x)) (10)
: i=1
substituting (10) in (8) we get

b n
'ul(kr)z =k(j) -1 ir=11 (1_Fl_ (x)) dx an

Now substituting (2) in (11) we get
ﬁ 1+x) i
(9)

:k?xk71 (l+xc))_,‘:1 odx 12)
0

ek (1) = Lt ) a
where B (C Lk ) is the regular beta function

n
™ kgl s, KK
I:n ¢ i1 b cc

which can be written as

(k) _k
Min™ c L,
where

n
I, =B| X m.—E,E
i=1 ' ¢ ¢

which can also be written as

n
=y s .3 B v m Kk

[N . . l c c
< < = n
1< i (12(...( i <n i=1

where the symbol z Z...Zli denote to the
<n

10 =iy < i,
sum of the /, from all possible subsamples of size n (

which is one sample in this case ) of the given sample .
The proof of (4) follows:

n:n

1o :k(j) oK1 [I—Fn . (0] dx

where Fn_n (x) the CDF of the largest order

statistics from independent not identically distributed
random variable defined by

n
Fn:n (x) = il;Il Fi (x)

and for Burr Type XII it is

F = li=fieae )" 14
wen @ = 11 [1-(142°) (14)
3) i=1

n® kg xk‘{l— 1 {1—(1“”]7’”’ H dx
SR i=1
n —m. —\m, +m,
DN P LD YD M T L Y
i:l( ) Sn( )

lSLl (12

* k-1 N im. +m. +m.
=k [ x +Y ¥ X (1+x‘j ! 3
0 i < ‘

dx

Using (13) we get
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EE PN | j=r
21 < i and the sequence {I } is defined in relation
k Hj=1
-y 3 B[ml. +m, —,J (k)
1<i (iy <n 1 2 ¢ ¢ (3) .and ,uO . O for convention .
k) _k _k K
‘un:n_c +1<zi <l,z G Z< " B[mil +mi2 +mi3 ¢ ¢ Proof: If we replace r with (r — 1) in equation (1.1) we
I 7 get
+ v
n n F 1-F
sytlp v om -5 K Fo,0= X .I.P”[ﬁm Qﬂ
i=1 c c r—l:n i=r—1 z!(n—z)! i n—i
expanding the summation on the first term, then
F (x)=F (x) +71 Per |:F @) I—F(x)}
(k) kK N ( 1)j+1 / r=lin rin (r=1)1(n—r+1)! r—1 n—r+l1
Myl ==X :
) ¢j=1 J which is equivalent to
r—1 n
Fo g @=F  0+X 11 F 11 P—ﬂ <m} an
where ’ ' pij=1 7 j=r n—j+l
j where the summation P extends over all permutation
[.= Y > > B Y m. _E’k (il,iz,....,in) of (1,2, ..... ,n) for which
] 1<i (i . . 1. c C
i (i (.. (i.<n i=1 7j 1<i (i . <
> 1 e U0 sn d
12 ] 1 < 2 < < n—1 an
1<i (i (e (i <n Now since
where the symbol z ZZ [, denote to the sum ror+l r—1
1okl = xiO =inf ix: Fi (x) >0j2 O, foralli, then
(k) _ k) Y_, T k-1
of the lj from all possible subsamples of size j of the Hyin _E(Xr:n) - k(f) * (l_Fr:n (x)) e 18

given sample (which are (
J

Relation 2.2. For r =1,2,....,n and k =1,2,....

(k) _ (k) (k)
'ur:n_‘ur—lzn+1r:n
where
k) _ < -1k
Jr:n_jzl(_l)] e jon—-r+j
where
(n—r+j)!

a.= -

I (n=r+1)1(j-1)!

n
j samples in this case) .

substituting (17) in (18)

r—1
T .

I-F
e " pi=1"j
k _
wlo =kt
0 10 (I—Fi (x)} dx
(15) j=r n—j+1
=k] xk_l(l—F N (x))dx+
o :
© -1 n
+kY [ x I Fi.(x) I I_Fi (x) | dx
PO j=tY j=r n—j+1
(16) Lk (k) (k)
SH TR +Jr:n
where
o -1
JO ey TR Fow T [lF. (x)}dx (19)
ren . ij . i .
p O Jj=1 j=r n—j+1

Now consider
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—m.
Fi (x) = 1—[1+xcj L' x>0 ,it follows

r—1 n r—1 —m, n —m,
I F I |I-F =1 l—(l+.xc) ' I (1+x”j '
j=1j j=r n—j+l1 j=1 j=r
n
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- 11 (1+x0) N+ % z (H—x") L)
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Substituting (20) in (19) and after simple calculation we
get

n

oo _ S om

[k 1(1+A‘j JS e ax
0

3

r—1 e m . + m
-z jxk’1(1+r‘-] ’,‘1 j= o | oax

j]:]()
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( n
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R S R [kt
' P 1< jliptigsr=10
\ n
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[]+x) 1 3 j=r j
b+ (1) 2 e oz Joakt
LS ji iy Caliy o5 Sr=10
n
e My +mi. + . +m, + X m
[1+x) i Yo iy~ j=r j dx
n
o B S om

s () gk 1[1+x‘] IRy dx

Upon using the integration (13) we get

(20)
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By using the fact that Y. (1) =
4

and
r—1

forall m =2 m

PINEDY 2

1< ji Gy Ugnsj < m

j=n
where the sequence {I } is defined in

j=n—-r+l

(n—r+j)
(n—r+1)1(j-1)!

(%) and a .=
J
since

r—1

j-1

n
r—1

n
a.
Jir-1

which completes the proof.
CONCLUSION
By recursively applying equation (5) starting with
the maximum ,u,ﬁf‘n) in (4) one can deduct all moments
of all order statistics ,uﬁ:’;) , 7 < n from Burr type XII
distributions. One only needs to compute the sequence
{I j }’;:1 which is given by (5). This sequence is very

simple to evaluate . For example if n=3, we get

(22)
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%(11_12‘*'[3)

I, =B(m, =% 5)+ B(m, =%, 4)+ B (m, —£,%)

c c’c

I, =B(m;+m, - Y+ B(m +m, —£ LY+ B(m, + m, — £ &

c c c’c

I,=B(m +m,+m, —£ %

*) _k
My =15

(k

) _k
Hay =+

¢ e

[1,-31;]

These results can be put in the following table

k TS
The moments U f:n) ,7 <n of order statistics arising

from non-identically Burr type XII random variables

with n=3
K
,U3;(3) L, -1, +I,
(K
luzz(3) 1, -2I,
*(K)
M3 1,

ﬂr:n

mentioned in

(k) _

T ,u,(:’;). Generalization of this table is

[13]
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