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Some Stability Results on Krasnolslseskij and Ishikawa Fixed Point Iteration Procedures
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Abstract: In this study, we establish some stability results for the Krasnoselskij and the Ishikawa
iteration procedures. We employ the same method as in Berinde!!!, but using a more general
contractive definition than those of Berindem, Rhoades[z], Harder and Hicks"' and Osilike!*™.
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INTRODUCTION

Let (E,d) be a complete metric space and T:E— E a
selfmap of E. Let F(T) = {pe E | T,-p} denote the set
of fixed points of T. Let {x,} . be the sequence

generated by an iteration procedure
Xne1 = f(T.xy), n =0, 1,2,... (1)

Where, x,e E is the initial approximation and f is

some function. Suppose that {x,} converges to a

fixed point p of T.
Let {ya} ,_, < E and set €, = d(yn.1, f(T.yn), n =

0, 1, 2,.... Then, the iteration procedure (I) is said to be
T-stable with respect to T, if and only if, ]jme,=0

n—eo

implies [imy.=r

Harder and Hicks™ employed the concept above in

results under various

[2.6]

proving several stability

contractive definitions. Rhoades' ™ extended the results
of Harder and Hicks" to other classes of contractive
mappings. Specifically, Rhoades® extended the results
of Harder and Hicks”' to the following contractive
definition: there exists a constant ¢, 0 < ¢ < 1 such that,

for each x,y € E,

I, I < e maxg[x-yll. 5 lx-x]
y b -l lly=Tl- @

Using (2), Rhoades® established several stability
results which are generalizations of the results of
Harder and Hicks"'. It was shown in Rhoades' that

d(Tx , Ty) < 1% d(x, Tx) + cd(x , y). 3)

Osilike! extended the results of Rhoades™ to the
following contractive definition: there exist constants L
> (0, ae [0,1) such that, foreachx,y € E

d(Tx,Ty) £ Ld(x,Tx) + ad(x,y). “4)

Osilike™ proved several stability results using (4).
Most of the results of Osilike!" are generalizations of
of Rhoades

generalizations of the results of Harder and Hicks
[1]

which are themselves
B3]

the results
Berinde"" using a different method, proved the same
results as Harder and Hicks" for the same iteration
procedures, using the contractive definition (4) above.
In this study, we present some stability results for
Krasnoselskij and Ishikawa iteration processes using a
more general contractive definition than those of
Harder and Hicksm, Osilikew, Rhoades>®  and
Berinde!"!. We shall however employ the method of

Berinde!"! in our proofs.

Preliminaries: Let {x,} ._ be the sequence generated

by the iteration procedure (1). Then, the Krasnoselskij

iteration procedure is obtained from (1) when f(T,x,) =

%(xn + Tx,), n 20, while the Ishikawa iteration process

is obtained from (1) when f(T,x,) = (1- 0, )X, + 0, Tz,
Zn = (1-B)x, + BuTx,, n 2> 0.

We shall

definition: there exist a constant b € [0,1) and a

employ the following contractive

monotone increasing function @ : R, — R, with @(0) =

0, such that, for each x,y € E,

ITx-Tyll < @fx - Tx||+ b][x - y]|. 5)
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The contractive definition (5) is more general in
the following sense: If @(u) = Lu, L = 0 in (5), then we
obtain the contractive mapping of Osilike!. If @(u)
= i u in (5), then we have the contractive mapping of
Rhoades?. Also, if L = 28 and a = & in"! where 8=
% , ﬁ},03a< 1,0<B < 0.5, 0<Y< 0.5,
then we obtain the Zamfirescu’s contraction in Harder
and Hicks"”! and Berinde!". When ¢ (u) = 0, then (5)

reduces to

max{o ,

I Tx-Ty[| <b[|x-y|l. b e [0.D), ©)

which is a contractive definition in Harder and Hicks" !

Berinde'"’ .
In the sequel, we shall require the following

Lemma due to Berinde".

Lemma 1 (Berinde[”): If d is a real number such that O
<d<1,and {€,}

such that ;e -0, then for any sequence of positive

is a sequence of positive numbers

=
n=o

o

numbers {u,} satisfying u,,; < 0u, + €, n =0,1...

n=o

we have 1, _o

MAIN RESULTS

We first establish a stability result for the
Krasnolseskij iteration procedure as follows.

Theorem 1: Let {y,} cEand €,= || Yn+1 - %(yn +

Tyy) || Let (E, || . ||) be a normed linear space and T: E
— E a selfmap of E satisfying (5). Suppose T has a
fixed point p. For arbitrary x,, € E, define sequence
{xa} _, iteratively by; X, 1= f(T,xn):% (x,+Tx,), n 0.

Let ¢:R,—NR, be monotone increasing with @(0)=0.

Then, the Krasnolseskij iteration process is T-stable.

Proof: Let ]Jyme,=0. We shall establish that

n—oo

limy. = p. Using (5) and the triangle inequality:

n—oo

Iwer =P I Da = 5 G+ Tv |+ 15 Tva- p
=eat 3 | Gu-p+ M-

< tlva=p I+ I Tya-pll} + €.
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Slya=p I+ lp-Tya [} + <.

SUya=p I+ lITp-Tya |1} + <,

< S Uva=p I+ ol p-Tpl)+blp-ya I} + <,
0 lya-pll +ea ®)

Since 0 < <%>< 1, then by Lemma 1, (8) yields

lim llva-pll = ©.

This implies that [jm Yo =P

Conversely, suppose ]y ¥ = p- Then, from our

n—oo

hypothesis
€= || Yn+1 - %()’n + TYn) ||

< ||yn+1_p ||+||p_ %(Yn"‘TYn)”

:"y‘“'l_p ||+||%(P‘}’n+P‘T)’n)||

IN

Iyw=p 145 1 va-pll+ 3 Ty

Iynr=p 45 I ya-pll+ 5 I To-Ty0 |

< |lyasi—p ||+% [o(||p-Tp ) + b p-ya 11 +% ly.pll

= ||)’n+1_p ||+(%

This completes the proof.

) || Y - p|| —0 as n—yco.

Remark 1: By similar argument as above, it is easy to
establish a more general case of Theorem 1, which is
stated as follows:

Theorem 2: Let {y,} ., cEand €, = ||yn - (1-2)y,

- aTy,||, n>0. Let (E, ||.||) be a normed linear space
and T: E — E a selfmap of E satisfying (5). Suppose T

has a fixed point p. For arbitrary x,, € E, define

o

sequence {X,} iteratively by: x,,; = f(T,x,) = (1-

a)x, + aTx,), n 20, a € [0,1]. Let @: R, — R, be
monotone increasing and @(0)=0. Then, the Schaefer’s
iteration process(or the Krasnolseskij iteration in the

general form) is T-stable.

Remark 2: Specifically, if a = 1 in Theorem 2, we
obtain the stability result for the Picard iteration
process, (Imoru and Olatinwu'”! and if a=%in Theorem

above, we obtain Theorem 1.
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We now establish stability result for the Ishikawa

iteration process.

Theorem 3: Let {y,} ::0 c E and define s, = (1- By)ya
+ BuTyn 020, let €, = || yner — (1-00)y, -aTs, || Let (E,
|| . ||) be a normed linear space and T: E — E a selfmap
of E satisfying (5). Suppose T has a fixed point p and ¢:
R, — R, is monotone increasing and ¢(0)=0. For

1o lteratively

arbitrary x,, € E, define sequence {x,}

by:
Xns1 = (1- 0)Xp + 0 T7,
7, =(1- Bn)xn + BnTXn n=0
Where, {o,} ::0 and {B,} ::0 are real sequences

satisfying:

i o,=1
(i) 0< o, Ba<1,n>0and
(i) 0<(1-0t + Olub - 0P b + 0L < (1- 0fy + 0,b)<1.

Then, the Ishikawa iteration process is T-stable.

Proof:
I¥ner =2 1< [l Yt = (10 )y - 0T |
+]| -0 )ya - 0 Ts, - p|
=€u+ || (1-00 )yn + 0 Tsy — [(1-06 ) + 0] p|
= || (1-00 )(ya —p) + Ou(Ts, —p) || + €,
< (1-00) [l yo —p ||+ 00| Ts, -p | + €4
= (1-00) [[ya -p |+ o[l p- Tso|| + <,
= (1-0) || yo =p ||+ || TP-Ts0|| + €.

Since T satisfies (5), we have:

| yae1=p | £C1-00) || ya-p || + 0l @(p-Tp | )+ b || p-s0 || 1+ €4
=(1-0) | yu-p ||+ 0tb( || (1-B)(P - ¥a) + Balp-Tyw) || + €
< (1-0) || yop || +0b(1-Bo) || (P - ya) + Bulp-Tyn) ||+ €
=(1-0 + Ob - 0uBub) ||y -p || + 0uBub [ Tp — Tya|+ €.
= (1- 0 + ot - 0Bub) || ya - p|| + cwBublo(||p - Tp )
+b[lp-yall+€n

= (1 - Oty + Ob - 0Bub + 0uBub?) || ya - || + €

< (1 -0+ b || ya-p|l+€n )

Since 0 < (1 - o, + ob) < 1, then using Lemma 1 in (9)
yields |im || Yup || =0. This implies that ]{11y Y= p-

n—eo n—eo
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Conversely, let 11y Yo = p- Then,

€n=[lyner - (1- o) yo- 0T, ||

< lyner =pll+ [Ip - (1- 0) Y- 0 T, |

= || yaer =PI+ [|[(1- @) + 0 Ip ~(1- 04) yo - 0T, |
= lyaer =p I+ | (1- 00) (p = ya) + 0p-Tss |

< |y =PI+ (- 0 [ v -p ||+ 0 || p ~Tsa |

= ||yt = p[|+ (1- ) || ya -p ||+ 0 || Tp ~Ts, |

< lyner = |+ (1= o) || v -p ||+ ol || p T )
+b][p-sa|]

= [|yae = [+ (1= ) [ ya -p ||+ 00b | 1-Bu)P-yw)

+ Ba(p-Tya) |

<[ yar = [|+ (1-0t) | ya - p ||+ 0t [| A-B)(P-yn)

+ 0 Bub [| p-Tya |

= || Yas1 = P ||+ (1-0+ atub - 0B [|ya -p ||

+ 0uab) || Tp- Ty |

<|| Y1 =P [+ (1-Ct+ ab - 0Bub [|ya -p ||

+ 0uBubI9(|| p- Tp[|) + bl p-ya |11

= (1 - Oy + Ob - 0Bub + 007 ||y - | + €
<||yas=p ||+ (1 - 0+ awb) || ya - p|| = 0, a3 n—> .
This completes the proof.

Remark 3: Theorem 3 in this study is a generalization
of Theorem 2 of Osilike™ which is itself a
generalization of Theorem 30 of Rhoades'”.
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