Journal of Mathematics and Statistics 2 (1): 339-342, 2006

ISSN 1549-3644
© 2006 Science Publications

On Some Stability Results for Fixed Point Iteration Procedure
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Abstract: In this study, we establish that both the Mann and Ishikawa iteration processes are T-stable
for the mappings T satisfying a more general contractive definition than that of Osilike!"! . The results

obtained generalize some of the recent results of Osilike

" which are themselves generalizations and

extensions of some of the results of Harder and Hicks™ and Rhoades®®*.
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INTRODUCTION

Let (E, d) be a complete metric space and T : E —
E a selfmap of E and F(T) = {peE : T, = p}, the set of
fixed points of T. For x, € E, define sequence

{x,} _, iteratively by

Xpr1 = £(T,x5), n=0,1,2, ... (1)

=

Suppose {X,} " converges to a fixed point p of

n=o

T and let & = d(yn., f(T, ya)), where {y }7_ cE.

n=o
Then, the iteration procedure (I) is said to be T-stable or
lim _
n—yoo gn - 0

stable with respect to T if and only if

: : lim _
implies nosee Yy = Do

Harder and Hicks” established several stability
results under various contractive conditions using the
above concept. Rhoades™*! extended the results of
Harder and Hicks™® to other classes of contractive
mappings. In Rhoades™, the following contractive
definition was considered : there exists a constant ¢ €
[0,1), such that for each X,y € E,

d(Tx, Ty) < c max{d(x, y), % [d(x, Tx) + d(y, Ty)l,
d(x, Ty)l, d(x, Ty), d(y, Tx)} (2)

Using (2), Rhoades!"! established several stability
results which are generalizations and extensions of
most of the results of Harder and Hicks” and

Rhoades™. It was shown in Rhoades'® that if T
satisfies (2) then,
C
d(Tx, Ty) < d(x . Ty) + c d(xy)
Osilike!"! employed the following contractive

definition: for each x, y € E, there exist constants a €
[0,1) and L > 0 such that

d(Tx,Ty) < Ld(x, Tx) +ad(x,y). 3)

Using (3), Osilike!"! proved several stability results
which are generalizations and extensions of most of the
results of Rhoades'"!.

Employing the same contractive definitions as in
Harder and Hicksm, Berinde!” proved the same
stability results for the same iteration procedures by an
alternative method.

In this study, we extend some of the recent results of
Berinde!”, Osilike!"! and Rhoades'* to a more general

contractive definition.

Preliminaries: In the sequel, we shall employ the
following contractive definition. For each x, y € E,
there exist a constant b € [0,1}, and a continuous,
monotone increasing function @ : R, >R, with @(0)
=0, such that

d(Tx, Ty) < ¢ (d(x, Tx)) + bd(x, y). “)

The contractive definition (4) is more general than
those considered by Berinde!”!, Harder and Hicksm,
Rhoades™™  and Osilike!.  This is evident by
specifying ¢ in (4) as follows. If @(u) = Lu in (4)
above, where L > 0 is a constant, then we obtain the
contractive mapping of Osilike!'! which is itself a
generalization of those in Harder and Hicksm,
Berinde'” and Rhoades™. Also, if L = mb, where m =
(1-b)’1, be[0,1), we obtain the contractive mapping
considered by Rhoades™!.

Also, if L = 28, b = 3§,

{ail} 0<o<1
=g 1-y

0 £ P < 05 0£Y< 0.5 then we obtain the
Zamfirescu’s contractive definition which was
employed in Harder and Hicks™ 7]

where & = max

and Berinde'".
Furthermore, if @(u) = 0, then (4) reduces to d(Tx, Ty)
< bd(x, y), b € [0,1) which is another contractive
definition used by Harder and Hicks'? and Berinde!”.

In the sequel, we shall establish stability results for

the following iteration procedures:
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i.  The Mann Iteration Process “’61, which is defined
for arbitrary x, € E by x,,1 = f(T, x,) = (1- 0%,
+ o, Tx,, n > 0, Where, {o,}°*

n=o

is a real
sequence satisfying o, =1,0 <o, < 1, for n>0

and Z n=oan = 0.

ii. The Ishikawa Iteration Process
defined for arbitrary x,€ E by:

61 \which is

Zﬂ = (1 - ﬂn )xn + anTle
xn+l = f(T’ Xn) = (1 _an )xn + cvnTxn,
Where, {o,}"_~ and {B,}_ are real

sequences satisfying 0 < o, < B, < 1 for all n > 0, and
lim, . Bp=0and X7

>, OBy = co. We shall employ
the following lemmas in the proofs of the stability

results.

Lemma 1: Let (E, d) be a complete metric space, and
T: E - E - aselfmap of E satisfying (4). Let x, € E
and x,;; =Tx, n=0. Suppose T has a fixed point p
and @ : R, > R, = [0, ) is a continuous monotone
increasing  function such that @(0) = 0. Then,

M @(d( x,, Tx) = 0.

Proof: From (4) and the hypothesis of the Lemma, we
have:
d(Xn+1,p) = d(TXn’ Tp) = d(Tpv Txn)

< ¢(d(p, Tp)) + bd(p, xn)

=bd(x,, p) <b*d(x,.1,p) < ...

<b™d(x,, p) = 0, as n— oo,

By triangle inequality and (4), we have:
d(xp, Tx,) < d(xy, p) + d(p, Txy)
= d(xy, p) +d(Tp, Txy)
< d(xa, p) + @ (d(p, Tp)) + bd(p,xs)
= (1+b)d(xX,, p) > 0 as n —> oo
Thus, '™ d( x, Tx,) =0.
But @ is continuous, therefore we have :
lim, e Q(d(xp, TXp) = Q(limye. d(Xp, TXp)) =0,
This completes the proof of the Lemma.

Remark 1: The operator T in Lemma 1 is not
necessarily a Picard operator.

Lemma 2: Let (E, ||.||) be a normed linear space, and
let T:E — E be a selfmap of E satisfying (4).

Suppose T has a fixed point p. Let {x,} _ be the

Ishikawa iteration process with {on}_, and

{Bn}_, satisfying
1. Oy,=1;

ii. 0o, Bu<1, n20;

i, 7 o= oo}

v. Yo T

ke jbl (1- oy + bay) converges.

Suppose ¢ : R, — R, is a continuous monotone
increasing function such that

¢0)=0. Let {y,} _, <E and define.

sn = (1-Bu)yn + BuTyn n 20

&0 = [ yne1 = (1= 0)yn - 0 Ts, |

Then,

yaer - oIl < [ %owr - ol + 27, TG,
(1- o4 + bow) ¢z - Tz ]|)
+ Z‘;U o; B I szﬂ (1- oy + boy)

o([lx; - i)
+117_, (1- oy + bay) | %0 — o |
+Z 7=0 11 Z=j+1 (1- O + b(lk)ej, (5)

Where the product is 1 when j =n.

Proof: Using (4) and the triangle inequality, we have
the following:
[yt =Pl < || Yoot = Xaa | + || %01 -p |

= ” Yn+1 - P || + || Yn+1- (1' an)yn' (anSn ||

+ | (1- atyyn- 0TSy X

= " Xn+1 - P " +E +||

(1- )Y~ 0 Tsy=(1- O)Xy- 0Tz, |

< [ xper - pl| + (1= o) + [ x0 - v

+ 0 || Tz,- Ts, || + &,

S” Xn+1 - p” +(1- o) ||xn - Va ||

+ 0@ (|| 2o Tz [ )40 ]| 25 4 || 1+€4

=||Xn+1 'P" +(1- (x'n)l Xn = Yn

+ 00 (|| 20 Tza [ )+oub [ 20 50 [ +ea (6)

Observe that

|| Zp- Sy || = || (1- Bn)xn + BnTXn —-(1- Bn)yn - BnTyn ||
< (1' Bn) Xn-Vu| + Bn ||TXn_TYn ||
< (1' Bn) Xp-Vu|l + Bn((p"Xn_TXn")

+b|| X0 - Yul[)
=Bn(p(|Xn'TXn|)+(1'Bn+an)”Xn'yn”
<Bu(|[x0 - Txa|[) + [[ %0 - ya|- ()

Substituting (7) into (6), we have

lynei -l < 1| o - pl| + omep

(|| za- Tza]|) + bouBu(|| xa - Txa|))

+ (1= 0ty + b0ty ) || Xn - Y| + €0 (8)

Moreover,

Iya - xall <]| Yo = (1-0tn)ynt - Oy T, |
+ ” (1-0ty1)yn-1+ Oy TSy -Xp ”
=€pqt " (1 - Oy ¥n-1 = O TSy
= (1= O )Xt = Oy Tz |



J. Math. & Stat. 2 (1): 339-342, 2006

(1 - 0gep) || Xn-1 = Yol || + Oy ”

TZn-l - Tsn-l || + €41

<(1-0yp) || Xn-1 -~ Yol || + Oy

(@ (|| 201 - Tz [

+b Zp-1- Sp-1 ||) +&€nh

= 1@ (|| 2ot - Tzt [|) + (A 0t || Xt = Yoot |

+ b(xn-l || Zp-1= Sp-1f| + €nat (9)
Similarly, from (7), we have:
|| Zp1- Sp-1 || ) < Bn»l(p ( || Xp-1 - Txn»l ||)
+ Xp-1~ yn-l (10)
Substituting (10) into (9), we have
|| Xn= Yn || < 1 @ ( || Zy1- TZn»l ||)
+ b1 By 1 0( || X1 = TXpg | )+
(1Ot + D01) || X0t = Yoot | + €t (11)

Substituting (11) into (8) yields:

I|Yn+1 - P” < ||Xn+1 - P” + 0,0 (”Zn' TZn”) + b(X.an(P
(f|xn - Tx,[|) + €

+ (1= O + BOWE .y + (1= Ot DO ) 01 ® (|| 2ot - Tzot )
+ b(1-0t D00 1B o O | X0 - Ty )

+ (1-04+ b0ty ) (10t 1+ b0l 1) || Xt = Yt |

Repeating this process (n-1) more times yields (5).
This completes the proof.

Remark 2: If B, = 0 in Lemma 2, then we obtain an
equivalent result for the Mann iteration process.

MAIN RESULTS

Theorem 1: Let (E, || . ||) be a normed linear space
and let T:E — E be a selfmap of E satisfying the
contractive definition (4). Suppose T has a fixed point

p and the sequence {x,} _ is the Ishikawa iteration

process satisfying the conditions of Lemma 2. Then,
the Ishikawa iteration process is T-stable.

Proof: Suppose m e S 0. Then, we shall show

n—oo
lim
n—se Y

lower triangular matrix with entries:
II (1-o

that = p,using Lemmas 1 and 2. Let C be the

n .
Cnj =0 k=j+lo o+ boy). Then, C is

m

T . [14] . . . li
multiplicative!*. Since @ is continuous and ™" _ ||z, -

Tz, ” =0, then by Lemma 1, we obtain:
Zj:() a] Hl/::j+1 (1' o+ b(xk)(p
(llz =Tz ) =o.

lim n

n—oo

Furthermore,
0< bz;l,zo a; I1;_,,, (1- e+ bowo( | x - Txi[)

< bz;l_zo a, T, (1= o+ bowed||x = Tx[]).

341

Since @ is continuous and "™

n—

- ||xn—Txn|| )=0, we
have
e b 0TI, (1 i+ bow)e
([|xi - Tx[) =o0.

which implies that :

n
fim bz_,-:() a B 115 .

n— oo
(1 - age+ boy)o( || x; = Tx; ) =0,

Let D be the lower triangular matrix with entries
dnj = HZ:j+l(1 - O+ b(xk)

Condition (iv) of Lemma 2 implies that D is
im ¢ =, we obtain:

n—o n

multiplicative™ and since

3 Tl (1- 0ns boy e, =0

j=o

Moreover, condition (iii) of Lemma 2 implies that
im TG, (1 - oy + boy) = 0.
Also, we shall prove that '™ ||, —p]| =0.

Using (4), triangle inequality and condition (ii) of
Lemma 2, we have:

||Xn+1 _p" = ||(1 - Oy )Xn+ anTZn'p"
= (1 - o)X= p) + (T2, — )|
= [|( 1-00 ) (%0 = P) + O(Tz, — Tp) ||
< (o) | xa—p| + || Tp - Tz
< (o) [ xa—p| + culo(][p-Tp|)
+b|| p-zl|]
= (o) || xa=p| + bt 1-Bu)x,
+BnTXn'p||
= [ (1-o) || xa = p|| + bowl || 1-Bu)x, —p)
+Bn(TXn'p)
< || (o) | xa—p|| + bo(I-B) || xa=p |
+b(X,an) || TP—TXn ||
< |- o) || xa—p|l + bo(1-B) || xa=p |
+ b0, [@(]| p—Tp|)+b||p - x4 ]
= (1- oty + boty) || X, || - bOBa(1-b) || x5 — P
< [1-(1-b) o 1| %0 — |

exp(- (1-b) o ) | x, = p |

< exp(- (1-b) o )exp(-(1-b) 01) [[xas = p
<exp(- (1-b) oy, )exp(- (1-b) 0 p)... <

exp(- (1-b) ato) | xo — p||

=exp(- (1-b) zr;:o a;) Ixo—p—o0.

as n — oo,
im

Hence, inequality (5) yields :1 Y, =D
Conversely, suppose that E’im y, = p . Then,

€n= | Yari = (1- )y - 00, Ts, ||
< || yn+l'p || + || p_ (1' (x‘n)yn - (ansn ”
=|| Yoer-p ||+ (1- 0t)(ya —p)+ c n(Ts,p-p) |
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YarrP[| + (1- 0w || ya - p ||+ | Tp-Ts, |
Yas1P || + (1- o) || ya - p [ +em(o(|| p-Tp |
+b|| p-sa[)
= || Yasr-p|l + A= 0 | ya - P[] +b0(1-B0 )(yn —p)
+Bu(Tya-P) ||
| Yasi-p | + (1= o) [|ya - P [ +b0(1-Br )(yn —p)
+b0,B, || Tp- Ty,

| Yosi - p|| + (1- 0w+ batn - boB) || (va—p) |

+b0,B, (@(||p - Tpl| +blp-yal)

= || yn+1'p|| +(1' (xn+ ban-b(Xan+b2an)
Ya=p) [0, as n —eo

This completes the proof of the Theorem.

Remark 3: Theorem 1 is a generalization of Theorem
2 of Osilike!"! and Theorem 30 of Rhoades". If B, =
0,V n=0 in Theorem 1, we obtain a generalization
of Theorem 2 of Rhoades'” which itself is a
generalization of both Theorem 3 of Harder and
Hicks'® and Theorem 2 of Rhoades"".

By Remark 2, we have the following stability result
for the Mann iteration process.

Corollary 1: Let (E, || . ||) be a normed linear space
and let T: E — E be a selfmap of E satisfying the
contractive definition (4). Suppose T has a fixed point
p and let be the Mann iteration process satisfying the
conditions of Remark 2. then, the Mann iteration
process is T-stable.

342

Proof: The proof follows directly from Theorem 1, by
putting 3, =0.

Remark 4: Corollary 1 is a generalization of Theorem
2 of Rhoadesl‘”, which itself is a generalization of both
Theorem 3 of Harder and Hicks™ and Theorem 2 of
Rhoades®!.
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