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Abstract: Problem statement: Due to a behavior of buyers effects to a growtmafketing, then a
group of agreement of buyers and buyers’ behavwioewentually placing orders are investigating.
Approach: In this study, a discrete-time consensus protdoola scale-free buyer networks is
proposed. Herein, an initial purchase intentioradh buyer is defined to be active or non-activeé an
an impulse signal is used to activate a purchasaétion as an advertisemeResults: To investigate

a global decision making in the buyer networks, tluenber of active buyers after activating was
considered. Finally, the numerical simulations weomducted to visualize the effectiveness of the
proposed protocol. The results showed that buybenge their intentions based on activation of
advertisement that also effect to the group decigiaking of networkConclusion: The active buyers
still be active if the current number of active brs/(p(x)) is more than or equal to the defined value of
their th. On the other hand, the non-active buyers stilhtwe-active if the current number of non-active
buyers ng(x)) is more than or equal to the defined valugheir th. Otherwise, their states are altered.

Key words: Decision making, consensus protocol, scale-freavordss, advertisement, numerical
simulations, buyer networks, swarm intelligenceteh@geneous structure, world
networks, rendezvous problems

INTRODUCTION oscillators, flocking and swarming, formation canhtr
and rendezvous problems.

Nowadays, the group (coordination or swarm) Here, the consensus protocol results in a digeibu
behavior of multi-agent systems and their exhibiteddecision making. It has an advantage over cengmliz
swarm intelligence have attracted a great researcfiecision making in the sense that a decision maker
interest of researchers from fields of engineer@mgl not required to access information from all other
biology, such as birds flocking, robot swarmingshfi decision makers. Its result in group agreement also
schooling, to name just a few. Consensus problem iseems to a brainstorming among group members (Lin,
related to group coordination, which is for a graafp 2009; Lin, 2010). Due to the effectiveness of the
agents to make a decision or to reach an agreememtistributed decision making, it has been appliedeal
depending on their shared state information, wherevith the problems of inventory control, which is
information exchange among the agents, or say, thenportant to study an activation effecting to puasimg
topology of the networked multi-agent system, plays decision making for instance, Gunesi al. (2009)
key role for consensus. Based on the topologygt®  studied the influence of children on family purdhas
is to design a suitable protocol for a group tochea  decision making. To deal with the consensus prdtoco
consensus. A consensus protocol is a communicatioBauso and his colleagues have been proposed
rule for exchanging the state information betwean adistributed consensus protocols to coordinate srdér
agent and its neighbors so as to reach consenbich w a group of buyers. They studied how the information
is a kind of a distributed decision making, becaemseh exchange among buyers and the coordination of the
agent has just local information of its neighbdaiso  buyers impact final orders. In addition, they also
et al., 2009). The consensus protocol has also beepresented a protocol for cooperative inventory mint
applied to solve many problems in group (distridyite of retailers, which leads to the best coordination
decision making such as the synchronization of mlip between retailers for ordering products.
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In this study, a discrete-time consensus protéol Exponential G——@ Scale-free @
proposed for a group of buyers to reach an agredemen 3 '
based on scale-free buyer networks. The buyer negwo e
have scale-free features because of the expandedfi 1178\
buyer networks. They can be increased continuously cd > A g _’.
according to a power-law distribution of connetyivirhe G —rLe 5 :
state of buyer represents the buyer's purchasetiore It e
is updated according to the states and degre¢setifand b
its neighbors. Buyers have different degrees, which ”
measure their popularities and the size of netwasks 3
expanded based on the preferential attachment. To §
investigate buyers’ behaviors on eventually placirggrs,
both active and non-active buyers are considerad. A 3
impulse signal is used as an advertisement in caer .3 ;
activate a purchase intention of buyers. T et —

The rest of this study is organized as followse Th () Log (k)
next part gives concepts of scale-free networks and
consensus problem on graphs. The discrete consenshig. 1: Connectivity distributions (Jeoegal., 2000)
protocol is proposed in buyer networks, later.

Numerical simulations are carried out to show bigsnef The connectivity distribution can be viewed as a
of proposed work and finally, a conclusion andmeasure of nodes popularity. The real large-scale
discussion are provided. complex networks have the nature that the conrigctiv
probability distribution P (k) of a node connectitogk
MATERIALSAND METHODS other nodes is a power-law degree distributionk)? (
) o _ k?, where k is the degree of a node anit a scalar

Herein, we first introduce some basic concepts ogxponent. Many large-scale complex networks are
scale-free networks, notation of algebraic graoth  gcgle-free. Thus, the existing network models sash
and consensus protocol. Later, our prqposed WOrk iIRR  model and WS model fail to incorporate the
buyer networks will be presented in details. following two major characters of real complex
networks. Firstly, the networks are continuously
ﬁrowing by the addition of new nodes and secorttily,
new nodes connect preferentially to highly existing
connected nodes.

The network connectivity of ER networks is
depicted in Fig. 1c. It is characterized by P (k),

Pik)
Log Pk

Scale-free networks: Most real systems in naturebea
represented as complex networks, where nodes are t
elements of a system and links represent the atiens in
between. Examples are humerous, such as an oriamiza
is a network of people, the World Wide Web is avoek
Ef websites ar:jd a ma(;ket is a network of interastio denoting that a node has k links. P (k) peaks zatk>
etween procedures and consumers. —_ : .
In 19505, Erdos and Rényi described a networlgnd degrees distribute exponentially for large tkisl

ith | I b d h. Th hown in Fig. 1d that most nodes in the scale-free
with complex topology by a random graph. Theyeyorks have a few links/degrees, but few node® ha
introduced a random network model. Starting with

X : .| a very large number of degrees, hence for a large k
nodes, each pair of nodes is connected with y 'arg ¢ rge

babil . | ) %) decays as a power-law.
\?(recr)y allalr étg gg;zrigﬁp?e;aﬂeg%&ztg?é ﬁcaugotrgg}?;?gl The scale-free networks has the heterogeneous
random. In 1998, Watts and Strogatz (WS) introdwced structure reflecting the nature of most real world

concept of small-world network. The WS model beginsnetworks’ in case that networks are open, the nufoe

with a one-dimensional lattice of nodes with links nodes can be increased continuously. In additibe, t

between the nearest and the next-nearest neighboR¥OPability of a new node connecting to the exgtin
Each link is rewired with a probability in order shift ~ Nodes is not constant, but dependent on the degfees
one end of link to a new node chosen at randomthe nodes. To construct networks with the scale-fre
Focusing on the connectivity distribution of botiR E properties, they can be built in the following way.
and WS networks, it peaks at an average value an@tarting with a small number of nodesyrat each time
decay exponentially. Then, they are called expdakent step, a new node with m links (fhmy) is added to the
networks or homogenousetworks, because each node existing graph and connected to the existing n¢jlé:s
has the same number of link connections. terms of the preferential attachment with assuntiag
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me = j at the starting time. The preferential attachine x, (t+1) = (x (t)+szjm g (x (- x (1) 4
of node i is given by its connectivity;{k
. Where:
[1= Zik. 1) o<ss% = A parameter, in which
i
A = The maximum degree of nodes,
where, kis the degree of node i, the sum runs over j A =max Zi,j g

existing nodes in the system.
In this study, the purchase behavior of a group of  Further, (4) can be recast as:
buyers is concerned. Buyer networks have the scale-
free properties (Tseng al., 2008). Due to the social x(t+1)=Px(t) (5)
characteristics, some buyers have larger conndgctivi
and each buyer can connect with each other bas#éég on Where, P= I-¢L is the Perron matrix of graph G, which
preference. In addition, the network size is exgaings is a non-negative matrix and | is the identity rxatr
to the power-law degree distribution. A matrix is irreducible if its associated graph is
Consensus on Graph: Here, the interaction of &trongly connected. A matrix is called row (or coh)
complex network of agents is represented by arptochastic if all of its row-sums (or column-suras} 1.
undirected graph. Denote A, =[a,]OR™"as the An irreducible stochastic matrix is primitive if ias

adjacency matrix of grapls, = (V,,E,), Where V, is only one eigenvalue with maximum modulus.

the set of agents;,vl = {1,2,...,n} and E the set of Let P be a primitive-nonnegative matrix and denote
edgesp, = (v,,v,),i,j={L2,...,n} and: w andv as left and right eigenvectors, respectively.
Then Pv = v, WP = W and V w = 1, thus
(1, ifv,v0E,, limt e = VW'
710, Otherwise. A consensus in discrete-time is asymptotically

reached for all initial states if thg,; _ P exists. This

limit exists when P is a primitive matrix. Thus (&n

be recast asjm;_ oX(t)=vWwx(0), when P = wi,

) ) o Whent - «» and v =1, then (5) can be recast as w'
diagonal matrix D, =[d;]. Where ¢ = 0 for all i# ] o) foralli. A group of agents is said to reachlobal
and ¢= deg (V) is the degree of;vFurther, the graph consensus ifi(t) = x (t) for each pair (i,j), i,j =1, 2, ...,
Palladian L associating with the undirected grapis G n and #. The common agreement value of all agents is

The neighborhood of agent i;,Nis defined as
N, :{vj\aij #0andiz }. The degree matrix of G is a

defined as L= D-A, where: called the group decision value, whichxs - a. Thus
limt_ @)= W x (0) with > w, =1.
d;, ifi=j For an undirected graph, one has @ and | = |;
I, =1-1, ifi#jandv,is connected to,v for all i #j. Hence the undirected graph G is balanced
. Otherwise. or p is doubly-stochastic, then one ha@z% and
The dynamics of agent i is described by: thus:

X (t+1)=x () +y (1) @) % (0)

! limt - @ (W, =L' (6)

n
where, x, OR" denotes the state of the agent i at time t

. . . . Therefore, P is a column stochastic matrix with a
and u, OR" is the control input at time t and(t) is

given by: left eigenvector ofw, =%1, then the group decision as
t » o is given as:
u =gy, 3 (X (=% ©) 3)
_1.
Substituting (3) into (2) yields: a=,1x©) 7)
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Buyer networks: Buyer networks consist of buyers and Where, Avex (0)) is the average value of the initial
the information exchange relationship between thempurchase intention of buyers. Thus, the numberoof n
The state of buyer i or;%i=1, 2..., n) represents the active buyers ia-(x).

purchase intention: active or non-active. The bsigan To activate the purchase intention of buyers, the
exchange their purchase intention information withunit impulse signals (t-t) is simulated as the
each other if and only if they are linked. _ 1,(t-t)

The buyer networks are scale-free. They expan@dvertlsement,é(t—tf):{0 otherwi Sewhereé (tt) =1
continuously and a new buyer connects other exgjstin ) ' ) ) )
ones based on the preferential attachment. ThE€ans that there is an advertisement, which aesvat
interaction of buyers is undirected. the purchase intention of buyers.

Consensus problems have been investigated based At the activation timef if the current number of
on various network topologies, such as random misyo  2ctive buyersy(x) is less than the threshold valugah
small-world networks and scale-free networks (WangNy activated active buyers, then their presertesta
and Guo, 2008). Wang and Guo studied a discree-timVill be changed. In contrast, the activated nonvect
consensus model on the scale-free networks, where tPUYers will change their states whenp(x) < th.
affect of network topology to the consensus is RESULTS
considered. The state of each agent is updateddiogo
to the degrees and states of its neighbors and the Here, the group decision making of buyers will be
neighborhood is regarded as a probabilistic donie.  simulated. At the activation timeg)(tthe currentp(x) is
neighborhood is defined in terms of the probahiligr., ] compared to the thof activated buyers in order to
is the neighbor of i only if i and j are adjaceotdach change their states.
other with a probability, however, i and j do not Figure 2 depicts a scale-free buyer network, in
definitely communicate to each other. This neighbod  which my is 3, m is 2 and the average degree is 2. The
concept is different from the graph theory in thigtis network consists of 6 buyers and 6 links. Each buye
the neighbor of i, there is a link between i amahdl i and  has different degree or popularity. The informatafn
j can communicate with each other. each buyer is listed in Table 1.

The state of buyer i is updated by degrees and the
states of its neighbors at instant t in the follogvivay:

X (0K +Y 1 % (0K

Supposinge :% for the consensus among buyers at

time t, the graph Laplacian L and Perron matrix& a

X (t+1)= (8) 1 -10 0 0

Ko+ K 13 -1 0 -1

0 -1 2 0 -1

Where, X (t) is the state of buyer i at instant t,ik its L=l 0 0 1 -1
degree/popularity and ;Ns the set of neighbors of 0 -1 -1-1 4 -

buyer i. It is remarked that the purchase intentdn 0 0 0 0-1

each buyer is depended on the intention of itshimigs )
) . X . And:
and its neighbors’ popularity.
To consider the purchase behavior of buyers, the

local information exchange is concerned. The P= I—%L
information of buyer i consists of an initial
state/purchase intention; ((0)), threshold value (hto For the buyer network shown in Fig. 2, it has

be defined in the following and popularity/degrefe o different initial purchase intention, i.e., theree awo
connection (R. x (0) is randomly chosen to be 0 or 1 non-active buyers and four active ones.

with x; (0) = 0 implying a non-active buyer and®) =1 The simulation result is depicted in Fig. 3. It is
an active one. The non-active buyer is the oneddes shown that the group agreement is reached arourw at
not want to buy anything, while the active buyettie 20 and the group decision value is approximatedy 0.
one who wants to buy. Further, b an integer taken Which means that the group agreement of this buyer
randomly between 1 and the size of network. The thhetwork for purchasing is at a probability of 67%.
presents the number of aptlve bgyers with whom each, .\ 1. \ntormation of buyers

buyer can accept to coordinate with.

. . Buyers (i) 1 2 3 4 5 6

The number of active buyers can be defined as: 3 ©) 0 1 ) T 1 1

th, 6 1 6 2 5 2

limt - oo®(X) = NAVe(x(0)) © 1 3 2 1 4 1
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Due to the balanced buyer network, the left

eigenvector of P isw :11 where 1 is the identity
n

matrix and n = 6, then:

w =[0.167 0.167 0.167 0.1670.167 0.16

The group decision value is derived as:

limt_ oa(t)=[0.167x (0)+ 0.167x (0)

+0.167x, (0)+ 0.167x (0)
+0.167x, (O)+ 0.167% (0)E 0.668

Or:

Zi)g @ _ 0.668

tI|_r>nooa(t) =

DISCUSSION

To investigate the buyers’ behavior, the active
buyers are first activated at time=t10. The simulation
results are shown in Fig. 4a presentif{g) and Fig. 4b
depicting a (t). It is shown that, as a consequesfce
activation, buyer 5 changes its intention. Its estat
changed from active to non-active duep(®) < ths. In
this case, the advertisement influences the buying
behavior of buyer 5. Then the number of active baiye
the network ¢(x)) is consequently changed from four to
three (Fig. 4a) and the final group consensus) (&(glso
changed from around 0.67 to about 0.5 (Fig. 4b).

Similarly, activating the non-active buyers atdim
tr= 10. It is shown in Fig. 5 that buyers 1 and 3 tnan
buy the products due to ¢(x) < th. Then, their
purchase intentions are changed from non-active to
active. The number of active buyers in the network
(p(x)) is consequently changed from four to six (Fig.
5a) and the final consensus (a(t)) is also charfiged

It is remarked that this is consistent with thearound 0.67-1 (Fig. 5b). It means that the group

simulation results.

Fig. 2: Scale-free buyer network
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Fig. 3: Group decision making among buyers
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Fig. 4: Group decision making with activated acbugers
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10 - intention of each buyer is changed, it affects he t
9 “‘"Qggf ! group decision making of network.
——-:‘Qod;‘.
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scale-free buyer networks is concerned in ordstudy

a purchase intention of buyers. Herein, an initial
purchase intention of each buyer is defined todivex

or non-active. An impulse signal is acting as the
advertisement to activate a purchase intentionshicav

its effectiveness, simulations for the group decisi
making among buyers and the purchase intention
activation in active buyers and non-active onesehav
been conducted. The active buyers still be acfithe
current number of active buyerg(X)) is more than or
equal to the defined value of their.tiOn the other
hand, the non-active buyers still be non-activehi
current number of non-active buyerspfx)) is more
than or equal to the defined value of their. th
Otherwise, their states are altered. When the pisech
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