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Abstract: Problem statement: Modified Chordal Rings Degree Four, called CHRm4the first
modified structure of chordal rings. This CHRm4is undirected circulant graph and is a double loop
graph. Approach: This study presented the main properties of CHR#ere are connectivity,
Hamiltonian cycle and asymmetriResults. Several definitions, postulates, corollary, themeand
lemmas were constructed according to these thrée pnaperties. It is about interconnection between
nodes, how the Hamiltonian cycle was occurred ang @HRm4 is not symmetri€onclusion: From
these three properties, there are two dominantepties obviously shown that the CHRm4 is contrary
from the previous traditional Chordal Rings DegFemur (CR4). It is connectivity and asymmetric.
There are different connections for odd and evedesptherefore CHRmM4 is not symmetric. The
Hamiltonian cycle property has the same concept @R4.
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INTRODUCTION A circulant graph with N vertex and chord lengths

. . is an undirected graph in which each vertex
Interconnection networks have been used in thd®® % grap

design of Local Area Networks (LAN), N, 0snsN-1 is adjacent to all the vertexsmodN with
telecommunication networks and other distributedl<i<m and this graph denoted ag(&.%,...,S). The
computer systems. Rings technology previously has gamily of circulant graphs includes the completaggr
poor performance compare to star, torus, meshand the cyclic graph or ring among its members.
complete graph and bus. These problems can bedsolve
by adding more links or chord lengths into the rimg  Background: Network topologies based on traditional
uniform way to form chordal rings. It is desiralbdeadd  chordal rings network were discussed before are
a few links as possible. Mostly topological Chordal Rings Degree Three (CR3) (Barriere, 2003),
characteristics determined the performance an&hordal Rings Degree Four (CR4) and Chordal Rings
robustness of any networks. In chordal rings, westi Degree Six (CR6) (Farah Azuet al., 2008; Faralet
were representing their processing elements andsedgal., 2008). Arden and Lee (1981) had introduced CR3.
representing the communication links between themCR4 was discussed by (Narayanan and Opatrny, 1999;
Arden and Lee (1981) were introduced the first dabr Narayananet al., 2001; Browne and Hodgson, 1990;
rings of degree three by adding a chord into the.ri  Bujnowski et al., 2004) and CR6 was discussed by
Chordal ring is a circulant graph. Abbas and Othman (2007). Modified Degree Four
According to  Liestmanet al. (1998) and Chordal Rings (CHRm) was introduced by

Dubalskiet al. (2007), circulant graphs have deserved(pubalskiet al., 2007) and the properties of this CHRm
significant attention, the traditional ring and tdwmplete  \yere not discussed on details before.

graph topologies belong to this class of graphs.

Circulants of different degrees constituted theishasg MATERIALSAND METHODS
some classical distributed and parallel systemse Th
design of certain data alignment networks for caxpl Figure 1a shows a graph of CR3(16;1,3). Arden

memory systems have also relied on circulant graphs and Lee (1981) are assumed the number of nodes, n i
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even and nodes are indexed 0,1,2,...,(n-1) around th © © ©  ©

ring. In the present correspondence they resthieir t @ © @ ~©@
attention to the case in which each odd-numbereéno ~ © @ @ @®
i(i =1,3,...,n-2) is connected to a node (i+w)mod n.

Each even-numbered node j(j = 0,2,...,n-2) is ® e ®
connected to a node (j-w) mod n. The chord lengtts, @ © @ @

assumed to be positive odd and they assume:
thatw< .
2

CR4 is defined as chordal rings network in which
each node has two circumferential and two chordal
links (Browne and Hodgson, 1990). Figure 1b shows a
graph of CR4(16;1,3). The ring contains N nodes
(processors). These nodes will be assumed to be
indexed in ascending order for clockwise directam
0,1,...,(N-1) and -1,-2,..., so that -1 is the samé¢Nas
1) for anticlockwise direction. i is connected todes
(i-1) and (i+l), or more briefly nodes1. In particular
node O is connected to node 1 and (N-1).

CR6 is related to a distributed loop graph
G(n;s;%;,,,S) Which is a graph with a vertex set equal
to 0,1,...,n-1 and the edge set equal to &i) where
O<u<n-1,i{s{;S;,,,s} CR6 was denoted by G(n;s,) Fig. 1: Chordal rings network graphs. (a):
where n as the number of nodes andssthe length of CR3(16;1,3); (b) CR4(16;1,3); (c):
the chords. Figure 1c shows a graph of CR6(16;3;6). CR6(16;3;6); (d) CHRm4 (16,1,4,6)

CHRm4 is adaptation from CHRm which consists

of one ring with p nodes, where p is even. ForProperties: o
Connectivity: Let the connectivity is between source

0< ksg, each even nodeiis additionally connected node, i to destination node, j. The following Détion
ot des di hil h odd 1 is adapted from Dubalslkét al. (2007) and it is
0 WO NOGES ;. ymodp) AN (5414 ymoupy» WNIIE €ACNH O describes how to construct the structure of CHRm4.

node j:1) is connected to two nodes, . . and - - .
_ % )(modp) Definition 1: The modified chordal rings degree four,

| et moapy PY ChOrds of even lengths @nd @, not  CHRm4 consists of one ring of N nodes, where N is
_p _ positive and even number of nodes. This graph is
exceedlnga - The graph CHRm is denoted as (18  denoted asCHMA4(N, s;,Hy). The values of ring edges,

(Dubalski et al., 2007). Figure 1d shows a graph of S Must be 1_ _and the values. of chord lengthsndh b

CHRm4 (16,1,4,6) with two chord lengths. must be positive and even with hy [ h. For 8k<N/2,
According to Arden and Lee (1981), the each. even-numbered nodey i= {0,2,...,N-2} is

performance of chordal rings can be improved byadditionally connectedtd , .\ .\ andi, .

increasing the number of nodes, decreasing th@hile odd-numbered noded; = (1,3,...,N-1) is

diameter and increasing the node degree. additionally connected to i and
There are many criteria for a comparison of (2K+1+y Ymod N)

interconnection topologies which have been proposetiain,ymawn: 1 N€ values of N and fand also for N and

such as degree, number of nodes, diameter, averaggfor CHRm4 must have gcd(N,hy) = 2.

path lengths, connectivity, Hamiltonian cycle, The following Postulate 1 describes the distance

symmetric, isomorphism, regularity and reliability function of CHRm4(N, s, H h) and fulfills the

this study, we investigate the network propertiés o Definition 1.

CHRm4. This CHRm4 is a type of circulant graph. In

this research, we will show that this type of claci  Postulate 1: A CHRm4 obeys all distance functions of:

graphs have several properties such as connectivity

Hamiltonian cycle and asymmetric. e d(i,j)>0and d(i,j) = 0~ i =]
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d(i, j) = dg, i) for all i, |
d(i, k)=d(i, j)+d(,k) for all i, j, k

The following Theorem 1 describe about the

connectivity in CHRm4 among all nodes.

Theorem 1. CHRm4(N, s, h hy) is all connected if
and only if gcd(N, s,fahy) =1.

Proof:
Necessity: If gcd(N, s, h, hy) = d<1, then nodeyi can

only reach node

ifi,, =i and node g

(2khy ) (2khy )(mod d)
can only reachi, ... if iy, =i, .\ ., Where
N
O<k<—.
2

Sufficiency: Suppose gcd(N, sg,hhy) = 1. Then there
exist p, g and r such that ps+gfh2 =0 where(d =
ged(s, h, hy). Since gcd(N, s,:hhy) =1, i.e., gcd(N, a)
= 1, there exisp such that3(ps+ gh+rh2) =q, B =
1(mod N). Let

IBp|, s-steps ((-s)-steps if p<0)
Bal,hi-steps((-h)-steps if <0)
[Br|, he-steps((-b)-steps if r<0)

Every even node,»i and odd node, i, was
connected by induction.

Hamiltonian cycle: A Hamiltonian cycle is a cycle in
an undirected graph which visits each vertex eyactl
once and also returns to the starting vertex. CHRm4
contains Hamiltonian cycle and it has no cut-vedic
Lemma 1 proved how the Hamiltonian cycle was
completed.

Lemma 1. A Hamiltonian cycle of CHRm4 cannot
contain:

. {wn)

- {rh
. {RR)
Proof: The nodes in Fig. 2 represented as Triangular

Prism for Chords-Ring Edges. s represent ring edges
represent a chord length for even nodes apd h

represent a chord length for odd nodes.OEdr<%,

I3 q-an2

i
¥

&~ == ~lakaam

Fig. 2: Triangular prism for chords-ring edges es@ntation
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Hizrsnz

Number ] 1 2 3 4 5 [ 7 8 9 10 11 12 13 14 15 [}
Ring iz | ikes | imerzs | Tmens| Tmess | fzess| izcess| ize7s | izcens | izcess | fncene] fakerts] fokerza] fokerna] izkerss] fmes | fa
edges iz | Baks | Tzcerad] Tanernd Toketzel Tzkerts] Toketos] Toess | Tokens | Tkers | Toeds | Iohoss | Tokeds | Tzkens| fakezs | J2kes | 0

Note: all ring edges must be in mod N.
example: ixes mod N, s mod N

Note: all cell in a same column has same value
example: T =imes =i

Fig. 3: Triangular prism for ring edges represeaiat

the chord links for even nodes are
i = 2o @NAig iy, but the chord links for odd

number ard

2k+s

- 2k+ sk By and i2k+s

=iy - The edges
links for even nodes arg, - i,,, andi, -i,_, and
for odd nodes are,,,. - i, ,. andi,,,, — i, . LetH be
a Hamiltonian cycle ofHRm4(N,s,h ,h . Suppose to

the contrary that there exi& chords anch, chords or
-h, chords and-h, chords for even nodes, chords

and h, chords or-h, chords and-h, chords for odd
nodes. In that case H can be represented as arssqju

of {sﬁ 71} or {s,—ﬁ —H} or {SE E} or {s,—E —E}
or {h—lﬁﬁ} or {—E—Ei} or {h—zh_2 or {—h—z,—E,
)

—hz,—hz} as a subsequence. There are s

It's impossible for H to contai{rﬁ,ﬁ}, {

{haihifor {
many possibilities for combining sg,hy,-hy,-h, except

RO (S T et B P

Fig. 2 shows H can consists of
i2k - izk—h1 —'izk—zrl —i 2k 3p T or i2k - i2k+r1 -
Lkezn, = ok = - for even nodes, while
i2k+s_’i2k+3+r2 _’i2l¢s 2p —i 2k 5 3p or izk+s—’

i ... for odd nodes.

2k+s-y —"2k+_<rzr2 =1 ok s 3p 7
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The following Theorem 2 shows a CHRm4(N,s,
h;,hp) contains Hamiltonian cycle if and only if its
coprime.

Theorem 2:

CHRm4(N,s,lh,) contains Hamiltonian cycle if and
only if gcd(N,s,h,h) = 1.

Proof: Let H be a Hamiltonian cycle of
CHRmMA4(N,s,hhy). CHRmM4(N,s, hhy) = 1 is H if
gcd(N,s, b) = 1 and gcd(N,s,Jh= 1 and it is true even
for conversion cases.

Corollaryl: A CHRm4(N,s,h,hy) must be consists of s
= 1. All CHRm4(N,s,hhy) is a circulant graphs that
consists of ring edges 1.

Lemma 2: CHRm4(N,s,hhy) contains a Hamiltonian
cycle at least one afedges with length 1.

Proof: Triangular prism for ring edges representation
was shown in Fig. 3. Let H be a Hamiltonian cycle o

CHRmMA4(N,s,hhy). Let 0< k<%, even node 4 will

go up or go down along diagonal and continue with
diagonal of the other side. H can consistg@bisy.s—
iosns  continued by the other  side of
Iok+3s— 1 okras— I okess—12k46s CONtiNnued by the other side
Of o7 okeas—iokros—12ke10s CONtinued by the other
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side ofOl b-tk+ﬁls_’iﬂ(+12sf:j2k+133__’igk+l4_?_hand hIastly (i) = (oond =G 2e) () N @ CHRmA4

continue the other side gf.i—iy. The paths can .

b6 vice veren Qhb—izi The P With (0. 0. () (ied: (o)) ON.

Hence the proof.

Asymmetric: Most of previous researchers did their Not every pair of edges in CHRmM4 is similar.

research based on symmetric chordal ring. Symmetri¢heorem 4 was proved.

has a property that the network looks same fronmyeve Every pair of edges in CHRm4(N,sl®) is not

node. This property makes this research easierubeca similar. Theorem 4 was proven.

there is no need to investigate every node becthise

symmetry allows for identical processors at evasglen Theorem 4: CHRm4 is not edge symmetric.

with  identical routing algorithms.  However

CHRmM4(N,s,ihhy) is not symmetric graphs or Proof: Let be two edgesdi, iowi1) and (bxs1, izk+1:1) are

asymmetric and we can observe a small asymmetrgimilar, if for some automorphismof CHRmM4, a((izx,

between even and odd nodes in CHRm4(Ns)h ioke1)) = (oken,  Iokerst)  €XCEPL  (iy and
CHRmA4(N,s,hh,) has an objective to construct a =

large node asymmetric graph with small diameter andizer o,

offering simple routing algorithms. The followingihe o of CHRm4, (I L (PH SR with (i,

definition of asymmetric for CHRm4(N,s,hy).

Zkthl)
) are not similar if for some automorphism

iZHl)v (i2k’i2k:hl) y (iZle i2k+]il)a (i2kt]_1i2k+]ihz) Oh.

Definition 2: Two nodes that is between even source  Hence every pair of edges for even case and odd

node, (3) and destination nodesi,) or (i), in a caseis notsimilar.

CHRm4 are not similar with odd source nodgy.{)

) o . ) CONCLUSION
and its destination node 1) or (i ) if for some

2k+1+h,
automorphisma for i, case of CHRm4u((i»)) = In this study, we have shown that all the prdpsrt
ize1,0((i20) = (i,,,,) and for (he1) case of CHRm4, are important in CHRm4. Connectivity and asymmetric

. . . _ L . are the most dominant properties of CHRmMA4.
A((i21)) = tarrzr@(izked)) =0y,) WIth (29, (i20):  Connectivity has fulfilled all the distance funatoto
(er) o(izeen)s  (2ern)s () DN Two  edges make sure all nodes were connected to each other.
CHRmM4 is not node symmetric and not edge symmetric
implies CHRm4 as asymmetric structure. Even though
) in a CHRm4 are not similar, if for some CHRmM4 is asymmetric but it still gives the best
) with performance compared to CR4. We also prove that

CHRmM4 must have at least one Hamiltonian cycle that

(201 e ) (T2l e y) 0D is constructed by ring edges. It is impossible éor
sequence of clockwise and anticlockwise of the same
chord length to have a Hamiltonian cycle. Further
research should explore and develop an optimum
routing for CHRm4 and expand it into a broadcasting
scheme.

between even case(i,,i and odd case

Zkthl)

(I 2k+11 I 2k+1th,

automorphisma for () Ll (PR D,

* CHRm4 is called not node-symmetric if every pair
of nodes are not similar

e CHRm4is called not edge-symmetric if every pair
of edges are not similar

e CHRm4 is called asymmetric |_f it is not node- ACKNOWLEDGEMENT
symmetric or not edge-symmetric or both

. . . The researchers would like to thank the Ministiy o

. _Every pair of nodes in CHRmA(N,g) is not Higher Education of Malaysia under the Fundamental
similar between even and odd nodes. Theorem 3 Wagegearch Grant (FRGS) 02-01-07321FR for financial
proven. support.

Theorem 3: CHRm4is not node symmetric. REFERENCES

Proof:.The ‘?0“”6‘3‘_'0” bgtween two ”0‘_’6_5 for_evenAbbas’ A. and M. Othman, 2007. Large chordal rings
case, (in) - (ze) — (12 - (,,,) are not similar with for given diameter and uniqueness property of
the connection between two nodes for odd case, minima. Ars Combinatoria, 82: 243-252.

283



J. Computer i, 6 (3): 279-284, 2010

Arden, B.W. and H. Lee, 1981. Analysis of chordajr  Farah, R.N., M. Othman, M.H. Selamat and Y.H. Peng,
network. IEEE Trans. Comput.,, C-30: 291-295. 2008. Analysis of modified degree six chordal

DOI: 10.1109/TC.1981.1675777 rings and traditional chordal rings degree six
Barriere, L., 2003. Symmetry properties of chondad interconnection networks. Proceeding of the IEEE
of degree 3. Discrete Applied Math., 129: 211-232. International Conference on Electronic Design,
DOI: 10.1016/S0166-218X(02)00569-3 IEEE Xplore, Dec. 2008, Penang, Malaysia, pp: 1-7.

Browne, R.F. and R.M. Hodgson, 1990. Symmetric  DOI: 10.1109/ICED.2008.4786761
degree-four chordal ring networks. Proceeding ofLiestman, A., J. Opatrny and M. Zaragoza, 1998.
the IEE, Computers and Digital Techniques, July  Network properties of double and triple fixed-step
1990, Palmerston NorthMew Zealand, pp: 310-318. graphs. Int. J. Found. Comp. Sci., 9;: 57-76. DOI:
Bujnowski, S., B. Dubalski and A. Zabludowski, 2004 10.1142/S0129054198000076
Analysis of 4th degree chordal rings. Proceeding oNarayanan, L. and J. Opatrny, 1999. Compact routing
the International Conference on Communications on chordal rings of degree four. Algorithmica,
in Computing, June 2004, Las Vegas, USA., 23:72-96. DOI: 10.1007/PL0O0009251
pp: 318-324. Narayanan, L., J. Opatrny and D. Sotteau, 2001tcAll
Dubalski, B., S. Bujnowski and A. Zabludowski, 2007 all optical routing in chordal rings of degree 4.
Introducing modified degree 4 chordal rings with Algorithmica, 31: 155-178. DOI: 10.1007/s00453-
two chord length. Proceeding of the 4th IASTED 001-0043-5
Asian Conference on Communication Systems and
Networks, Apr. 2007, ACTA Press, Phuket,
Thailand, pp: 248-253.
Farah Azura, R.N., M. Othman, M.H. Selamat and P{&ck,
2008. Modified degree six chordal rings network
topology. Proceeding of the Symposium
Kebangsaan Sains Matematik ke-16, June 2008,
PERSAMA, Kelantan, Malaysia, pp: 515-522.

284



