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Abstract: In this study the author presents shortly some few original 

trigonometric methods to make the synthesis of some main distribution 

mechanisms. One presents four main modules of distribution 

mechanisms, with rotary cam and translated or rotated tappet plane or 

with roll, used with priority at the distribution mechanisms from the heat 

engines with internal combustion. These types of distribution 

mechanisms can improve the changes of gases and may decrease 

significantly the level of vibration, noises and emissions. As long as we 

produce electricity and heat by burning fossil fuels is pointless to try to 

replace all thermal engines with electric motors, as loss of energy and 

pollution will be even larger. However, it is well to continuously improve 

the thermal engines, to reduce thus fuel consumption. At the heat engine 

with internal combustion a great loss of power is realized and by the 

distribution mechanism, reason for that we must try to improve the 

functionality of this mechanism. The synthesis of these types of 

distribution mechanisms can be made shortly by the Cartesian 

coordinates, but to determine these coordinates we need and some 

trigonometric parameters of the mechanisms.  
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Introduction 

Distribution mechanisms with rotary cam and 

translational movement or rotating tappet plane or with 

roller have all a unique kinematic due primarily of the 

any mechanism geometry, which forces us to study 

them in greater detail if we need to determine the 

kinematic and dynamic precision of these mechanisms 

(Amoresano et al., 2013; Anderson, 1984; Angelas and 

Lopez-Cajun, 1988; Antonescu et al., 2000; 

Antonescu et al., 1987; Barzegari, 2011; Bishop, 1950; 

Choi and Kim, 1994; De Falco et al., 2013a; 2013b; 

Ganapathi and Robinson, 2013; Giordana et al., 1979; 

Hain, 1971; Heywood, 1988; Hrones, 1948;  

Karikalan et al., 2013; Leidel, 1997; Mahalingam and 

Ramesh Bapu, 2013; Naima and Liazid, 2013; 

Narasiman et al., 2013; Petrescu and Petrescu, 1995; 

2005a; 2005b; Petrescu et al., 2005; Petrescu, 2008; 

Petrescu and Petrescu, 2014; 2013a; 2013b; 2011; 

Petrescu, 2012a; 2012b;  Petrescu and Petrescu, 2013c; 

2013d; Rahmani et al., 2013; Ravi and Subramanian, 

2013; Ronney et al., 1994; Samim and Tu ̈mer, 1993; 

Sapate and Tikekar, 2013; Sethusundaram et al., 2013; 

Shriram, 2012; Taraza, 2002; Wang, 2011; Xianying, 

2011; Zahari et al., 2013; Zhao et al., 2012).  

Internal combustion engines in four-stroke (Otto, 

Diesel) are robust, dynamic, compact, powerful, reliable, 

economic, autonomous, independent and will be 

increasingly clean. 

In full energy crisis since 1970 until today, 

production and sale of cars equipped with internal 

combustion heat engines has skyrocketed, from some 

millions yearly to over sixty millions yearly now and 

the world fleet started from tens of millions reached 

today the billion. 

At the heat engine with internal combustion a great 

loss of power is realized and by the distribution 

mechanism, reason for that we must try to improve the 

functionality of this mechanism (Amoresano et al., 2013; 

Anderson, 1984; Angelas and Lopez-Cajun, 1988; 

Antonescu et al., 2000; Antonescu et al., 1987; 

Barzegari, 2011; Bishop, 1950; Choi and Kim, 1994; 

De Falco et al., 2013a; 2013b; Ganapathi and Robinson, 

2013; Giordana et al., 1979; Hain, 1971; Heywood, 
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1988; Hrones, 1948; Karikalan et al., 2013; Leidel, 

1997; Mahalingam and Ramesh Bapu, 2013; Naima and 

Liazid, 2013; Narasiman et al., 2013; Petrescu and 

Petrescu, 1995; 2005a; 2005b; Petrescu et al., 2005; 

Petrescu, 2008; Petrescu and Petrescu, 2014; 2013a; 

2013b; 2011; Petrescu, 2012a; 2012b; Petrescu and 

Petrescu, 2013c; 2013d;  Rahmani et al., 2013;     

Ravi and Subramanian, 2013; Ronney et al., 1994; 

Samim and Tu ̈mer, 1993;   Sapate and Tikekar, 2013; 

Sethusundaram et al., 2013; Shriram, 2012; Taraza, 

2002; Wang, 2011; Xianying, 2011; Zahari et al., 2013; 

Zhao et al., 2012). 

These types of distribution mechanisms can 

improve the changes of gases and may decrease 

significantly the level of vibration, noises and 

emissions, if designed properly. 

As long as we produce electricity and heat by burning 

fossil fuels is pointless to try to replace all thermal 

engines with electric motors, as loss of energy and 

pollution will be even larger. However, it is well to 

continuously improve the thermal engines, to reduce thus 

fuel consumption. 
The synthesis of these types of distribution 

mechanisms can be made shortly by the Cartesian 

coordinates, but to determine these coordinates we 

need and some trigonometric parameters of the 

mechanisms. 

Synthesis of the Distribution Mechanism 

Module C 

In the Fig. 1 it presents the kinematics schema of 

the classic distribution mechanism, in two consecutive 

positions; with a interrupted line is represented the 

particular position when the follower is situated in the 

most down plane, (s = 0) and the cam which has an 

orally rotation, with constant angular velocity, ω, is 

situated in the point A
0
, (the recordation point 

between the base profile and the up profile, particular 

point that mark the up begin of the follower, imposed 

by the cam-profile); with a continue line (green) is 

represented the superior couple in someone position 

of the up phase. 

From initial position (xF) to a someone position (xM) 

the cam (camshaft) was rotated with an ϕ angle. In this 

time the position vector r = rA was rotated (in relation 

to the mobile axis xM) with the θ angle, which is a sum 

between ϕ and τ (where τ is the transmission angle who 

occurs between the initial, vertical, fix axis and the 

position vector r = rA. The cam or camshaft movement 

is given by θ angle and the position vector r movement 

is characterized by the θ angle (this is all the main 

problem of the classical distribution mechanism). Any 

A position point (the contact point between cam and 

tappet) is given by the coordinates r and θ (polar) or xA, 

yA (Cartesian), for tappet in a fix system and for the 

cam in a mobile system.  

The point A
0
, which marks the initial couple position, 

represents in the same time the contact point between the 

cam and follower in the first position. The cam has an 

angular velocity ω (the camshaft angular velocity). 

Cam is rotating with the velocity ω describing the 

angle ϕ, which show how the base circle has rotated in 

the orally sense, (with the camshaft together); this 

rotation can be seen on the base circle between the two 

particular points, A
0
 and A

0i
. 

In this time the vector rA = OA (which represents the 

distance between the centre of cam O and the contact 

point A), has rotating (trigonometric) with the τ angle. If 

one measures the θ angle, which positions the general 

vector rA in function of the particular vector, rA0, it 

obtains the base relation noted with (0): 

 

θ ϕ τ= +   (0) 

 

where, rA is the module of the vector 
A
r

�

 and θA 

represents the phase angle of the vector 
A
r

�

. 

The rotating velocity of the vector 
A
r

�

 is 
A
θɺ  which 

it’s a function of the angular velocity of the camshaft, 

ω and a rotating ϕ angle, (by the movement laws s(ϕ), 

s’(ϕ), s’’(ϕ)). 

The follower isn’t acted directly by the cam, by the 

angle, ϕ and by the angular velocity ω; it’s acted by the 

vector 
A
r

�

, which has the module rA, the position angle θA 

and the angular velocity 
A
θɺ . From here result a 

particular (dynamic) kinematics, the classical kinematics 

being just a static and approximate kinematics.  

Kinematics one defines the next velocities (Fig. 1). 

1
v

�

= The cam velocity; which is the velocity of the 

vector 
A
r

�

, in the point A (that is not a fix point on the 

cam, but it is a point which is moving on the cam); now 

the classical relation (1) become an approximately 

relation and the real relation takes the form (2): 

 

1 A
v r ω= ⋅  (1) 

 

1 A A
v r θ= ⋅

ɺ   (2) 

 

The velocity 
1
v AC=

�

 is separating in the velocity 
2
v

�

 

= BC (the follower velocity which act in its axe, on a 

vertical direction) and 
12
v

�

 = AB (the slide velocity 

between the two profiles, the sliding velocity between 

the cam and the follower, which works by the direction 

of the commune tangent line of the two profiles in the 

contact point). 
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Fig. 1.  Mechanism with rotating cam and plane translating tappet 

 
Usually the cam profile is synthesis with the AD = 

s’ known, for the classical module C and one can 

write the relations (3-7): 

 
2 2 2

0
( ) '

A
r r s s= + +  (3) 

 
2 2

0
( ) '

A
r r s s= + +   (4) 

 

0 0

2 2

0

cos
( ) 'A

r s r s

r r s s

τ

+ +

= =

+ +

 (5) 

 

2 2

0

' '
sin

( ) 'A A

AD s s

r r r s s

τ = = =

+ +

 (6) 

 

2 1

'
sin '

A A A

A

s

v v r s

r

τ θ θ= ⋅ = ⋅ ⋅ = ⋅
ɺ ɺ  (7) 

 

Now, the follower velocity isn’t sɺ  (
2

'v s s ω≠ ≡ ⋅ɺ ), but 

it’s given by the relation (9). At the classical distribution 

mechanism the transmitting function D, is given by the 

relations (8): 

 

 

2

A

A

D

v
D

s

θ ω

θ

ω


 = ⋅



 = =


ɺ

ɺ

ɺ

 (8) 

 

2
' '

A
v s s D s Dθ ω= ⋅ = ⋅ ⋅ = ⋅

ɺ ɺ  (9) 

Determination of the sliding velocity between the two 

profiles in contact is made by the relation (10): 

 

12 1

0

0

cos

( )
A A A

A

v v

r s

r r s

r

τ

θ θ

= ⋅ =


+
= ⋅ ⋅ = + ⋅



ɺ ɺ
 (10) 

 

The angles τ (and then θA) will be determined with its 

first and second derivatives. 

The τ angle has been determined from the triangle 

ODA (Fig. 1) with the relations (11-13): 

 

2 2

0

'
sin

( ) '

s

r s s

τ =

+ +

 (11) 

 

0

2 2

0

cos
( ) '

r s

r s s

τ

+

=

+ +

 (12) 

 

0

's
tg

r s
τ =

+

 (13) 

 

One derives relation (11) in function of ϕ angle and it 

obtains the expression (14): 

 

0

2 2

0

( ) ' ' ''
'' '

' cos
( ) '

A

A

r s s s s

s r s

r

r s s

τ τ

+ ⋅ + ⋅
⋅ − ⋅

⋅ =

+ +

 (14) 

 

The relation (14) will be written in the form (15): 
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2 2 2 2

0 0

2 2 2 2

0 0

' cos

'' ( ) '' ' ' ( ) ' ''

[( ) ' ] ( ) '

s r s s s s r s s s

r s s r s s

τ τ⋅ =


⋅ + + ⋅ − ⋅ + − ⋅= + + ⋅ + +

  (15) 

 

From the relation (12) one extracts the value of 

cosτ, which will be introduced in the left term of the 

expression (15); then one reduces s’’.s’
2
 from the 

right term of the expression (15) and it obtains the 

relation (16): 

 

0

2 2

0

2

0 0

2 2 2 2

0 0

'
( ) '

( ) [ '' ( ) ' ]

[( ) ' ] ( ) '

r s

r s s

r s s r s s

r s s r s s

τ

+
⋅

+ +


+ ⋅ ⋅ + −=
 + + ⋅ + +

 (16) 

 

After some simplifications one obtains finally the 

relation (17) which represents the expression of τ’: 

 
2

0

2 2

0

'' ( ) '
'

( ) '

s r s s

r s s

τ

⋅ + −

=

+ +

 (17) 

 

Now, when it was explicitly τ’, one can determine the 

next derivatives. The expression (17) will be derived 

directly and it can be obtained for begin the relation (18): 

 

2

0 0

2 2

0 0

2 2 2

0

''

[ '''( ) '' ' 2 ' ''][( )

' ] 2[ ''( ) ' ][( ) ' ' '']

[( ) ' ]

s r s s s s s r s

s s r s s r s s s s

r s s

τ =

+ + − +

+ − + − + +

+ +

 (18) 

 

One reduces the terms from the first bracket of the 

numerator (s’.s’’) and then one draws out s’ from the 

fourth bracket of the numerator and one obtains the 

expression (19): 

 

2 2

0 0

2

0 0

2 2 2

0

''

[ '''.( ) '. ''].[( ) ' ]

2. '.[ ''.( ) ' ].[ '']

[( ) ' ]

s r s s s r s s

s s r s s r s s

r s s

τ =

+ − + +

− + − + +

+ +

 (19) 

 

Now, one can calculate θA, with its first two 

derivatives, 
A
θɺ  and 

A
θɺɺ . We write θ and not θA, to 

simplify the notation. Now, one can determine (20), or 

relation (0): 

 

θ τ φ= +  (20) 

 

One derives (20) and it obtains the relation (21): 

' (1 ') Dθ τ φ τ ω ω ω τ ω= + = ⋅ + = ⋅ + = ⋅
ɺ ɺɺ  (21) 

 
One makes the second derivative of (20) and the first 

derivative of (21) and it obtains (22): 
 

2 2
'' 'Dθ τ φ τ ω ω= + = ⋅ = ⋅

ɺɺ ɺɺɺɺ  (22) 

 
One can write now the transmitting functions, D and 

D’ (at the classical module C), in the forms (23-24): 
 

' 1D τ= +  (23) 

 

' ''D τ=  (24) 

 
The follower velocity (relations from system 25), 

need the expression of the transmitted function, D: 
 

2
' ' ' '

A
v s w s s s D s Dθ θ ω= ⋅ = ⋅ = ⋅ = ⋅ ⋅ = ⋅

ɺ ɺ ɺ  (25) 

 
Where: 

 

w D ω= ⋅  (26) 

 

For the classical distribution mechanism (Module C), 

the variable w is the same with 
A
θɺ  (see the relation 25). 

But at the B and F modules (at the cam gears where the 

follower has roll), the transmitted function D (and w), 

takes some complex forms.  

Now, it can determine the acceleration of the 

follower (27): 
 

2

2
( '' ' ')y a s D s D ω≡ = ⋅ + ⋅ ⋅ɺɺ  (27) 

 
In the Fig. 2, it can be seen the kinematics classic and 

dynamic; the velocities (a) and the accelerations (b). 

To determine the acceleration of the follower, are 

necessary s’ and s’’, D and D’, τ’ and τ’’. 

The kinematics dynamic diagrams of v2 (obtained 

with relation 25, Fig. 2a) and a2 (obtained with relation 

27, Fig. 2b), have more a dynamic aspect than a 

kinematic one. It has used the movement law SINE, a 

rotation velocity at the crankshaft, n = 5500 [rpm], an up 

angle, ϕu = 75 [deg], a down angle ϕd = 75 [deg] 

(identically with the up angle), a ray at the basic circle of 

the cam, r0 = 17 [mm] and a maxim stroke of the 

follower, hT = 6[mm]. 

Anyway, the dynamic is more complex, having in 

view the masses and the inertia moments, the resistant 

and motor forces, the elasticity constants and the 

amortization coefficient of the kinematics chain, the 

inertia forces of the system, the rotation velocity of the 

camshaft and the variation of the camshaft velocity, ω 

with the cam ϕ position and with the rotation speed of 

the crankshaft, n. 
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Plotting (Synthesis) of Classical Cam Profile 

In xOy fixed system, Cartesian coordinates of point A 
of contact (of the tappet 2) are given by the position vector 
rA projections on the axes Ox Oy respectively and analytical 
expressions expressed by the relational system (28): 
 

0

0

cos cos
2 2

'
sin '

sin sin
2 2

cos

T A A

A A

A

T A A

A A

A

x r r

s
r r s

r

y r r

r s
r r r s

r

π π
φ τ φ τ

τ

π π
φ τ φ τ

τ

    
= ⋅ + + − = ⋅ +   

   

= − ⋅ = − ⋅ = −




    = ⋅ + + − = ⋅ +       


+= ⋅ = ⋅ = +


 (28) 

 
In the mobile system x'Oy' a Cartesian coordinates of 

the point contact A (belonging to the cam profile which 

rotated clockwise by angle φ) are given by the relations 

systems (29-30): 

( ) ( )

( )

( )

( )

0

0

cos cos
2 2

sin sin

sin cos sin cos

'
sin cos

sin ' cos

sin sin
2 2

cos cos

C A A

A A

A

A A

A A

C A A

A A

x r r

r r

r

r s s
r r

r r

r s s

y r r

r r

π π
φ τ φ φ τ φ

φ τ φ τ

φ τ τ φ

φ φ

φ φ

π π
φ τ φ φ τ φ

φ τ

   
= ⋅ + + − + = ⋅ + +   

   

= ⋅ − − = − ⋅ +

= − ⋅ ⋅ + ⋅

+
= − ⋅ ⋅ − ⋅ ⋅

= − + ⋅ − ⋅

   
= ⋅ + + − + = ⋅ + +   

   

= ⋅ − − = ⋅ ( )

( )

( )0

0

cos cos sin sin

'
cos sin cos ' sin

A

A A

A A

r

r s s
r r r s s

r r

φ τ

φ τ τ φ

φ φ φ φ

















+

= ⋅ ⋅ − ⋅

 +
= ⋅ ⋅ − ⋅ ⋅ = + ⋅ − ⋅



 (29) 

 

( )

( )

0

0

' cos sin

cos ' sin

C

C

x s r s

y r s s

φ φ

φ φ

 = − ⋅ − + ⋅


 = + ⋅ − ⋅

 (30) 

 

      
 (a) (b) 
 

Fig. 2. The classical and dynamic (exactly) kinematics (a) Velocities (b) Accelerations of the follower 
 

 
 

Fig. 3. A cosine profile of a normal classical cam 
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Above, in the Fig. 3 it can be seen the cam profile 

to the classical module C, for a law cosine, h = 6 

[mm], r0 = 13 [mm], η = 6%. 

Synthesis of the Distribution Mechanism 

Module B 

In the Fig. 4 one can see the module B, with rotation 
cam and translated tappet with roll, in initial position and 
in some one position. 

The α0 angle defines the base position of the vector 

0B
r  in OCB0 right triangle so that it can be written 

Equation 2.1-2.4: 
 

0
0B b

r r r= +         (2.1) 

 

0

2 2

0 B
s r e= −         (2.2) 

 

0

0
cos

B

e

r

α =         (2.3) 

 

0

0

0
sin

B

s

r

α =         (2.4) 

 

The δ pressure angle (that occurs between normal 

n gone through the contact point A and a vertical line) 

has the known size given by the relations (2.5-2.7): 

0

2 2

0

cos
( ) ( ' )

s s

s s s e

δ
+

=

+ + −

         (2.5) 

 

2 2

0

'
sin

( ) ( ' )

s e

s s s e

δ
−

=

+ + −

         (2.6) 

 

0

's e
tg

s s
δ

−

=

+

         (2.7) 

 

The vector 
A
r  can be determined directly with the 

relations (2.8-2.9): 

 
2 2 2

0
( sin ) ( cos )

A b b
r e r s s rδ δ= + ⋅ + + − ⋅          (2.8) 

 
2 2

0
( sin ) ( cos )

A b b
r e r s s rδ δ= + ⋅ + + − ⋅          (2.9) 

 

It can directly determine the angle αA (2.10-2.11): 

 

sin
cos b

A

A

e r

r

δ
α

+ ⋅

=         (2.10) 

 

0
cos

sin b

A

A

s s r

r

δ
α

+ − ⋅

=         (2.11) 

 

 
 

Fig. 4. Cam module B, with translated tappet with roll 
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It can be now drawn directly the cam profile using 

polar coordinates rA (known, see relation 2.9) and θA 

(which is determined by relations 2.12-2.17): 
 

0A
γ α α= −  (2.12) 

 

0 0
cos cos cos sin sin

A A
γ α α α α= ⋅ + ⋅ →  (2.13) 

 

0 0
sin sin cos cos sin

A A
γ α α α α= ⋅ − ⋅  (2.14) 

 

A
θ φ γ= −  (2.15) 

 

cos cos cos sin sin
A

θ φ γ φ γ= ⋅ + ⋅  (2.16) 

 

sin sin cos sin cos
A

θ φ γ γ φ= ⋅ − ⋅  (2.17) 

 

In the Fig. 5 it can be seen for the module B a cosine 

law cam profile calculated with parameters: r0 = 13 

[mm], rb = 2 [mm], h = 20 [mm], ϕu = 60 [deg]. 

One has obtained in this mode a high yield for a 

mechanism with cam: η = 39%. 

It can be obtained the same yield (Fig. 6) with 

decreased stroke and up angle: r0 = 13 [mm], rb = 2 

[mm], h = 13 [mm], ϕu = 45 [deg], η = 39%. 

For such distribution mechanism works normally we 

must use the special adjustment valve spring: x0 = 9 

[cm], k = 500000 [N/m]. Where k is the valve spring 

elastic coefficient and x0 is the valve spring preload. 

It can be obtained a higher yield (Fig. 7) with the 

next parameters: r0 = 15 [mm], rb = 2 [mm], h = 10 [mm], 

ϕu = 30 [deg], η = 43%, k = 1500000 [N/m], x0 = 5 [cm]. 

Although spring used is extremely hard to have a 

good dynamic in operation (Fig. 8), there's need to 

reduce its camshaft rotation speed three times. 

But for such distribution mechanism may work must 

be used a triple cam. 

Exact Kinematics Module B 

For determination of exact kinematics one uses the 

next relations (2.18-2.45): 

 
2 2 2

0
( )

B
r e s s= + +  (2.18) 

 
2

B B
r r=  (2.19) 

 

cos sin
B

B

e

r

α τ≡ =  (2.20) 

 

0
sin cos

B

B

s s

r

α τ

+

≡ =  (2.21) 

 

cos( ) cos cos sin sinδ τ δ τ δ τ+ = ⋅ − ⋅  (2.22) 

2 2 2 2 cos( )
A B b b B
r r r r r δ τ= + − ⋅ ⋅ ⋅ +  (2.23) 

 
2 2 2

cos
2

A B b

A B

r r r

r r

µ
+ −

=

⋅ ⋅

 (2.24) 

 

sin( ) sin cos sin cosδ τ δ τ τ δ+ = ⋅ + ⋅  (2.25) 

 

sin sin( )b

A

r

r

µ δ τ= ⋅ +  (2.26) 

 

 
A B

α α µ= −  (2.27) 

 

A B
α α µ= −ɺ ɺ ɺ  (2.28) 

 

2
sin B

B B

B

e r

r

α α
⋅

− ⋅ = −

ɺ
ɺ  (2.29) 

 

2

0
( )

B B

B

B

e r r

s s r

α
⋅ ⋅

=

+ ⋅

ɺ
ɺ  (2.30) 

 

0

0

2 2 ( )

( )

B B

B B

r r s s s

r r s s s

⋅ ⋅ = ⋅ + ⋅


⋅ = + ⋅

ɺ ɺ

ɺ ɺ
 (2.31) 

 

0

2 2

0

( )

( )
B

B B

e s s s e s

s s r r

α

⋅ + ⋅ ⋅

= =

+ ⋅

ɺ ɺ
ɺ  (2.32) 

 

2 cos 2 cos

2 sin 2 2

A B A B

A B A A B B

r r r r

r r r r r r

µ µ

µ µ

⋅ ⋅ ⋅ + ⋅ ⋅ ⋅

− ⋅ ⋅ ⋅ ⋅ = ⋅ ⋅ + ⋅ ⋅

ɺ ɺ

ɺ ɺ ɺ
 (2.33) 

 

2 2 2 cos( )

2 sin( ) ( )

A A B B b B

b B

r r r r r r

r r

δ τ

δ τ δ τ

 ⋅ ⋅ = ⋅ ⋅ − ⋅ ⋅ ⋅ +

+ ⋅ ⋅ ⋅ + ⋅ +

ɺ ɺ ɺ

ɺ ɺ

 (2.34) 

 

0

2 2

0

'' ( ) ' ( ' )
'

( ) ( ' )

s s e s s e

s s s e

δ
⋅ + − ⋅ −

=

+ + −

 (2.35) 

 

'δ δ ω= ⋅
ɺ  (2.36) 

 

 
2B

B

e s

r

τ α

⋅

= − = −

ɺ
ɺɺ  (2.37) 

 

cos cos

sin

A B A B A A B B

A B

r r r r r r r r

r r

µ µ
µ

µ

⋅ ⋅ + ⋅ ⋅ − ⋅ − ⋅

=

⋅ ⋅

ɺ ɺ ɺ ɺ
ɺ  (2.38) 

 

A A
θ φ γ ω α= − = −
ɺ ɺ ɺ ɺ  (2.39) 

 
2 2

0

2 2

0

( ) ( ' ) ( ' )
cos

( ) ( ' )

b

A

A

e s s s e r s e

r s s s e

α

⋅ + + − + ⋅ −

=

⋅ + + −

 (2.40) 
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2 2

0 0

2 2

0

( ) [ ( ) ( ' ) ]
sin

( ) ( ' )

b

A

A

s s s s s e r

r s s s e

α
+ ⋅ + + − −

=

⋅ + + −

 (2.41) 

 

0

2 2

0

( ) ' '
cos( ) cos

( ) ( ' )
A

AA

s s s s

rr s s s e

α δ δ
+ ⋅

− = = ⋅

⋅ + + −

 (2.42) 

 

2'
cos( ) cos cos

A

A

s

r

α δ δ δ− ⋅ = ⋅  (2.43) 

2 2 2 2

0 0

2 2

0

2 2

0

cos

[( ) ] ( ) ( ' )

[( ) ']

( ) ( ' )

b

A B

s s e s s s e

r s s e e s

r r s s s e

µ =

+ + ⋅ + + −

− ⋅ + + − ⋅

⋅ ⋅ + + −

 (2.44) 

 

0

2 2

0

( ) '
sin

( ) ( ' )

b

A B

r s s s

r r s s s e

µ
⋅ + ⋅

=

⋅ ⋅ + + −

 (2.45) 

 
 

 
 
Fig. 5. Cam module B profile cosine law, with translated tappet with roll; r0 = 13 [mm], rb = 2 [mm], h = 20 [mm], ϕu = 60 

[deg], η = 39% 
 

 
 
Fig. 6. Cam module B profile cosine law, with translated tappet with roll; r0 = 13 [mm], rb = 2 [mm], h = 13 [mm], ϕu = 45 

[deg], η = 39% 
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Fig. 7. Cam module B profile cosine law, with translated tappet with roll; r0 = 15 [mm], rb = 2 [mm], h = 10 [mm], ϕu = 30 

[deg], η = 43% 

 

 
 
Fig. 8. Cam module B dynamics (cosine law, with translated tappet with roll: r0 = 15 [mm], rb = 2 [mm], h = 10 [mm], ϕu = 30 [deg], 

η = 43%); the tappet acceleration in relation of ϕ angle 

 

Determination of Dynamic Coefficient D 

The dynamic coefficient at the module B takes the 

form (2.46), where 2
cos δ is given by relation (2.47) and 

I

A
θ  is obtained from expression (2.48): 

2
cos

I

A
D θ δ= ⋅  (2.46) 

 
2

2 0

2 2

0

( )
cos

( ) ( ' )

s s

s s s e

δ
+

=

+ + −

 (2.47) 
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2 2 2 2

0 0

2 2 2 2

0 0

2 2

0 0

2 2 2 2 2
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2 2 2 2

0 0

[( ) ' ( ) ( ' ) ]

{[( ) ( ' ) ] ( ) ( ' )

[ '' ( ) ' ( ' ) ( ) ( ' ) ]}

/[( ) ( ' ) ] / {[( ) ]

( ) ( ' ) 2 [( ) ']}

I

A b

b

b

b

s s e e s r s s s e

s s s e s s s e

r s s s s s e s s s e

s s s e s s e r

s s s e r s s e e s

θ = + + − ⋅ − ⋅ + + − ⋅

+ + − ⋅ + + −

+ ⋅ ⋅ + − ⋅ − − + − −

+ + − + + + ⋅

+ + − − ⋅ ⋅ + + − ⋅

 (2.48) 

 

Synthesis of the Distribution Mechanism 

Module F 

In the Fig. 9 one can see the module F, with rotation 

cam and rotated tappet with roll, in initial position and in 

some one position. 

A study very precisely (exactly) is possible only 

when we analyze what happens in point A (the point 

of contact between cam and the roller of the tappet). 

Point A is defined by the vector of length (module) rA 

and θA position angle, measured from the axis Ox and 

or αA angle, measured from the axis OD (Fig. 9). 

In the same mode is defined position of the point B 

(roll center), by the vector 
B
r , which is positioned in 

turn by the angle θB to the axis Ox and αB angle to the 

axis OD and has length rB. Between the two presented 

vectors ( ,

A B
r and r ) is forming an angle µ. The angle α0 

defines the position, basic (initial) of the vector rA in 

ODB0 right triangle, as measured from the axis OD. 

The rotation of the cam (the shaft distribution), given 

by the ϕ angle, is measured from the axis Ox, to the 

0B
r vector. As the camshaft rotates with ϕ angle, the 

A
r  vector is rotated by the angle θA and between the 

two angles θA and ϕ there is a mismatch (a phase 

shift) which is noted in Fig. 9 with γ; γ phase shift 

occurs and between αA and α0 angles, which helps us to 

determine the exact value of its. The length (radius) of 

the tappet, DB = b, in the initial position DB0 makes 

with OD axis the angle ψ0 constant, which can be 

determined easily together with α0 from the triangle 

ODB0 (with: OD = d, DB = DB0 = b, OB0 = r0+rb 

known; where r0 is the radius of the basic circle on the 

rotary cam and rb is the roller radius of the follower). 

From initial position until the current position, the 

follower rotates around the point D with a known ψ 

angle. This ψ angle, is given by the law of motion of 

pusher and is a function of the ϕ angle. ψ is known 

together with its derivatives: ψ', ψ'', ψ'''. In general it is 

easier to express the movement of the follower in 

function of axis OD, so occurs the angle ψ2 = ψ0+ψ 

(with: ψ2' = ψ', ψ2'' = ψ''). 

From ODB triangle, with known lengths OD = d, DB 

= b and ψ2 angle, one determines the length OB = rB, the 

DOB = αB angle and the OBD = β2 angle (Fig. 10). 

Angle B sought, with angles β2 and τ, totals 180
 
[deg]; 

and τ+δ = 90 [deg]; With delta known, results τ and the 

B angle. Now, with rB, rb and B known (from the triangle 

OBA) we can determine rA and µ. 

 

  
 

Fig. 9. Mechanism with rotating cam and rotating tappet with roll 
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Fig. 10. Determination of angle B 

 

 

 

Fig. 11. Determination of the pressure angle, δ 

 

Synthesis of the Cam Profile 

Now it can make the synthesis of the cam profile 

with the next relationships (3.1-3.4): 

 

A B
α α µ= +  (3.1) 

0A
γ α α= −   (3.2) 

 

A
θ φ γ= +   (3.3) 

 

cos

sin

A A A

A A A

x r

y r

θ

θ

= ⋅


= ⋅
 (3.4) 
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To do this, it must determine first the pressure δ angle. 

Determination of the Pressure δ Angle 

Now one presents shortly one known method to 

determine the pressure angle δ at the rotary cam and 

rocking tappet with roll (Module F, Fig. 11). 

The pressure angle is defined between two straight 

lines: n-n and t-t (the line n-n, pass through the points 

A and B and is perpendicular in A at the two profiles 

in contact; the line t-t, pass through the point B and is 

perpendicular in B on the line DB which represent the 

tappet axis). 

One builds (scale) the speed triangle rotated with 

90 [deg] (Fig. 11); the cam velocity in B (vB1) appears 

along the BO, oriented from B to O, the reduced 

velocity of the tappet in B point (vB2) appears along 

the BD, oriented from B to b2 and the sliding between 

profiles velocity in the point B (vB2B1) appears along 

the n-n line, oriented from O to b2. 

It takes the pole of the fold (rotated) speeds, Pv, in B 

and the velocities scale kv = kl.ω1. ((BO) = (Pvb1) = 

vB1/[kl.ω1]; (Bb2) = (Pvb2) = vB2/[kl.ω1]; (Ob2) = (b1b2) = 

vB2B1/[kl.ω1]). It determines the lengths with the 

relationships 3.5 and 3.6: 

 

2

2 2

1

2 2

2 2 2

2

; '; cos ;

sin ; '

cos ( ')

cos '

B
v

DB b Bb b CD d

OC d b D b b

Cb CD b D d b b

d b b

ψ ψ
ω

ψ ψ

ψ ψ

ψ ψ


= = = ⋅ = ⋅




= ⋅ = − ⋅
 = − = ⋅ − − ⋅
= ⋅ + ⋅ −

 (3.5) 

From the ODb2 triangle, one determines the length 

Ob2, (relation 3.6): 

 

2

2 2

2
( ') 2 ( ') cos

Ob RAD

d b b d b bψ ψ ψ

= =

= + − ⋅ − ⋅ ⋅ − ⋅ ⋅

 (3.6) 

 

With the known lengths one can determine now the 

trigonometric functions of the δ pressure angle, with the 

relationships (3.7-3.9): 

 

2

2 2

2

2

cos '
sin

( ') 2 ( ') cos

cos '

d b b

d b b d b b

d b b

RAD

ψ ψ
δ

ψ ψ ψ

ψ ψ

⋅ + ⋅ −

= =

+ − ⋅ − ⋅ ⋅ − ⋅ ⋅

⋅ + ⋅ −

=

 (3.7) 

 

2

2 2

2

2

sin
cos

( ') 2 ( ') cos

sin

d

d b b d b b

d

RAD

ψ
δ

ψ ψ ψ

ψ

⋅

= =

+ − ⋅ − ⋅ ⋅ − ⋅ ⋅

⋅

=

 (3.8) 

 

2

2

cos '

sin

d b b
tg

d

ψ ψ
δ

ψ

⋅ + ⋅ −

=

⋅

 (3.9) 

 

Determination of the Pressure α Angle 

Further α pressure-angle is determined (where α is an 

additional pressure-angle), to the rotary cam and rotating 

follower with roll (Module F). This angle appears 

between the direction n-n and right segment AA', 

perpendicular in A on OA (Fig. 12). 

 

 
 

Fig. 12. Determination of the additionally pressure angle α 
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From some triangle OAB was expressed and OAB 

angle (Fig. 12). From the angle OAB directly subtract 

90
0
 and get extra pressure α angle. The calculation 

formulas are (3.10-3.20): 

 

90OABα = −  (3.10) 

 

sin sin( 90)

sin(90 ) cos( )

OAB

OAB OAB

α = − =∈

= − − = −

 (3.11) 

 
cos cos( 90)

cos(90 ) sin( ) sinB

A

OAB

r
OAB OAB B

r

α = − =

= − = = ⋅

 (3.12) 

 

2
cos

cos
B

B

d b

r

ψ
α

− ⋅

=  (3.13) 

 

 2
sin

sin
B

B

b

r

ψ
α

⋅

=   3.14) 

 

 2
cos '

sin
d b b

RAD

ψ ψ
δ

⋅ + ⋅ −

=  (3.15) 

 

 2
sin

cos
d

RAD

ψ
δ

⋅

=  (3.16) 

 

2 2 2

2

2

2 2 2

sin( ) sin cos sin cos

cos '
cos

sin sin cos (1 ')

d b b

RAD

d d b

RAD RAD

δ ψ δ ψ ψ δ

ψ ψ
ψ

ψ ψ ψ ψ


 + = ⋅ + ⋅ =


⋅ + ⋅ −
= ⋅ +


 ⋅ ⋅ − ⋅ ⋅ −
+ =

 (3.17) 

 

2 2 2

2 2 2 2

2 2

2

cos( ) cos cos sin sin

sin cos cos sin

' sin sin

sin (1 ')

d d

b b

RAD

b

RAD

δ ψ δ ψ δ ψ

ψ ψ ψ ψ

ψ ψ ψ

ψ ψ

+ = ⋅ − ⋅ =
 ⋅ ⋅ − ⋅ ⋅
 − ⋅ ⋅ + ⋅
= =


 ⋅ ⋅ −
=



 (3.18) 

 

2 2

2

2 2 2

2

2 2 2

2 2

sin sin( ) sin cos( ) cos

sin sin cos (1 ')

cos sin (1 ') sin (1 ')

sin ' sin ' '
cos

' cos
sin

B B

B

B

B B B

B

B

d b b

r RAD

b d b

r RAD

d b d b b

r RAD RAD r r

b
B

r

δ ψ α δ ψ α

ψ ψ ψ ψ

ψ ψ ψ ψ ψ

ψ ψ ψ ψ ψ
δ

ψ δ


 = + ⋅ − + ⋅ =

 ⋅ ⋅ − ⋅ ⋅ ⋅ −
= +

⋅
 ⋅ ⋅ ⋅ − − ⋅ ⋅ ⋅ −
+ =

⋅
 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
= = ⋅ = ⋅

⋅

⋅ ⋅
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 (3.19) 

' cos
cos sin

' cos

'
cos cos

B B

A A B

A

A

r r b
B

r r r

b

r

b

r

ψ δ
α

ψ δ

ψ
α δ

 ⋅ ⋅
= ⋅ = ⋅ =


 ⋅ ⋅
=


 ⋅

= ⋅


 (3.20) 

 

The cosα can be expressed in a simplified form (see 

the relation 3.20). 

Basic Kinematics of Module F 

Below are presented a few parameters determining 

the kinematics (which constitutes the basis of this 

mechanism); relations: 3.21-3.56: 

 
2 2 2

0

0

( )
cos

2

b
b d r r

b d
ψ

+ − +

=

⋅ ⋅

 (3.21) 

 

2 0
ψ ψ ψ= +  (3.22) 

 
2 2 2

2
(1 ') 2 (1 ') cosRAD d b b dψ ψ ψ= + ⋅ − − ⋅ ⋅ ⋅ − ⋅  (3.23) 

 

2
cos '

sin
d b b

RAD

ψ ψ
δ

⋅ + ⋅ −

=  (3.24) 

 

2
sin

cos
d

RAD

ψ
δ

⋅

=  (3.25) 

 

2

2

cos '

sin

d b b
tg

d

ψ ψ
δ

ψ

⋅ + ⋅ −

=

⋅

 (3.26) 

 

22 2

2

'' sin ' cos '
' cos

sin

b d d tg

d

ψ ψ ψ δ ψ ψ
δ δ

ψ

⋅ − ⋅ ⋅ − ⋅ ⋅ ⋅

= ⋅

⋅

 (3.27) 

 
2 2 2

2
2 cos

B
r b d b d ψ= + − ⋅ ⋅ ⋅  (3.28) 

 
2

B B
r r=  (3.29) 

 

2
sin 'I

B

B

b d
r

r

ψ ψ⋅ ⋅ ⋅

=  (3.30) 

 
2 2 2

cos
2

B

B

B

d r b

d r
α

+ −

=
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 (3.31) 

 

2
sin
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B

B

b

r

ψ
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⋅
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2 2 2

2
'

2

I B

B

B

d b r

r
α ψ

− −
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⋅

 (3.33) 
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2 2 2

2

sin( ) sin cos sin cos

cos (1 ')d b

RAD

δ ψ δ ψ ψ δ
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+ = ⋅ + ⋅ =
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 (3.34) 
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2
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RAD

δ ψ δ ψ δ ψ

ψ ψ
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 (3.37) 

 
2 2 2

2 cos
A B b b B
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=
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sin sin
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⋅

 (3.44) 

 

A B
α α µ= +  (3.45) 

 
' '

'
A B

α α µ= +  (3.46) 

 

cos cos cos sin sin
A B B

α α µ α µ= −  (3.47) 

 

sin sin cos cos sin
A B B

α α µ α µ= +  (3.48) 

 

2A
α π α ψ δ= − − −  (3.49) 

2
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A
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α ψ δ α

ψ δ α ψ δ α
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α δ
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= ⋅  (3.51) 

 

2'
cos cos cos

A

b

r

ψ
α δ δ

⋅

⋅ = ⋅  (3.52) 

 

A
θ φ γ= +  (3.53) 

 

0A
γ α α= −  (3.54) 

 

A A
θ φ γ ω α= + = +
ɺ ɺ ɺ ɺ  (3.55) 

 
' '1
A A

θ α= +  (3.56) 

 

Relations to Draw (Synthesis) the Cam Profile, to 

the Module F 

Next few cinematic parameters are determined by 

which cam profile can be traced directly (to the rotating 

cam and rocker follower with roll); relations 3.57-3.64: 

 
2 2 2

0

0

0

( )
cos

2 ( )

b

b

r r d b

r r d
α

+ + −

=

⋅ + ⋅

 (3.57) 

 

0

0

0

sin
sin

b

b

r r

ψ
α

⋅
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+
 (3.58) 

 

0 0
cos cos cos sin sin

A A
γ α α α α= ⋅ + ⋅  (3.59) 

 

0 0
sin sin cos sin cos

A A
γ α α α α= ⋅ − ⋅  (3.60) 

 

cos cos cos sin sin
A

θ φ γ φ γ= ⋅ − ⋅  (3.61) 

 

sin sin cos sin cos
A

θ φ γ γ φ= ⋅ + ⋅  (3.62) 

 

cos
A A A
x r θ= ⋅  (3.63) 

 

sin
A A A

y r θ= ⋅  (3.64) 

 

The Cam Profile Module F of Law C4P 

Below (Fig. 13) one can see the cam profile for an 

original law called by author C4P, which support a 

rotation speed of the drive shaft of 40000 [rpm], 

compared with the classical distribution who support a 

maximum drive shaft rotation speed of 5000-6000 [rpm]. 
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The Dynamic Coefficient D 

The dynamic coefficient is expressed with relation 

(3.65), where 2
cos δ has the expression (3.66) and '

A
θ  is 

given by the expression (3.67): 

 
' 2
cos

A
D θ δ= ⋅  (3.65) 
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  (3.66) 
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r

r r
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θ ψ

µ
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⋅
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⋅  

 (3.67) 

 

Synthesis of the Distribution Mechanism 

Module H 

In the Fig. 14 one can see the module H, with rotation 

cam and rotated plane tappet, in initial position and in 

some one position. 

For general use kinematic relations are inserted 

4.1-4.4: 

 

2 2

0 0

'
[ ( ) cos ( ) sin ]

1 '

AH

d r b r b
ψ

ψ ψ
ψ

=

= − − ⋅ − − ⋅ ⋅
−

 (4.1) 

 
2 2

0 0
( ) cos ( ) sinOH b r b d r bψ ψ= + − ⋅ + − − ⋅  (4.2) 

2 2 2
r AH OH= +  (4.3) 

 

 
2 2

2

2 2 2

sin ;

sin

AH

r

AH AH

r AH OH

τ

τ


=




 = =
 +

 (4.4) 

 
In the Fig. 15 one can see and the velocities and the 

forces of this type of distribution mechanism. 

In the Fig. 16 it can see a cam profile at the 

module H (with rotation cam and rotating plate 

follower), for a law sine. 

The phase angle is ϕu = ϕc = 80 [deg]; core radius has 

value r0 = 13 [mm]. 

 

 
 
Fig. 13. Synthesis of the cam profile for module F with the 

law C4P 

 

 
 

Fig. 14. The distribution mechanism for module H 
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Fig. 15. The distribution mechanism module H; forces and velocities 

 

 
 

Fig. 16. A cam profile at the module H, for a law sine: ϕu = ϕc = 80 [deg]; r0 = 13 [mm]; η = 12.9% 
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Fig. 17. A cam profile at the module H, for a law C4P: ϕu = ϕc = 70 [deg]; r0 = 20 [mm]; η = 4%  

 

In the Fig. 17 it can see a cam profile at the module H 

(with rotation cam and rotating plate follower), for a law 

C4P. The phase angle is ϕu = ϕc = 70 [deg]; core radius 

has value r0 = 20 [mm]. This profile support a drive shaft 

rotation speed of 30000 [rpm]. 

Discussion 

The synthesis of these types of distribution 

mechanisms can be made shortly, by the Cartesian 

coordinates, but to determine these coordinates we need 

and some trigonometric parameters. 

This synthesis method, which is based on 

trigonometric parameters (in a great proportion), can 

be named a trigonometric synthesis method. At the 

heat engine with internal combustion a great loss of 

power is realized and by the distribution mechanism, 

reason for that we must try to improve the 

functionality of this mechanism. 

Based on presented relationships one can still set up 

both analysis and synthesis of dynamic mechanism. 

Relations presented in short in this study, therefore 

they have a basic character because they can generate 

then and dynamic relations. 

As long as we produce electricity and heat by burning 

fossil fuels is pointless to try to replace all thermal 

engines with electric motors, as loss of energy and 

pollution will be even larger. 

However, it is well to continuously improve the 

thermal engines, to reduce thus fuel consumption.  

At the heat engine with internal combustion a great 

loss of power is realized and by the distribution 

mechanism, reason for that we must try to improve the 

functionality of this mechanism.  

Benefits 

The main advantage is that the B, F and H modules 

supports a much higher speed compared to classic 

module C (An engine with high rotation speed can be 

more compact, more powerful and more economical and 

without nuisance).  

To the modules B, F and H we can increase and the 

yield of the mechanism. 

Conclusion 

The paper presents shortly some original 

trigonometric methods to make the synthesis of a 

mechanism with rotary cam and translated or rotated 

tappet plate or with roll, used with priority at the 

distribution mechanisms from the heat engines with 

internal combustion. These types of distribution can 

improve the changes of gases and may decrease 

significantly the level of vibration, noises and emissions. 
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