American J. of Engineering and Applied Sciences 1 (4): 399-407, 2008

ISSN 1941-7020
© 2008 Science Publications
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Abstract Perturbation methods depend on asmall parameter which is difficult to be found for real-life
nonlinear problems. To overcome this shortcoming, two new but powerful analytical methods were
introduced to solve nonlinear heat transfer problems in this letter, one is He's Variational Iteration
Method (VIM) and the other is the Homotopy-Perturbation Method (HPM). Nonlinear hyperbolic
eguations were used as examples to illustrate the simple solution procedures. These methods were
useful and practical for solving the nonlinear hyperbolic equation, which is associated with variable
initial condition. Comparison of the results has been obtained by both methods with exact solutions
reveals that both methodswere tremendously effective.
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INTRODUCTION

Hyperbolic partial differential equations are the
subject of many researches because of their application
in many engineering fields such as wave equation and
telegraph equation. In recent years, several such
techniques have drawn specia attention, such as
Hirtoa's hilinear  method®!, the Adomian’s
decomposition method™, the EXP function method?
26 fractional method?*¥, the Homotopy Perturbation
Method (HPM¥3*%8 and Variational Iteration Method
(VIM)E4 - Various methods for obtaining explicit
solutions to hyperbolic partial differential equations
have been proposed™*®!.

Biazar et al.[Y use Adomian decomposition method
to solve this eguation. In this work we use homotopy
perturbation method and variational iteration method to
solve hyperbolic equations. Unlike classical techniques,
the nonlinear equations are solved easily and elegantly
without transforming or linearizing the equation b¥
using the Homotopy Perturbation Method (HPM)®Y.
It provides an efficient explicit solution with high
accuracy, minimal calculations and avoidance of
physically unrealistic assumptions.

The HPM was first proposed by Hel***® and has
been shown to solve alarge class of nonlinear problems
effectively, easily and accurately with approximations
converging rapidly to accurate solutions. The HPM was
proposed to search for limit cycles or bifurcation curves
of nonlinear equations™”. Ini*¥ a heuristic example
was given to illustrate the basic idea of the HPM and its

advantages over the dmethod, the method was aso
applied to solve boundary value problems!™® and heat
radiation equationd'®. Variation iteration method is
based on the use of Lagrange multipliers for
identification of optimal values of parameters in a
functional. Using this method a rapid convergent
sequence is produced. The variational iteration method
is suitable for finding the approximation of the solution
without discretization of the problent?”.

The general form of hyperbolic equation as a kind
of second-order quasi-linear partial differential equation
is:

T°u TP | Tu
a—+b +c—+e=0 1
™ Xy Ty @)

Where g, b, ¢c and e may be functions of x, y, u, % and
2 2 2

Tu but not of ﬂ—l:ﬂ—u and ﬂ—l; i.e.,, The second

1% X" qxy Ty

order derivatives occur only to the first degree. If b
4ac>0, then Eq. 1 is called hyperbolic equation.

MATERIALS AND METHODS

In this study, we have applied the Homotopy
perturbation method and variational iteration method to
the discussed problems. To illustrate the basic ideas of
methods, we have considered the following nonlinear
differential equation.
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Homotopy perturbation method: To illustrate the
basic ideas of this method, we consider the following
nonlinear differential equation:

AW-fN=0r1 W 2
With the boundary conditions of:
Tu -
B(u,—/ = |
(u, n 0, G (3

Where A, B, f (r) and G are a general differential
operator, a boundary operator a known analytical
function and the boundary of the doman W,
respectively.

Generally speaking, the operator A can be divided
into a linear part L and a nonlinear part N. Eq. 2 can
therefore be rewritten as:

L (W+N(u)}-f (=0 (4)

By the homotopy technique, we construct a
homotopy v(r,p): Wx[O0, 1]? A which satisfies:

H(v.p) = @- p)[L(v)- L(uy)l+ )
p[A(u) - f(r)]=0,pT [0,1],rT W

or

H(v.p)=L(v) - L(up) + pL(u,) + ()
PIN(v) - f(1)] =0
Where pi [0, 1] is an embedding parameter, while
Up is an initial approximation of Eq. 2 which satisfies
the boundary conditions.
Obviously, considering Eq. 5and 6 we will have:

H (v, 0) = L(v)-L(ug)= 0 @

H(v,1)=A\V)-f(r)=0 (8

The changing process of p from zero to unity isjust
that of v (r, p) from ug (r) to u (r). In topology, thisis
called deformation and L (v)-L (up) and A (v)-f (r) are
being called homotopy.

According to the HPM, we can first use the
embedding parameter p as a small parameter and
assume that the solution of Eq. 5 and 6 can be written
as apower seriesinp, namely:

V =Vp +pvy + pzv2 +.

)

400

Setting p = 1 result in the approximate solution of
Eqg. 2 to:

u=Ilimv =vg+vy + vy +-- (10

p? 1

The combination of the perturbation method and
the homotopy method is called the HPM, which
eliminates the drawbacks of the traditional perturbation
methods. The series 10 is convergent for most cases.
However, the convergent rate depends on the nonlinear

oré?sr]ator A (v) (the following opinions are suggested by
He'™):

The second derivative of N (v) with respect to V
must be small because the parameter may be
relatively large, i.e., p® 1

The norm of L 111T]N—V must be smaller than one so

that the series converges

Variational iteration method: To clarify the basic
ideas of VIM, we consider the following differential
equation:
Lu+Fu=g(t) (11
Where L is a linear operator, F is a nonlinear
operator and g (t) is a heterogeneous term.

According to VIM, we can write down a correction
functional asfollows:

Uy, (8) = U, () + ;j (Lu,(t) + Fa,(t) - g(t)dt (12)

Where | is a genera Lagrangian multiplied’2%
which can be identified optimally via the variational
theory.

The subscript n indicates the nth approximation
and 0, is considered as a restricted variation*?%, i.e,

dii, =O0.

Applications: In order to assess the accuracy of VIM
and HPM for solving hyperbolic equations and to
compare it with exact solution, we will consider the
three following examples.

Examplel: Consider the 7Partial differential equation
with theinitial conditions'”:

T2u

X2

(13)

T2u T2u
+(1- 2X)——+ (x?- x- 2)— =0
( )ﬂxw ( )'ﬂy2
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u(x, 0) =x,
Tux.09 _,
Ty

Homotopy perturbation method: Now we apply

homotopy perturbation to Eq. 13:

H(U,p):= (1- p)(xX* - x- 2)%u(x,y)5

A q2
S uxy)+ - 20 S—u(x, Y)uU (14)
eﬂx eﬂ ﬂ
*Pe &g =0
€4(x?- x- 2) o u(x,y) 0 @
g e’ i

Substituting Egq. 9 into Eq. 14 and rearranging
based on powers of p-terms, we have:

ﬂZ
Ty’ (15)
LB(X y)l =

p’: xz[—u Y1 - X—
U (X,Y)] - 2[

r

v —7Up(X,Y) - 2[ Ul(X ¥l

+X2[ﬂ—y2 U, (X,Y)]

2 2

B u(xy)- 2 “

(16)
T Uo(X,¥)]

- X[ﬂ—y2 uxy)l =

2 2

: 2x[ﬂ“ﬂ ] X s

. +'n
2

u,(x.y)]

uy(x,y) - 2[—2u2(x,y)] 17)

u(Xx,y) - X[ u,(x,y)] =

ﬂy fix

Uz(X,)’)]

2 2

o TJTIX W(x.y) - 2[

2
%uz(x

~u,(x,y)] (18)

+x [%Ty—zug(x VI X “

e Uy(x,y)] =

To determine u, the above equations should be
solved. Considering the appropriate initial conditions

we have:

1(4): 399-407, 2008
Vo (X,0) =x +Y, lvo(x,O) =1
Ty (19)

v(x,0) =0, %vi(x ,0) |y:0: 0i=12,..

The Solution of Eqg. 1519 may be written as follows:;
Vo(X,0) =x+y (20

In the same manner, the rest of components were
obtained using the maple package.
According to the HPM, we can conclude;

UOxy) =limvixy) =ve(xy) + -

Vi (X,y) +VEX,Y) +e

In this manner three components of the
perturbation series 9 were obtained. So, we have:

ux,y) =x+y

Variational iteration method Now Before applying
this procedure to Eq. 13 following!*?*¥, we construct a
correction functional, asfollows:

Uy 1(6Y) = U (6,9) + § (DU, (6, 1)+ (1 2%)
o W (22)
ﬂ'Z
X9t

Its stationary conditions can be obtained as
follows:

1- (¢ x- 2)[1. W)=

(x?- x - 2)[ 1) (23

o=

u,(x;y)1 =0, I(y) =0

The Lagrangian multiplier can therefore be
identified as:

-ty 24
()=~ (24)

As a result, we obtain the following iteration

formula:
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Uya(X,Y) = Up (X, y)+d (t)[ U (X, 1) +(1- 2X)

2
o 0T+ 0 X D, Ol
Now we start with an arbitrary initia
approximation that satisfiestheinitial condition:
Uo(ny) =X+y (26)

Using the above variational formula 25, we have:

u,(X,y) = Uy (X, y)+d(t) Up(x,t) +(1- 2x)
(27)
ﬂZ
[——u
™It

2

o, )] + (X7 - x - 2)[WU0(X,I)]]dt

Substituting Egq. 26 in to Eq. 27 and after
simplifications, we have:

(28)

uf{x,y)=x+y

In the same way, we can obtain U,(X, Y), Us(X, Y)
and the rest of the components of the iteration formula

Example 2 Consider the partlal differential equation
with theinitial conditions”:

ﬂ—“ T 2'"2‘2‘+1: 0,
> Xy Ty
u(x,0) = x, (29)
flu(x,0) _ «
Ty
Homotopy perturbation method: By applying
homotopy perturbation to Eq. 29. We have:
H(u,p) =
(30)
i 1
+ u(xy) -A—u(x,y)] +1 =
Ty

Ty fix

Substituting Egq. 9 into Eq. 29 and rearranging
based on powers of p-terms, we have:

2

-2[ - W(x,y)] = (31)
o -2[ L 0y)] +“—
(32
11 _
Uy (X,y) + TV ix Up(X,y)+1=0
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el Ty + “
11 (33)
U (X,y) + TV Ix u(x,y)=0
, ﬂz
p-d— ZL!;( Yl +
Uy(X,y) + Ty Tx U,(x,y) =0

To determine u, the above equations should be
solved. Considering the appropriate initial conditions
we have:

Vo(X,0) =X 43, TV, (x,0) =X,
Y (35)
v(x,0) ly:O:O,i

v(x,0) = 0,l =1.2,...
Ty

The solution of Eq. 31-35 may be written as
follows:

No(X,y) =X +xy (36)

@30

n, (X,y) =%y2...andsoon

In the same manner, the rest of components was
obtained using the maple package. According to the
HPM, we can conclude:

uOxy) =limv(xy) = vix,y)

(39)
HV{X,Y) HVLX,Y) +00
Thereforethe solutionis:
- 1. 39
u(x,y)= x+xy +Ey (39

Variational iteration method: First we construct a
correction functional like example 1, asfollows:

) = (6 + 3 O u, () +

e (40)
1? 1?
U ) - 203, () + ek

Its stationary conditions can be obtained as
follows:
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d d?
1+2(—1(y)) =0,- 2(— (t)) =0,
dy dt?
(41)

| (y)[%uxx,y)] =0l (y)=0

The Lagrangian multiplier can therefore be
identified as:
(=2 “2)
-2

As a result, we obtain the following iteration
formula:

Uy (X,Y) = U, () + Y (t)[%un(x,t)+

CS)
T t Z(ﬂzu(xt))+1]dt
U 00 - 26 (x,
Now we start with an arbitrary initia
approximation that satisfiestheinitial condition:
U (X,y) =Xy + X (44)

Using the above variational formula 43, we have

U (X,Y) = Ug(,Y) + ¢ (t)[%uo(x,t) +
. . (45)
ot U, (X,t) - Z(W Ug (X, t)) +1]dt

Substituting Eq. 44 in to Eq. 45 and after
simplifications, we have:

uy(X,y) = Xy +x +%y2 (46)

In the same way, we can obtain U,(X, Y) as
follows:

Uy (X,y) =Xy +x +%y2 47

And so on. In the same manner the rest of the
components of the iteration formula can be obtained.

Example 3 Consider the partial differential equation
with theinitial conditions!®:

ﬂ - Xzﬂ_zu = 0,
TIXZ ﬂy2
u(x,0) = x%,
Tu(x,0) _q

Ty

(48)

403

Homotopy perturbation method: By applying
homotopy perturbation to Eq. 48, we have:

H(U,p) =- 41~ PX* [ u(x.y)]
Ty (49)

2 2

T sl utn] =
’flﬂ[ﬂx2 u(x,y) - 4x [ﬂv2 u(x,y)11 =0

Substituting Eq. 9 into Eq. 48 and rearranging
based on powers of p-terms, we have:

2
P 4x2[ﬂ“—yzuo(x,y)1 =0 (50)
- 2 i ﬂ_z =

p:- 4X [ﬂyz u,(x,y)] + P Uo(x,y)=0  (51)
1 T

p* - 4X2[ﬂ—y2u2(X,y)] +WU1(X-V) =0 (52
) 1

pPi- AP uy(x.y)] +Wuz(x,y)=0 (53)
T T

p* - 4x2[ﬂ—y2u4(x,y)] +WU3(X,Y) =0 (%9

To determine u, the above equations should be
solved. Considering the appropriate initial conditions
we have:

v, (x,0) =x2,1v((x,0) =0,
v (55)
v(x,0) = 0,lvi(x ,0)|==0,i =1,2,...
y

The Solution of Eg. 50-55 may be written as
follows:

U (X,y) =x? (56)
1y?
u (X,y) :27 (57)
1 4
U xy) =350 (58)
7 6
0, (xY) = 7o (59
u (X —iﬁ 60
) = 2048x* €9
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In the same way, we can obtain U,(X, Y), Us(X, Y)

and Uy(X, Y) asfollows:

2

ly

4 6 8
4)(2_'_1y+7y+11y

6
32x° 640x® 2048x* (

1)

u(x,y) =x*+

Variational iteration method: First we construct a
correction functional like example 1, asfollows:

Uy.1(6) = U, (0Y) + ¢y (D[
o (62)

u,(x,t)- 4)?(1“—2un(x,t))]dt

Its stationary conditions can be obtained as
follows:

1+4x2(d—(;| ) =0,-4x2(%l (t))=0

63)
ﬂZ
| (y)[Fun(le)] =0l (y)=0
X
The Lagrangian multiplier can therefore be
identified as:
1t 1y (64)

| (t)= - 2 +=L
© 4x2 4x?

As a result, we obtain the following iteration
formula:

Uy 1Y) = U, () + b )[1??

(65
2
u(x,t)- 4)8(1}1—2un(x,t))]dt
Now we start with an arbitrary initial
approximation that satisfiestheinitial condition:
Uy (X,y) = X (66)

Using the above variational formula 65, we have:

ey T
u(Xy)=uy(x,y)+ @ (=
IR (67)

U (X,t) - 4x2(%uo(x,t))]dt

Substituting Egq. 66 in to Eq. 67 and after
simplifications, we have:

14x° +y*
4 X

u(x.y) = (68)

404

1 16x° +8x*y? +3y*

16 x5 (69)

ufx,y) =

1 64x” + 48x°y* + 36x"y* + 63y*
64 x®

Us(x,y) = (70)

1y°
U (xy) = x* +27 +

7 ¥
640x*°

1 y°

1y’
+
2048x4

32x°¢ (1)

And so on. In the same manner the rest of the
components of the iteration formula can be obtained.

RESULTS

The solution of hyperbolic equations has been
investigated analytically by Homotopy Perturbation
Method (HPM) and Variational Iteration Method
(VIM). U(X, Y) for both Eg. 47 and 71 have been
shown in Fig. 1 and 2 respectively. Also in Tables 1-3,
for some values of x and v, results for both methods
have been compared with exact solution. The results
have shown that they are considerably capable of
solving awide range of hyperbolic equations.

o

Fig. 2: 3D plot of u (x, y) for Eqg. 71
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Table 1: The solution of u(x, y) for different values of x and y

U(x,y) U(x,y) U(x,y)
X y (HPM) (VIM) (exact result)
0.035 0.071 0.106 0.106 0.107
0.139 0.074 0.213 0.213 0.212
0.448 0.077 0.525 0.525 0.526
0.758 0.075 0.833 0.833 0.834
0.819 0.152 0.971 0.971 0.971

Table 2: The solution of u(x, y) for different vauesof x andy

u(x,y) U(x,y) U(x,y)
X y (HPM) (VIM) (exact result)
0.033 0.067 0.0374 0.0374 0.0378
0.133 0.067 0.1442 0.1442 0.1444
0.833 0.067 0.8911 0.8911 0.8911
0.067 0.133 0.0848 0.0848 0.0844
0.767 0.133 0.8779 0.8779 0.8778

Table 3: The solution of u(x, y) for different valuesof x and y

U(x,y) U(x,y) U(x,y)
X y (HPM) (VIM) (exact result)
0.35714  0.034286  0.12987 0.12987 0.12918
0.35357 0.035180 0.12749 0.12749 0.12709
DISCUSSION

In this study, the authors have intended to show
that the two methods, HPM and VIM, are considerably
capable of solving a wide range of hyperbolic
equations. The examples given in this study reveal that
both methods are very effective and have high
accuracy. In some cases as Examples 1 and 2, after
some steps the remaining terms would vanish and we
derive the exact solution. In the cases as Example 3, the
approximation can be obtained to any desired number
of terms.

VIM and HPM do not need small parameters, the
limitations and non-physical assumptions required in
classical perturbation methods are eliminated,
furthermore, VIM and HPM can overcome the
difficulties arising in the calculation of Adomian
polynomials. They do not require linearization; both
methods are very promising tools for hyperbolic
equations. Therefore, both methods will find
applicationsin variousfields.

CONCLUSION

The methods of HPM and VIM have been
successfully performed for hyperbolic equations. In
these cases, we obtained excellent performances that
might lead to promising approaches for many
applications. All the examples showed that the results
of the present methods were in excellent agreement
with exact solutions. It is capable to converge to correct
results with fewest number of iterations or even once,
for some cases.
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