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Abstract: This study presented a new approach for the analysis of a nonlinear Whitham-Broer-Kaup
equation dealing with propagation of shallow water waves with different dispersion relations. The
analysis was based on a kind of analytical method, called Variational Iteration Method (VIM). To
illustrate the capability of the approach, some numerical examples were given and the propagation and
the error of solutions were shown in comparison to those of exact solution. In clear conclusion, the
approach was efficient and capable to obtain the analytical approximate solution of this set of wave
equations while these solutions could straightforwardly show some facts of the described process
deeply such as the propagation. This method can be easily extended to other nonlinear wave equations
and so can be found widely applicable in this field of science.
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INTRODUCTION

Most of scientific problems and phenomena occur
nonlinearly. Except a limited number of these
problems, most of them do not have precise analytical
solutions so that these have to be solved using other
methods. Many different new methods have recently
presented; for example, Variational Iteration Method
(VIM)'"! Homotopy Perturbation Method (HPM''*®
Homotopy Analysis Method™ and Exp function!'”".

In this article, VIM is used to solve nonlinear
equations of Whitham-Broer-Kaup with the initial
conditions u(x, 0) = F(x), v(x, 0) = G(x) for the initial
time.

u, +uuy +v, +puy, =0 (1a)
Vi+(UV)g + 0y =Py =0 (1b)

Ifa=0,p#0, system (1) becomes classical long
wave equation that describe shallow water wave with
dispersive!"). If a = 1, p = 0, system (1) becomes
variant Boussinesq equation. In this research we will
focus on finding analytical approximate and exact
traveling wave solution of the system (1) using the
variational iteration method.

MATERIALS AND METHODS

Fundamental of variational iteration method: To
clarify the basic ideas of VIM, we consider the
following differential equation'~:

Lu+Nu=g(t) 2)

where, L is a linear operator, N a nonlinear operator and
g(t) an inhomogeneous term.

According to VIM, we can write down a correction
functional as follows '

t
U, (t)=u, (t)+J‘ A(Lu, (1)+ N, (1) - g(t))dr 3)
0
where, A is a general Lagrangian multiplier which can
be identified optimally via the variational theory. The
subscript n indicates the 9th approximation and u, is

considered as a restricted variation 4, =0 .

Implementation of Variational Iteration Method:
We first consider the application of VIM to WBK Egq. 1
subject to the following initial conditions "

u(x,0) = ©— 2Bk coth(k&) (4a)
v(x,0) = -2B(B + B)k? csch? (k&) (4b)
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where, B=.\/o+p>
arbitrary constants.

Its correction variational function in x and t can be
expressed respectively as follows:

and &=x+x, and x,ko are

t u +u.u
U (x,1) =un(X,t)+I 7»1(1'){ o IZ}dT (5)
0 +v,, +Puy
t v !
Vea(x=v,x0+ [ xz(r){v“ ) }dr ©6)
0 +auy — vy

where, prime indicates a differential with respect to x
and dot denotes a differential with respect to t, A; and
A, are general Lagrangian multipliers.

After some calculations, we obtain the following
stationary conditions:

i (1)=0 (7a)
142 (t)] =0 (7b)
2 (1)=0 (8a)
1+ 2, (1) 2= 0 (8b)

Equation 7a and 8a are called Lagrange-Euler
equations and Eq. 7b and 8b are natural boundary
conditions.

The Lagrange multipliers can therefore, be
identified as A; = A, = -1 and the variational iteration
formula is obtained in the form of:

)

t
u,,(x,t)= un(x,t)—J.0 {iln +u,up + v, +Bug}dr

Vo (X,0) = v, (x,t) —I(:{\'/n +(u,v,) +oul —Bv;}dﬂ: (10)

We start with the initial approximation of u (x, 0)
and v (x, 0) given by Eq. 4. Using the above iteration
formulas 9 and 10, the other components can be
obtained directly as follows:

uy(x,t) = ®— 2Bk coth(k&) (11)

vo(x,t) = 2B(B + B)k* csch? (k&) (12)
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up(x,t) = —[—wsinh(ki) cosh? (k&) + wsinh(kg)

+2Bk cosh? (k&) — 2Bk cosh(k&) +

2Bk2tcosinh(k§)} (13)

/ {[cosh2 (k&) — 1} sinh(ki)}

v (x,t) = 2Bk [—cosh (k&)B + B — cosh (kE)B + P
+4Bk tcosh (k&) + 2Bkt
—2Bk cosh(ké&)tmsinh(kE)
—2k cosh(k&)tmpsinh(kE)
—4atk cosh (k&) —2atk
—4B tk cosh (k&) -2 tk]
/[cosh (k&) —1]

(14)

In the same manner, the rest of the components of
the iteration formula can be obtained.

u(x,t)=u(x,t)— {u +un' +v'+pufdr (15)

vx,)=v(xD-{v+@v)+au-Bvidt  (16)
Exact solution of WBK Eq. 1 is as follows:

u(x,t) = o —2Bkcosh[k(§ - o t)] 17

v(x,t) = -2B(B+P)k csch [k(E-wt)] (18)

These solutions are constructed by!'?.

Special case one: As a special case, if o =1 and =0,
WBK Eq. 1 can be reduced to the Modified Boussinesq
(MB) Eq. 19:

u+uu+v=0 (19a)
v +(uv) +u =0 (19b)
Solving these equations by VIM as follows:
u (x,)=u(x,t)+ A (D){u +uu'+v}de (20)
v (xD=v D)+ AV +uv)+ulde 2n
We consider the initial conditions of the MB

Equations':
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u(x,0) = ®— 2k coth(k&) (22a)
v(x,0) = -2k csch (k&) (22b)
The Lagrange multipliers can therefore, be

identified as A; = A, = -1 and the variational iteration
formula is obtained in the following form:

u (x,t)=u(x,t)— {1'1 +uu'+V'}d1: (23)

v (x,1)=v(x,1)- {\'/ +(uV)'+u"}dr (24)

We are to start with an initial approximation u (x,0)
and v (x,0) given by Eq. 22, by the above iteration
formula 23 and 24.We can obtain directly the other
components as follows:

u (x,t) = o — 2k coth(k&) (25a)
v (x,t) = —2k csch (k&) (25b)
—wsinh(k&)cosh? (k&) + msinh(kE)
uy(x,t) = —| +2k cosh (k&) — 2k cosh(k&) +
2k twsinh(kE) (26)
/ [(coshz (k&) ~1) sinh(k&)}
v(x.t) = -2k [cosh (k&) —-1+2k cosh(k&)twsinh(ki)] 27)

(cosh (k&) —1)

In the same manner, the rest of the components of

the iteration formula can be obtained:
u(x,t)=u(x,t)— {1'1 +uu'+v}de (28)
v (x,t)=v(x,t)— {\'/ +(uV)'+u"}d1: (29)

The exact solution of MB Eq. 19 already has been

obtained in''? as follows:
u(x,t) = o—2kcoth(k(§ — o t)) (30)
v(x,t) =2k csch (k(§ — o t)) 31

Special case two: In subjected problem, if o = 0 and
B =1/2, WBK Eq. I can be reduced to the Approximate
Long Wave (ALW) equation in shallow water:

163

1
u+uu +v +Eu =0

(32a)

(32b)

v +(uv) —%v =0

Considering the application of the VIM to the
ALW Egq. 32 with the initial conditions!'"-':
u(x,0) = o —kcoth(k&) (33a)

v(x,0) =k csch (kE) (33b)

Its correction variational functional in x and ¢ can
be expressed respectively as follows:

u+uu'+
uxt)=ux,t)+ Ay, 1, do (34)
v +—u
2
v+@uv)
vix)=vED+A(Dy 1, drt 35)
2

The Lagrange multipliers can therefore, be
identified as A; = A, = -1 and the variational iteration
formula is obtained in the form of:

u+uu'+
u(x,)=u(x,t)—4 1 , pdt 36)
v+ =
2
v+@v)
vix)=vtH-9 1, dt (37)
2

An initial approximation u (x,0) and v (x,0) given
by Eq. 33, by the above iteration formula 36 and 37.
We can obtain directly the other components as
follows:

u (x,t) = ® — kcosh(k) (38)
vo(x,t) =k csch (k&) (39)
k2 (coshz(ka) 142k cosh(kg)tmsinh(ka))
vi(x,t) = (40)

(cosh2 (kE) - 1)2
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In the same manner, the rest of the components of

the iteration formula can be obtained.

t

u,(x,t)=u, (x,t)—J' {ul +u,u, +v, +%ul}d‘c 41

0
t

Vz(x,t)zvl(x,t)—j {Vl +(u1V1)'—%V;}d‘E (42)

0

Exact solution of ALW Eq. 32 is as follows!'?:

u(x,t) = ®— kcoth(d(§ — wt)) (43)
v(x,t) = -k’ csch? (k(& — wt)) (44)
RESULTS AND DISCUSSION

The solution of Whitham-Broer-Kaup Wave
equation is successfully investigated analytically by
Variational Iteration Method (VIM). For clarity, also to
illustrate some facts directly from obtained solutions,
the propagation of discussed wave phenomena have
been shown in Fig. 1-6. Figure 1 and 2, respectively,
shows the propagation of u (x, t) and v(x, t) versus time,
t and displacement, x, for the general form of wave
equation (Eq. 1) when k=0.1, ©=0.005, a=1.5,
B = 1.5, xo=10. The behavior of propagation of u(x, t)
and v(x, t) for special case 1 (Eq. 19) have been shown
in Fig. 3 and 4 respectively. In the same manner the
results of u (x, t) and v (x, t) for special case 2 (Eq. 32)

04
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m 1 ‘}{
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Fig. 1: Propagation of u(x,t) for Eq. 1, VIM (a) and
exact solution (b) for k=0.1, ®=0.005,
a=15,p=1.5,%x=10

are shown in Fig. 5 and 6 respectively. In all figures, (a)
refers to VIM and (b) refers to the exact solution. These
figures illustrate well agreement between the VIM and
exact solution.

For further verification, the error of Fig. 1-6a are shown
in Table 1-3 in comparison to those of exact solution.
These tables clearly confirm the high accuracy of
obtained solutions.
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Fig. 2: Propagation of v(x,t) for Eq. 1, VIM (a) and
exact solution (b) for k=0.1,
a=15B=15x%x=10

o = 0.005,

Fig. 3: Propagation of u(x,t) for Eq. 19, VIM (a) and
exact solution (b) for k=0.1, ®=0.005,
a=15pB=0,x,=10

Fig. 4: Propagation of v(x,t) for Eq. 19, VIM (a) and
exact solution (b) for k=0.1, ®=0.005,
a=15,3=0,%=10
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Table 1: The numerical results for

U, —uV[M\ =y and |v,, —VVIM‘ =¢ in comparison with the exact solution (17, 18) for u(x,t) and v(x,t) for

the approximate solution of the WBK Eq. 1

x/t 0 0.2 0.4 0.6 0.8 1

Ueract — uVIM‘ =V
-100 -5.5 E-10 -1.3 E-10 -1.5 E-10 -5.2 E-10 -1.0 E-10 -1.0 E-10
-80 0.0 0.0 -4.2 E-10 0.0 0.0 -1.0 E-10
-60 -2.1 E-10 -1.4 E-10 -1.7 E-10 2.6 E-10 -4.0 E-10 -4.0 E-10
-40 -9.4 E-10 -1.0 E-10 -4.3 E-10 -8.3 E-10 -5.1 E-10 -6.2 E-10
-20 2.0 E-10 -7.0 E-10 -6.0 E-10 6.9 E-10 1.1 E-9 3.3 E-10
0 -5.3 E-10 -1.5 E-10 -1.2 E-10 -7.5 E-10 -1.2 E-9 2.6 E-9
20 5.0 E-10 1.3 E-10 7.0 E-10 5.1 E-10 7.2 E-10 8.2 E-10
40 2.4 E-10 2.1 E-10 2.5E-10 2.6 E-10 -1.7 E-10 -1.2 E-10
60 5.1 E-1 34E-10 -1.3 E-10 2.5E-10 2.3 E-10 -2.0 E-10
80 5.6 E-10 5.6 E-10 S E-10 5.1 E-10 59E-10 5.1 E-10
100 0.0 0.0 0.0 0.0 0.0 0.0

Vexaet ~ Vvin| = P
-100 3.0 E-18 -1.6 E-12 -3.2 E-14 -4.8E-12 -6.4 E-12 -8.1E-12
-80 -3.0 E-16 -8.8 E-11 -1.7 E-10 -2.6 E-10 -3.5E-10 -4.4 E-10
-60 1.0 E-14 -4.8 E-9 -9.6 E-9 -1.4E-8 -1.9E-8 -2.4E-8
-40 1.0 E-12 -2.6 E-7 -5.3 E-7 -1.9 E-7 -1.0 E-6 -1.3E-6
-20 1.0 E-10 -2.5E-5 -5.0 E-5 -1.5E-5 -1.0 E-4 -1.2 E-4
0 1.0 E-12 2.5E-5 5.0E-5 7.5E-5 1.0 E-4 1.2 E-4
20 1.0 E-14 2.6 E-7 53 E-7 79 E-7 1.0 E-6 1.3 E-6
40 -3.0 E-16 4.8 E-9 9.6 E-9 1.4 E-8 1.9E-8 24 E-8
60 3.0 E-16 8.8 E-11 1.7 E-10 2.6 E-10 3.5E-10 44 E-10
80 3.0 E-18 1.6 E-12 32E-12 4.8 E-12 6.4 E-12 8.1 E-12
100 -1.0 E-19 29 E-14 59E-14 8.9 E-14 1.1 E-13 1.4 E-13

Table 2: The numerical results for |u

—uv[M‘ =y and |V, —Vyw|=¢ in comparison with the exact solution (30, 31) for u(x,t) and v(x,t) for

exact

the approximate solution of the MB Eq. 19

x/t 0 0.2 0.4 0.6 0.8 1
Uexact — uVIM‘ =y
-100 -1.0 E-10 -1.0 E-10 -1.0 E-10 -1.0 E-10 -1.0 E-10 -1.0 E-10
-80 0.0 0.0 3.0 E-10 3.0E-10 3.0 E-10 5.0 E-10
-60 0.0 3.7E-10 7.3 E-9 1.0 E-8 14 E-8 1.8 E-8
-40 -5.2 E-10 1.9E-7 39E-7 59E-7 7.9 E-7 9.9 E-7
-20 -4.4 E-10 14E-5 2.8E-5 43 E-5 5.7E-5 7.2 E-5
0 2.1 E-10 1.4 E-5 2.8E-5 43 E-5 5.7E-5 7.2 E-5
20 3.8 E-10 1.9 E-7 39E-7 59E-7 7.9 E-7 9.9 E-7
40 0.0 3.7E-9 7.3 E-9 1.0 E-8 1.4 E-8 1.8 E-8
60 1.0 E-10 1.0 E-10 2.3 E-10 2.9 E-10 3.7E-10 4.5 E-10
80 1.0 E-10 1.0 E-10 1.0 E-10 1.0 E-10 1.0 E-10 1.0 E-10
100 -1.0 E-10 -1.0 E-10 -1.0 E-10 -1.0 E-10 -1.0 E-10 -1.0 E-10
Vexaet ~ Vvim| = P

-100 1.0 E-18 -2.4E-13 -4.8 E-13 -7.3 E-13 -9.7 E-13 -1.2 E-12
-80 -3.1 E-17 -1.3 E-11 -2.6 E-11 -39 E-11 -5.3-11 -6.6 E-11
-60 1.0 E-15 -7.20E-10 -1.4 E-9 -2.1 E-9 -29E-9 -3.6 E-9
-40 2.7E-13 -4.0 E-8 -8.0 E-8 -1.2 E-7 -1.6 E-7 2.0 E-7
-20 1.6 E-11 -3.8E-5 -7.6 E-5 -1.1 E-5 -1.5E-5 -1.8 E-5
0 1.3E-11 3.8E-5 7.6 E-5 1.1 E-5 1.5E-5 1.9 E-5
20 2.2 E-13 4.0E-8 8.0 E-8 1.2 E-7 1.6 E-7 2.0 E-7
40 1.1 E-15 7.2 E-10 14E-9 2.1 E-9 2.9 E-9 3.6 E-9
60 -3.3E-17 1.3 E-11 2.6 E-11 3.9 E-11 5.3 E-11 6.6 E-11
80 1.6 E-18 24 E-13 48 E-13 7.3 E-13 9.7 E-13 1.2 E-12
100 -2.4 E-20 44 E-15 8.9 E-15 1.3E-14 1.7 E-14 2.2 E-14
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Table 3: The numerical results for

U exact _uVIM‘ =y and |V . —

approximate solution of the ALW Eq. 32

Vyn|=¢ in comparison with the exact solution (43, 44) for u and v for the

x/t 0 0.2 0.4 0.6 0.8 1

Ueract — uVIM‘ =V
-100 0.0 0.0 0.0 0.0 0.0 0.0
-80 0.0 0.0 -1.0 E-10 0.0 0.0 -2.3E-10
-60 0.0 -3.1 E-10 -1.1 E9 2.5E-9 -4.7E-9 -7.3 E-9
-40 -3.2 E-10 -1.6 E-8 -6.6 E-8 -1.4 E-7 -2.6 E-7 -4.1 E-7
-20 0.0 -4.8 E-6 -1.9E-5 -43 E-5 -7.7 E-5 -1.2 E-4
0 -1.0 E-10 -4.8 E-6 1.9 E-6 43 E-5 7.7E-5 1.2 E-4
20 1.9 E-10 1.6 E-8 6.6 E-8 1.4 E-7 2.6 E-7 4.1E-7
40 0.0 34 E-10 1.1 E-9 2.6 E-9 4.6 E-9 7.2 E-9
60 3.0E-11 7.2 E-11 1.1 E-11 7.6 E-11 1.5 E-10 1.3 E-10
80 1.0 E-10 1.0 E-10 1.0 E-10 1.0 E-10 1.0 E-10 1.1 E-10
100 -5.0 E-11 -5.0 E-11 -5.1 E-11 -5.3 E-11 -5.7 E-11 -5.9E-11

Vexact VVIM‘ =0
-100 9.7 E-12 4.8 E-12 9.7 E-12 14 E-11 1.9 E-11 2.4 E-11
-80 5.3 E-10 2.6 E-10 5.3 E-10 7.9 E-10 1.0 E-9 1.3 E-9
-60 2.9E-8 1.4 E-8 2.9E-8 43 E-8 5.8 E-8 7.2 E-8
-40 1.6 E-6 8.0 E-7 1.6 E-6 2.4 E-6 32 E-6 4.0 E-6
-20 24E-4 1.2 E-4 24 E-4 3.6 E4 49 E-4 6.1 E-4
0 2.4E-4 1.2 E-4 2.4 E-4 3.6 E-4 49 E-4 6.1 E-4
20 1.6 E-6 8.0 E-7 1.6 E-6 2.4 E-6 32 E-6 4.0 E-6
40 2.9 E-8 1.4 E-8 2.9E-8 43 E-8 5.8 E-8 7.2 E-8
60 5.3 E-10 2.6 E-10 5.3 E-10 7.9 E-10 1.0 E-9 1.3E-9
80 9.7 E-12 4.8 E-12 9.7 E-12 1.4 E-11 1.9 E-11 2.4 E-11
100 1.7 E-13 8.9 E-14 1.7 E-13 2.6 E-13 3.5E-13 44 E-13

CONCLUSION
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Fig. 5: Propagation of u(x,t) for Eq. 32, VIM (a) and
exact solution (b) for k = 0.1, ® = 0.005, o = 0,
B=1.2,%x,=10

Fig. 6: Propagation of v(x,t) for Eq. 32, VIM (a) and
exact solution (b) for k = 0.1, ® = 0.005, a = 0,
B=12,%x=10
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In this research, He’s variational iteration method
has been successfully implemented to find the
analytical solution of nonlinear Whitham-Broer-Kaup
(WBK), Modified Boussinesq (MB) and Approximate
Long Wave (ALW) equations. All the examples show
that the results of the present method are in excellent
agreement with those of the exact solutions. Some of
the advantages of proposed approach are freely
choosing initial conditions with
parameters, so it is capable to achieve the unknown
parameters in the initial solution. It also is capable to
converge to correct results with fewest number of
iterations or even once, for some cases.

some unknown
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