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Topological Conjugacy Between Seizure and Flat Electroencephalography
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Abstract: Problem statement: Seizure and Flat EEG which are modeled as twandtstynamical
systems share the same dynamics in the topologiealpoint. Approach: Motions of seizure and
Flat EEG of the dynamical systems were writteneatspgints. A function that maps between these
two sets is then built. By using topological corgay, they are shown to share the same dynamics.
Results: Seizure and Flat EEG were shown to share the simemics along with other properties
such as order isomorphic, homeomorphic and theuenigpresentation of any event during seizure as an
open setConclusion: This study shows that the dynamics of seizurebeaimansported to Flat EEG.
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INTRODUCTION

Epilepsy is a general term used for a group of
disorders that cause disturbances in electricalasigf )
the brain. In epilepsy there is a miniature braimnst of F; ]

e L
L]

certain groups of brain cells and this is ofteroasged CEE[/T g
with a sudden and involuntary contraction of a grofi o
muscles and loss of consciousness. It can happen in _ =
small area of the brain or the whole brain. Depegdi ~ “-C saser—* \
on the part of the brain that is affected, it cause
involuntary changes in body movement or function, b
sensation, awareness, or behavior where these ehang :
are known as epileptic seizure.

Electroencephalography (EEG) is the recording of
electrical activity originating from the brain.ptays an
important diagnostic role in epilepsy and provides
supporting evidence of a seizure disorder as well aFig 1: EEG projection
assisting with classification of seizures. EEG hasn
used extensively to record the abnormal brain agtiv Literature review: Fuzzy Topographic Topological
associated with epileptic seizures. It is recordedhe Mapping (FTTM) Is a novel model for solving
surface of the scalp using electrodes, thus theakiig neuromagnetic inverse problem (Ahmeidal., 2008).
retrievable non-invasively. The type of activitydathe
area of the brain that is recorded from EEG wiBisis

The model is consists of four elements, Magnetic
Contour Plane (MC), Base Magnetic Place (BM),
Fuzzy Magnetic Field (TM) and Topographic Magnetic

the physician in prescribing the correct medicafion  rie|q (TM) each homeomorphic to each other (Ahmad
certain type of epilepsy. Patients with epilepsgtth et al., 2005). The novel model was generalized in
cannot be controlled by medication will often have(Ahmad et al., 2010). Similar concept of topological
surgery in order to remove the damaged tissue. Ttais mapping was also used in (Nordin and Ali, 2009) to
EEG plays an important role in localizing this tiss provide navigation and localization for visually
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impaired people. In (Ahmadt al., 2006), a new represent the cluster centers after the transfaomat
method for mapping high dimensional signal, namelyfrom the scalp of the patients.

EEG into a low dimensional space (MC) has been On the other hand, seizure was modeled as a
developed. The whole process of this novel modetontinuous dynamical system in (Ahmetal., 2005)

consists of three main parts. The first part ispy assuming that it is governed by a set of n scala
flattening the EEG where the transformation of éhre gifferential equation with a solution of the

dimensional space into two dimensional space thaf
involved location of sensor in patients head with o ] _
EEG signal (Fig. 1). This flattening process cantime, the motion, i.e., state space trajectoryriten as
preserves magnitude and orientation of the surfacé:T - R" (Fig. 3) which isw(t,a,.8,) . Besides, the
(Ahmadet al., 2006). Secondly, the EEG is processedaygmented dynamic trajectory, S=f(w.wt): Wi,
using Fuzzy C-Means (FCM). . tOR}(denoted as Xin (Ahmadet al., 2005), but we
Finally, the optimal number of clusters is rename it as S to show that it is the augmented
determined using cluster validity analysis. Thisvne {rgjectory of seizure) that resulted when the moi®
model enables tracking of brainstorm during seizurgjefined over an interval of time was also proven to
(Ahmad et al., 2006). Figure 2 are examples of Flatexhibit linear ordering properties under the refati
EEG. Red dots represent the electrodes while gfetn induced by the motion, f.
More research has been carried out on Flat EEG, in
(Faisal and Tahir, 2010) for instance, Flat EEGWD
= , T b was presented as an algebraic structure. In (Faisl
¢ FLBN; 8 e : - Tahir, 2010), MC is rewrite as square matrices and
oo — transformed into upper triangular matrices using- QR
Fithaa Schur decomposition and finally as a semigroup of
ek = upper triangular matrices under matrix multiplioati
However, in this study the transformation of the
- S i B dynamicity of seizure to visual platform, namelafl
8 il 4§ s LI R EEG will be discussed and presented.

(t,a,B). For a particular initial state and initial
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We start as in (Ahmaet al., 2005) to model our

Fig. 2: Samples of Flat EEG series of Flat EEG as a dynamical system. Assuming
that it is a continuous dynamical system and gaern
% by a set of m+1 scalar differential equation with a

h

solution of the form e(@,y). For a given initial state and
initial time we can write the motion as g:—=R™"!
t, which is e(tho,Yo). Hence, when we define over an
interval of time, the motion produces a set of in
known as the augmented dynamic trajectory which can
be written as:

(6 (%:%:2) -8l % %) ,k)}

:t0[0e), mKIN

2(ty, %4 )
= =(t,,%,.1,)

S:Iat EEG:

L

where, for each time, t, f&,Y1.21), ... .&Xm,Ym Zm) . K,1)
represents one Flat EEG with(%,y;,z), the electrical
potential recorded from sensor;,{%z) and k as the
% number of cluster centers.
Notice that the motion g induce a temporal
Fig 3: State space trajectory of seizure ordering, <, on S, ¢ Which can be formalize as:
1471
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(e (% ¥1.2) 8 % W 2) k) Thus, the lemma is proves.

<o (& (% ¥02) g % 0 2) kY We now construct the required function and show
that it is a bijection. The function mentioned s

This temporal ordering makegS.,, ceo.< ) S— Sueccand are defined as:

linearly ordered set.

Lemmal: (S., ece<,) is a linearly ordered set. o(wy, ..., w, ,1)

Proof: By using the theorem from (Ahmatal., 2005)
which states that every temporal ordering on a
augmented dynamic trajectory is a linear orderihgn

(St ecci< o) is a linearly ordered sed.

"rheorem 1: The functione:s - S exc defined as

Order isomorphism: Our interest now is to show =(e (x.y,.z)....8( % ¥, .7) .kt
(S<,) order isomorphic to[S.,, eec<,) . We will use

the definition of order isomorphism given in (Steve is a bijection.
2008). We rewrite the definition as (with no change
meaning), Pr oof:
Function: Suppose yw= v; fori=1,2.3,...nand,t=t,
Definition 1. Let (Psp) and (Qsq) be two linearly Then, (Wy,., W, , ) = (V0 1 1)
ordered sets and h:-RQ a function, then (B,) is
order isomorphic to (@) if h is bijective and for all
<

)r(]())//)DP and h(x),h(y))Q, x<, y if and only if h(xkq (ep(xl,yl,zl) _____ o % v .7) .k ﬁ

We start by introducing lemma 2 and theorem 1=(&,(X,.%:.2) .--&( % ¥, .7) .k .}
which will serve as our tools to prove theorem 2.

Now, from lemma 2, this implies:

Thus,0 is a function.
Lemma 2: Let s,50(S%,) and u,,u,0(S, cea< g - us,Bis a function

thens <, s = u=<, u Injective:
Proof: Ahmad et al. (2005), the ordering relation Suppose(ep(xllypzl) ----- e % %7 vk,ﬁ
induced by f gives the following mathematical statat =(ep XY 2) 8 % Yo 7)ok E)

Again by the same lemma:

and as explained before, we know the motion g aIS(tw
induce a temporal orderings, on S., ¢ Which can '

be formalize as:

..... W, 1) = (Vi oty
Implying, w, =v, for i =1,2,3,...nandt, =t,

(ep(xl,yl,zi) ----- 6( % % 7)ok ﬁ Thus, 6 is injective.

-t <t,
<o (& (%0 Y1:2) 8 % Y 02) kY urtetive: For all
rJECIVGZ or a

Now, substituting the former into the latter, we

have: (ep(xl’yllzi) """ %( %Y 'Zn) ,k,)ll] St xc

There exists:
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Such that: Proof: Define a subbasis for s& as the collection of
all order-open rays (under the induced strict qreg):
B(w,,... W, ,1)
= (& (% ¥.2) 8 % 0 02) K {wosiw< ¢ {wosju; §o .50 @

Therefore§ is surjective.
Since 8 is both an injective and surjective,
therefore the functiof is bijective.

this will then generate the following basis:

B:{{WDSIW} g {wosjw; W %

Theorem 2: (S<,) is order isomorphic tdS,,, cec.<,) {wos|u<; w< } 9,500

Proof: From lemma 2, we have: and eventually, we obtained the interval topology:
Wy, W, t) < (Ve
(w, t) < (v t) TSZ{UJUFUBiDBlDB}

(6,(635.2) w8 % %.2) oK)

s (e"(xl'yl’zl) -8 %% 7)ok Q This generated interval topology makes the pair

(S:1s) alinearly ordered topological space. Note tHat, i
the topology of an ordered space X is generated by
collection of rays, then it is called a well-formsgace
(Koppermaret al., 1998). Using this fac{(S,1s) is then
t) a well-formed space. Together with the fact from
' (Bennett and Lutzer, 1996) which says that thesctds
GO-spaces coincides with the class of subspaces of
Thus, (S<,) is order isomorphic t0 (S., ees<,) as LOTS, we can therefore sag1;) is a GO-space, by

desiredm viewing (S15) as a subspace of the LOTS1). By

using corollary 1, we can conclude tha is

Linearly ordered hausdorff topological space: In the  Hausdorff. Thus, (Sts) is a linearly ordered
following, we will show that the motions of seizuaed  Hausdorff topological spaca.

Flat EEG that are modeled as a dynamical system is As the motion of seizure is a Hausdorff LOTS,
linearly ordered Hausdorff topological space. Thetherefore any event during seizure, introduced in
ordering relation that will be used in constructitg ~ (Ahmadet al., 2004), can be characterized by an open
interval topology is the induced strict total orderSetfromthe LOTS. In other words, no matter howsel
(irreflexive, asymmetric and transitive) which wellw tWo events are, it still can be differentiated hyot
denote it as<,. We start by introducing a result unique disjoint open sets. Therefore, we provide th

; following lemma.
obtained from (Koppermaet al., 1998). Lemma 3: Any event of seizure can be characterized

uniquely by an open set from its Lots.

Substituting the functio® (from theorem 1) into
above produces:

(Wpooo W, ) < (Ve 1)

= B(Wy,...,w,.t) <ge(vl,...,v

n

Corollary 1 (Kopperman et al., 1998): If t is the

topology of a well-formed spack , the statements Theorem 4: (SFIat eoTs, EEG) is a linearly ordered

. Xisa GO space Hausdorff topological space.

* Xis Hausdorff Proof: Use similar proof as in theorems.
are equivalent. Homeomorphism: Now, we will show that the

Theorem 3. (S71,) is a linearly ordered Hausdorff function © is a homeomorphism andSy) is

topological space. homeomorphic t((SF,at eee s, EEG) :
1473
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Since an interval topology is generated byis a continuous function that maps frof$;) to
subbasis, any open set can be written as a union gf
finite intersections of elements of the subbasisisﬂat EEG'T&EIEEG)"
Therefore, to prove the continuity of a functionh,ig
suffices to show that the inverse image of eaclbasils

. H -1. ] .
element is open (James, 2000). Theorem 6: The function6™:S.,, ¢ — S defined as:

Theorem 5: The function8:S- S, eecdefined as: 9-1(e (%.%1.2) %( % Yo +7) k)t
pA T S S) v o Y

B(W,, ..., W, , 1) =(wy, W, 1)

= » Y1 yrrny 1 1 lk’ I i
(e (% ¥.2) 8 % ¥ 7) KO is continuous.

is a continuous function. o
Proof: Use similar proof as for theoremb.

Proof:

Casel: Open sets in the forfa0S., s 10<, §. .2, Theorem 7: The functiond:S — S, ... defined as:
an order-open ray clearly:

B(wy,.... W, 1)

9_1({qDSFIaI ees | 0= (}):{ i STe ]a =(e (%0, ¥1,2) oooe %( %o Y 1%) k)t

for someald S since 8™ is bijective
From the constructed interval topology for S, anyis a homeomorphism.
order-openrayin Sis an opensetin S

Now, since{pDS|p<} f} is an order-open ray Proof: Since 6 is bijective (theorem 1), continuous
Thus,{pDS|p<} E} is an open setin S (theorem 5_) and its inverse_is continuous (theom
therefore 8 is a homeomorphismu

Case 2: Open sets in the forfq0 S, e 1<, § . €.,

Corollary 20 (St) is homeomorphic to
an order-open ray clearly:

(SFIat EEGT St EEG) .
9_1({qDSFIaI eee | < (}):{ Al S|& }F
Topologically conjugating: One usual way to relate

for someald S since 6™ is bijective two dynamical systems is with the topological notaf
From the constructed interval topology for S, anyconjugacy (Erik and Joseph, 2010). Two dynamic

order-open ray irs is an open setin S systems are topologically conjugated if there esist
Now, since{pS|a<; p is a order-open ray homeomorphsim h such that.d, = d,- h, where d,
Thus,{pl]s la<; F}, is an open setin S and d, are the dynamic functions that act on the system

(Erik and Joseph, 2010). Using this concept, wensho

Case 3: The whole seS.,, ... and empty seb . that the dynamic func'Fions that act on S &g ..
share the same dynamics.
0™{Suu e} =S @Nd07{6) =0 since6™ is bijective Firstly, we rewrite the dynamic function that act

From the constructed interval topology for S, theS and $i eec as f: R R™ and g: R+ R™*
set S itself and the empty stis open. respectively by including the information of system
Combining all these three cases, the inverse intdge state at that particular time into the domain afeb a
each subbasis element is open. Thus, the time, t into the range. This changes will n&ate
any inconsistency as both functions operate only on
the time, t. Thus, function f and g can respecyive
=(e, (% %2) 8 % 40 17) K defined as:

1474
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SeiFure Flat EEG
Drynamical Drvnamical
system system
- Order -
Linearly Isomorphic Linearly
ordered ordered
+—»
Lots Homeomorphic Lots
(Hausdorff) (Hausdorft)
+—»
Dvnamical Dynamical
system <—» system
(Seizure) (Flat EEG)

Fig. 4: Framework

Topologically
conjugated

f(Wl""’Wn’tj) :(Vly-"vvn 1§+1)

and:

o(e(x.%.2) enfl ¥ ¥ 3 K
=(e(%¥0.2) 8 % ¥ 02) K1l

Composition of functions g ar@iis:

alé(wy,...,w,,t)]
=g(e(%.%.2) 8 % %7 k)
= (e, (%,¥002) 8 % Yo 07) 1 o)

This shows thabof =go8

Thus, the two dynamic systems with their
respective function acting on them share the same
dynamicsa

Figure 4 portray the framework.

RESULTS

In this study, we have shown that seizure and Flat
EEG that are modeled as a dynamical systems share
the same dynamics. Besides, their augmented dynamic
trajectory is linearly ordered and order isomorptdc
each other by the relation induced from their mmtio
By endowing the interval topology, the LOTS are
proven to be Hausdorff and homeomorphic to each
other. Additionally, we show that any event of se&
can be characterized uniquely by an open set ftem i
LOTS.

DISCUSSION

We have shown that seizure and Flat EEG share
the same dynamics by using the concept of topahbgic
conjugacy. Therefore, the dynamics and orders of
seizure are embedded in EEG signals.

CONCLUSION

In this study, we linked seizure and Flat EEG from
few aspects. By modeling Flat EEG as a continuous
dynamical system, we composed it into a set oftppin
Sia eec  that exhibit linear ordering properties. A
function, 8 is then introduced to show that the set of

a dynamical systems share the same dynamicgnen endowed with the interval topology. Finallye w
(topologically conjugate).

Proof: Composition of function8 and f is:

off (Wy.o., W, )]
=(9(v1,...,vn ,tm)

= (e, (% Y0r2) 8 % Yo 07) Kb

show that seizure and Flat EEG that are modelea as
dynamical systems share the same dynamics by using
the same function.
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