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On Thermal Explosion of Sensitized Reaction with Variable Heat Loss
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Abstract: This study discusses the influence of heat loss on the critical ignition temperature and
Frank-Kamenetskii parameter of a non-linear ordinary differential equation arising in thermal
sensitized reaction. The reaction obeys the Arrhenius expression with temperature dependent preexponential factor, taking heat exchange between the reacting material and its surrounding into
account. The consequences of heat loss are explored within the framework of one dimensional, steady
state model. The numerical estimations based on shooting method techniques show the effect of heat
loss parameter on the critical values of ignition temperature and Frank-Kamenetskii parameter.
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Also the transitional values of δ , ε and θm were
determined numerically. In the specific problems of
thermal explosion discussed above, the establishment of
the proper heat transfer conditions, which depend on
the physical circumstances of the process, is of great
importance in industries. The ignition temperature is the
temperature to which a combustible material must be
raised before it begins to burn. In fact, the greatest
temperature for which a low temperature steady-state
distribution is possible is known as the critical ignition
temperature or critical storage temperature. At
temperature higher than the critical ignition
temperature, thermal ignition will occur.
The present work extends Okoya[10] model to
account for effect heat loss on critical ignition
temperature and Frank-Kamenetskii parameter.

INTRODUCTION
The problems of thermal explosion have been
widely discussed in literatures Semenov[1] was perhaps
the first to develop the basic theory of the phenomenon
of thermal explosion, Dainton[2], Frank-Kamenetskii[3].
Since that time more and more complicated models
have been suggested (Zeldovich et al.[4], Kuo[5],
Boddington et al.[6]and related references therein). The
problems of exothermic chemically reactive material in
a slab obeying an Arrhenius law and accounting for
temperature
dependence
of
pre-exponential
factor A ( T ) are based on the assumptions that the
reacting material is motionless, that the heat losses are
purely determined by the thermal conductivity of the
reacting material and that the chemical reaction
proceeds non-uniformly over the vessel volume
(Ayeni[7], Okoya[9,10], Ajadi[11] and related references
therein).
The analyses of these problems have been
performed based on close-form, approximation and
phase-plane methods and numerical techniques using
computational fluid dynamics (CFD) packages. In
another development, Ayeni et al.[8] examined the effect
of heat loss on ignition times in the theory of branched
chain explosions and showed how severe the heat loss
could be to prevent ignition from occurring.
Recently, Okoya[10] considered the steady-state
solutions for the exothermic chemical reaction, taking
the diffusion of the reactant in a slab into account. He
presented a new analytical solution for the FrankKamenetskii parameter δ in the special case
corresponding to the ‘Sensitized’ reaction. This
analytical solution, as it is in terms of Bernoulli’s
numbers, is in accordance with the numerical
integration for ε (<< 1) is very small and for ε → 0 it
boils down to the solution for the Frank-Kamenetskii[3].
Corresponding Author:

2. Mathematical formulation: We consider an
exothermic thermal sensitized reaction in a closed
vessel whose walls are maintained at a fixed
temperature T0 throughout the process. At the beginning
the material temperature is also T0 . The rates of heat
release in the vessel and heat transfer to the vessel walls
are q + = QA(T ) exp(− E RT ) and

q − = αS V (T − T0 ) respectively. The conservation

equation under the one-dimensional steady-state
assumption in which heat exchange between the
reacting material and the slab walls has the following
form
λ

 KT 
d2T
+ ρQA 

d x2
 vhρ 

r

(2.1)

S
 −E 
exp 
 − α ( T − T0 ) = 0
V
 RT 

together with the boundary conditions
T = T0 on x = ± a

(2.2)
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where λ is the thermal conductivity of the material, Q
is the heat of reaction, A is the rate of constant, v is the
vibration frequency, h is the Plank’s constant, ρ is
the density, r is a numerical exponent and
r ∈ {−2, 0, 0.5} , E is the activation energy, R is the
universal gas constant , T 0 is the initial temperature,

Table 1: When ß=0

α

3. Method of solution: In order to reduce the number
of parameters in equations (2.1) and (2.2), we introduce
the following dimensionless variables:

Substituting equation (3.1) into equations (2.1) and
(2.2) yields

and

θ =0

on x = ±1

(3.2)

where δ = z 2 ρQEA(kT0 vhρ )r exp(− E RT0 ) λRT02 is
Frank-Kamenetskii parameter which measures the
exothermicity of the reaction (Q ) , the dimensions of
the slab involved (z 2 ) and the effect of the ambient

where

θm

θm,cr

0.89716
0.92441
1.03282
1.16707

1.1849
1.1778
1.1513
1.1218

ε

δcr

θm.cr

0
0.01
0.05
0.1

1.27109
1.30671
1.44964
1.62225

1.1450
1.1356
1.1012
1.0645

ε

δcr

θm.cr

0
0.01
0.05
0.1

3.04020
3.10138
3.32962
3.58821

0.9431
0.9291
0.8821
0.8366
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ln cosh p −


∞

n −1 2n
2n
 1 − 4ε(1 + εθm )  (−1) 2 (2 − 1)Bn p 2n   + e..t.,
∑


(2n + 1)!
 n =1



β = z 2α S λ

(3.6).

for p ≤ π 2

(3.7)
Here p = cosh (exp(θ m 2[1 + εθ ]))
and Bn are the Bernoulli’s numbers and e.t. represent
error terms. Previous study on thermal explosion
involving perturbation and numerical analysis were
presented in references stated in Okoya[10].
It is worth noting that equations (3.2) and (3.3)
with the heat loss term βθ has not considered by the
earlier authors but we employ the “sensitized” form of
reaction in Ayeni[7], Okoya[10] and Ajadi and Okoya[11].
We consider the special case of r = −2 corresponding
to the” Sensitized” reaction for which 0 ≤ ε < 1 in nonadiabatic system. Thus, equation (3.2) becomes
δ
d 2θ
 θ 
(3.8)
+
exp
 − βθ = 0
2
2
dx
(1 + εθ )  1 + εθ 
Equation (3.8) that satisfies (3.3) is non-linear
boundary value problem and not amendable to
analytical methods of solution. Therefore, equation
(3.8) together with (3.3) is solved numerically using
shooting method techniques.
−1

)]

is the dimensionless temperature at the

center of the slab. On employing the boundary
condition (3.3), we have
2
(3.5)
δ = 2 exp( −θ m ) cosh −1 (exp(θ m 2 ))

{

δcr

 −θm 
4
δ = 2 (1 + εθ ) exp 

 1 + εθm 

is heat loss parameter and ε is the activation energy
parameter. The factors that influence the thermal
ignition of the combustible materials depend on the
parameters in equation (3.2), which are of great
importance from the point of view of the safety
techniques of handlings explosives and in thermal
combustion industries.
It is worth mentioning that for β = 0 and r = 0 , we
get Frank-Kamenetskii’s model for thermal explosion
of exothermic reaction corresponding to “Arrhenius”
form in the limit of large activation energy (ε → 0) [3],
we recover the classical simple closed-form solution of
the form
(3.4)
θ = θ m + ln sec h
δ exp(θ m ) 2 x

[(

ε
0
0.01
0.05
0.1

Table 4: When ß=6.2214

(3.3)

(initial) temperature on the slab (T0 ) ,

θm,cr
1.1868
1.1799
1.1538
1.1248

Table 3: When ß=1.1003

(3.1)

d 2θ
 θ 
r
+ δ (1 + εθ ) exp
 − βθ = 0
2
dx
 1 + εθ 

δcr
0.87845
0.90520
1.01171
1.14378

Table 2: When ß=0.0525

is the convection coefficient, S and V are the
surface
area
and
volume
of
the
slab
respectively.

RT0
x
T − T0
,ε =
, x= .
θ =
E
z
εT0

ε
0
0.01
0.05
0.1

}

More generally, for ß=0 and r = −2 , a new
analytical
solution
for
Frank-Kamenetskii
corresponding to the “Sensitized”
parameter δ
reaction for which 0 < ε << 1 was presented in
form
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δcr 5.5
5
4.5
4
3.5
3
2.5
2
1.5
1
0.5
0

In Fig. 1 and 2, the results in Table 1 to 4 are
ascertained. As expected, the dimensionless critical
ignition temperature and Frank-Kamenetskii parameter
increases and decreases respectively as the heat loss
parameter decrease monotonically. Values of δ and ß
control explosion, when β > δcr in Table 4, the value of
critical ignition temperature reduces which could
prevent explosion from occurring.
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Fig. 1: Variation of critical Frank-Kamenestkii
parameter δcr with dimensionless activation
energy ε for various values of heat loss
parameter β
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Fig. 2: Variation of critical ignition temperature
θm,cr with dimensionless activation energy ε
for various values of heat loss parameter ß
By these techniques, the boundary conditions in (3.3)
becomes initial conditions
(3.9)
θ (− 1) = 0 and θ ′(− 1) = σ
where σ is unknown.
The numerical estimations of the critical values of
Frank-Kamenetskii parameter δcr and maximum
ignition temperature θm,cr for various values of ß when
0 ≤ ε < 1 are presented in the Table 1-4.

4. Numerical analysis and discussion: In this section,
numerical solutions of thermal explosion of sensitized
reaction with variable heat loss are presented. FrankKamenetskii parameter δ , the activation energy
parameter ε , the maximum temperature of the slab θm
and heat loss parameter β characterize the reaction.
Table 1-4 show typical variations of δcr and θm,cr with

ε

for various values of β . Notice from chemical and
thermodynamics point of views when β = 0 , there is no
heat exchange between the combustible material and
the walls of the slab (i.e. adiabatic case), it is seen from
Table 1 that δcr and θm,cr are monotonically increasing

and decreasing respectively for increasing values of ε .
When β > 0 (i.e. non-adiabatic case), Table 2-4
show that as heat loss parameter β increases, critical
ignition temperature θm,cr decreases and critical FrankKamenetskii parameter δcr increases for increasing
values of ε .
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