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Increasing the Strength of Standard Involute
Gear Teeth with Novel Circular Root Fillet Design
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Abstract: In this study the idea of spur gear teeth witleudar instead of the standard trochoidal rootffille
is introduced and investigated numerically usingMBEThe strength of these new teeth is studied in
comparison with the standard design by discretizimg tooth boundary using isoparametric Boundary
Elements. In order to facilitate the analysis theth are treated as non-dimensional assuming wnitar
loading normal to the profile at their HighePoint of Single Tooth Contact (HPSTC), that non-
dimensional stress vs. Contact ratio diagrams lited. The analysis demonstrates that the nowethte
exhibit higher bending strength (up to 70%) in aiertcases without affecting the pitting resistasicee
the geometry of the load carrying involute is nieieged. The circular fillet design is particulaslyitable

in gear with a small number of teeth (pinions) #mekse novels gears can replace their existing eopautts

in any mechanism without any alterations. Finaltg tgeometry of the generating tool (i.e. rack) is
determined in order to be able to cut these testigua generating method (i.e. hobbing).
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INTRODUCTION weakening of the gear teeth many solutions have bee
proposed (Fredette and Bro#h Ciavarella and
In the field of gear transmissions there is a gngw Demelid"") but the most commonly employed method
need for higher load carrying capacities and ireeda is that of positive profile shifting (ISO 6388, AGMA
fatigue life. In order to achieve this, researchfecus 2101, Mabie et al.™, Rogerset al.*®) resulting in
either on the development of advanced material¢eeth with no undercutting, enhanced fatigue
(Hoffman et al.™') and new methods of heat treatmentcharacteristics and changes in the nominal center
(Townsend and Bambed®r Leggé®, Herrind”) or on  distance of the gear pair. On the other hand these
the design of stronger tooth profiles (Litvat al.”), modified teeth exhibit lower pitting and scoring
Tsai and Ts&¥) and methods of gear manufacturing resistance and lower contrast ratio resulting inreno
(Daniewicz and Moofd). However, in modern gear noise and vibration during operation (Niem&hn
practice and manufacturing the majority of gear In the present study a novel design of fillet Spur
applications are covered by the standarfl iB@olute  gear teeth is presented. The proposed new teeth are
teeth generated by rack, hob or CNC cutting processomposed of a standard involute working profileniro
This has a number of important advantages suchats t the outer to the form circle of the gear and ofrautar
of interchangeability, insensitivity to changes tim fillet profile from the form of the root circle dhe gear
nominal center distance, commercial availabilityd an replacing the conventional trochoidal fillet prefil
easy manufacturing by conventional métho These teeth are first modeled geometrically anch the
(i.e. hobbing) (Townsef). On the other hand it has their behavior in bending is studied by assuming
some disadvantages, one of which is that for alsmaloading at their Highest Point of Single Tooth Gt
number of teeth (practically less than 17 or 14(HPSTC). The maximum fillet stresses are calculated
depending on the tip radius of the hob) the stahdarfrom various numbers of teeth using Boundary Elemen
involute presents the problem of undercutting. InAnalysis and the results are compared with the
undercutting the tooth fillet is generated as theofthe = maximum fillet stress values of the corresponding
cutter removes material from the involute profile standard teeth.
(generated previously by the straight part of thier), In order to facilitate the modelling and the aisay
thus resulting in teeth that have a smaller thiskngear of these gears, their geometrical characteristies a
their root, where the critical section is usualbgdted normalized with respect to the module and the wafth
(Townsen#!, Nieman®)). In order to cope with this the gear and their loading characteristics, whiepethd
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on the magnitude of the exerted load and its posiit gear 1 and its position, defining the radiys, Iis
the Highest Point of Single Tooth Contact (HPST®) o (Spita$” ):
the flank, are normalized with respect to the magia
of the load itself and the contrast ratio of tharpa @ _ [, TR
respectively. Therefore the tooth loading problean c o =0, _\/rk1+(€_1) My EE(S_])DQ_ fa™ @1} “)
be solved for these normalized “non-dimensionadttie
and then using simple linear relationships thesses
for the actual working tooth can be derived. "0,
Another problem related to the capability of
producing these novel teeth on conventional mashine
using standard generating-type methods for geahtoo
cutting (i.e. Hobbing or rack-cutting) is investigd at
the end of this study. The geometry of the genegati
rack with known geometry of the gear is calculated
using the Theory of Gearif. Gear 2

Non-dimensional gear tooth modelling: Consider the
pair of spur gears schematically illustrated in. Aigand
denoted as 1 (driving) and 2 (driven). The law of
gearind requires that these gears should have the sam«
nominal pressure angle and the same module m in

order to be able to mesh properly. It is also gasghat S
these gears have addendum modifications % i
respectively and therefore their pitch thicknesgiven .

by the following relationship: T,

S, = ¢, Oim+ 2x tarm One 5,071 Q)

where ¢ is the thickness coefficient of geari,(i =

1,2), which in the general case ig £ 0.5# ¢, while

Siu IS the pitch thickness of the corresponding non-

dimensional gear for which the module (m) and tHwef

width (b) are both equal to unity. 0,
Provided that no errors exist, the center distance

0,05 is calculated:

Gear 1

Fig. 1: Path of contact

ZtZ
a,;, =%m+(xl+ Xz) = aiZUDrT (2) WV

The actual working pitch circlg;of gear i,(i = 1,2)
should verify the law of gearing and thereftwe

equal to: )

Form circle (r,)

Z -
r, =— Cm=r  Om 3 !
bi Zl + ZZ ®12u biu ( ) Circular fillet

Let us now consider that gears 1 and 2 revolving
about their centers {and Q respectively are meshing
along the path of contact AB illustrated in Fig. 1.
During meshing there are two pairs of gear teeth in
contact along the segments AA’ and BB’, thus slearin -
the total normal load, while there is only a singleh 0 , x
pair when the tooth contact takes place along ¢méral
region A'B’, carrying the total normal load. PoiBt is
the Highest Point of Single Tooth Contact (HPST&) f Fig. 2: The geometry of the circular fillet
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and by dividing with the module of the pair, theoab z
equation yields in terms of non-dimensional values: "o ZE ands,, = it + 2xtam,,

-V - - - -
Mgy = E = \/I'klu + (8 1) Dgu Eﬁ(s 1) Dgu I2l<1u Izglu} (5) SS = rs [Ei + 2((p0 - (ps):| (8)

From the above equation it is evident that the
position of the HPSTC of a gear depends only on itsyhere:
geometry and on the contact ratio of the pair, McW ¢ =tana_-a is the involute function on circlg r
all the characteristics of the mating gear are "
|nCOfp0rated in a condensed form. . ) as = COS_l—g is the pressure ang|e on Ciche r
The advantage offered by this approach is I
profound, since the mechanical behavior of evegr ge
can be modeled only by using its own geometrical  Angle wy2 that corresponds to the arg¢2Fig. 2)
characteristics z, x, ¢s and the contrast ratiof the s given by the equation:
pair (4 variables) instead of using all of the getninal

characteristics of the mating gear (6 variabletoAhe s,/
use of non-dimensional teeth further simplifies the w,/2 :Sr— =Q, 9)
problem as every geometrical feature f on the trarse s

section of a full scale gear tooth is connectedhi® .
corresponding featurg 6f the transverse section of the ~ Angle  { (Fig. 2) takes values between 0 dpg,

non-dimensional gear tooth through the equation: so that:
f=f,.m (6) Zmaxz’_T_Qs (10)
z
Stresses can also be calculated in non-dimensional
teetha, (z, x, Cs,€) with unit loading R, =1 and The coordinates of points A and B are:
related to the actual stress using the following
equation: X, = sin(Z+Qs), Ya = cos(Z+QS) (12)
G=c O ) Xg =1 SiNQ,, Yy, =T, COSQ, (12)
“ bOm

The defining equations of lines, and €,) are

as suggested by Rogérsand Townserif. respectively:
1 1

Geometrical modeling: Consider the involute spur (g,):y= X, (g,)y=—r—~& (13

tanQ, - tan(Z+Q,)

gear tooth of circular fillet illustrated in Fig. @here
point O is the center of the gear, axis Oy is this af
symmetry of the tooth and point B is the point veher Gear tooth
the involute profile starts (from the form circlg. r

A is the point of tangency of the circular filleith
the root circle ¢ Point D lying on &) = OA represents
the center of the circular fillet. Lineed) is tangent to
the root circle at A and intersects with the lieg @t C.
The fillet is tangent to the ling4) at point E. Since it is
always ¢ > r; (Townsen#!), the proposed circular fillet | l
can be implemented without exceptions on all spur
gears irrelevant of number of teeth or other
manufacturing parameters. A comparison of the
geometrical shape of a tooth of circular fillet kvihat
of standard fillet is presented in Fig. 3. Circular fillet

For the geometric modeling only dimensionless
teeth are examined i.e. teeth with unit modui¢
and face width (b). In dimensionless teeth thehpitc Fig. 3: Superposition of circular fillet on a stand
radius and the pitch thickness are calculated: tooth
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Since €3)0(g,) and €3) passes through point A{x 1
ya) its defining equation is. Yo =1 DcosQ + s, taf(+Q)
Point C(%, Yyc) is the intersection ofe() and €s) ° ° *
and therefore its coordinates should verify eq) @rgd
hence: According to Fig. 2 it is AC=BC and after
substitutions and calculations we arrive at theaéiqo:

(20)

w =t tanQ, (14)
© ST 0,) e, + cof{ Q) LR S fin' 0, +cos ) (21)
2
_ XC
Ye = tanQ, (15)  from which the value of is derived as:
~ _ a2 2nr
Angle BCA is calculated as: {=cos Zir? (22)
f
BéA:[E—QSj+Z+QS:E+Z (16) .
2 2 By defining the dimensions paramet&e=-—= > 1

I

Line (g4) bisects the previous angIBéA, so its €q. (22) becomes:

inclination is:

7 =cos’ [ﬁj (23)
BCA e 1+
tan| —— 5 (Z+QS) = taf(z —2_Qsj (17)
Equation (23) is used for the determination of the
angle ().

Point C(%, Yyc) belongs to €,) and thus the

defining equation of the line&)) is derived as: Point E lies below point B: In this case it i€ < Gy

and the center of the circular fillet of the toath

y:tan(E—é—Qij calculated following the methodology described
4 2 below:
18
1-tanQ, taf{z—zz—fzsj (18) - -
e CA =[x, =xc) +(ya -¥c)" =CE (24)

sin(Z+Q,) tanQ + co$l +Q )

At this point two distinct cases are considered. AD =CA [ﬂan(;T sz (25)

Point E coincides with point B(E=B): In this case
(5)0(g1) at point E= B, so €s) must have an inclination The coordinates of points Df¥p) and E(x,Ye)
equal to—tanQ, and since point B belongs tes)its  are respectively:
defining equation is:
X, =(r, +AD)sin(2+9Q,),

y = —tanQ_ [x+ (19) Yo = (1, +AD)cos({ +Q,) (26)

cosQ

Point D(%.yo) should verify both egs. (13) and Xe = (OC+ CE) s,
(19) and therefore has the following coordinates: ye =(OC+ CE) cof, (27)

tan((+Q - . '
Xp =1, 3 (Z S) The remaining portion of the tooth profile between

cosQ, + s, taf{ +Q,) points B and E is a straight line.
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Tooth Contact (HPSTC) and again it is considereloeto
unitary (i.e. R = 1). The resultant normalized stress is
related to the actual stress of the full-scale Howith
eg. (7). The distance of the HPSTC from the ceoter
the gear is calculated in terms of the contragh eadnd
the geometrical characteristics of the gear acogrtbh
eq. (4)

A typical mesh is presented in Fig. 4. The tooth
base, ABCD, is discretized in 43 nodes or 21 elémen
and is considered to be fixed, i.e. The displacaseh
all nodes are zero.

Portion DE represents the root circle and is
discretized in 11 nodes or 5 elements. PortionEthe
tooth fillet consisting of 72 elements or 144 nqdes
portion FG is the involute part of the tooth cotisg of
40 elements or 81 nodes and finally a portion GHhés

B c tip, discretized in 5 elements or 11 nodes. All emd
belonging to the tooth profile are considered to be
Fig. 4: BEM mesh on a tooth model unloaded (horizontal and vertical traction equateoo)
with the exception of the node marked HPSTC, which
belongs to the involute part FG and on which the

6.0 7
o W normal load R is acting.
The reason that the mesh is denser at the tdkath fi

4,0 1

is that the maximum stress is expected to occtihigt
3.0 1 area and therefore greater density will ensuresaemd
20 1 Crode accuracy of the results (both the position of thitcal
“ircular fillet

. section and the magnitude of the maximum developed
1. stress).

- ssssssssse

i
f
.
|

——

Dimensionless maximum stress at fillet
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1 L1 L2 13 14 15 16 17 18 19 RESULTSAND DISCUSSION

Contect ratio

A comparative study has been carried out between
the structural properties of the standard trocHoida
filleted teeth generated by hobbing and the proghose
circular filleted involute teeth. Five distinct eashave
50 7 been examined for unshifted teeth with 9, 17, 24, 3
_ and 40 teeth respectively. These teeth were camrslde
Trochoidal fillet to be dimensionless and loaded at their HighesitRdi
Single Tooth Contact (HPSTC). Since the HPSTC for a
given gear pair depends only on the geometrical
characteristics of the gear and on the contaa adtthe
pair, stress versus contact ratio diagrams aréeploAll
gears were thoroughly examined for interferencendur

0,0 ——— T meshing and it has been proved that there is nb suc
1Ll 12 13 14 15 16 17 18 19 danger when replacing the standard trochoidaltfille
Contect ratio with the novel circular fillet.
In Fig. 5 the effect of the new design to a gedh w
Fig. 6: Non-dimensional stresses for a gear with 32 small number of teeth is investigated. A geahwit
teeth only 9 teeth presents severe undercutting and ligtlef
practical use unless it is shifted by a substaatiabunt.
Structural modeling: The structural analysis of the However by doing so the contrast ratio of the pair
spur gear tooth model is carried out using the Bamyn  becomes smaller and the hertzian contact stresses r
Element method with quadratic isoparametric boupdar thus reducing its pitting resistance. By introdgcthe
elements. The calculation of the non-dimensionathto concept of the circular fillet it can be seen tlist
profile and the generation of the mesh are dondatigue resistance is increased by 25.26% foro@uling
automatically using specially developed softwarke T (¢=1. 0) and up to 68.90% far1. 8 without affecting
normal load is exerted at its Highest Point of &ng the contact pressure.
106z
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— Trachoidal fillet
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2.0 1 /
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Dimensionless maximum stress at Tillet

Murnber of teeth

Fig. 7: Comparison between the new and the standard
design fore = 1.6

Fig. 9: Pinion-wheel pair with circular filletedeth in
mesh

Fig. 8: Generating rack/pinion with circular fillet
Tooth flank
In Fig. 6 a gear with 32 teeth is examined. Heére i
is evident that the differences between the newthed
existing design are less important as the maximun
decrease of the bending stress is only 209 fod.8.
In all cases the new circular fillet design is ridu Path of Contact
better than the standard one and this is more evie
the number of teeth decreases or as the HPSTC mov
lower towards the pitch circle. As the number adtle
increases the difference between the two designs
becomes smaller and tends to be asymptotically zerbig. 10: Full path of contact of the gear tootmRa
when the number of teeth gets tends to infinitynathe
case of a rack, where even the standard desigis give The generating rack is only slightly different thdme
circular fillet. This effect is illustrated in Fig,, where standard one only near its tip (which in turn geates
the maximum stress versus the number of teeth ithe root fillet of the tooth). As it is usually pims that
plotted for a usual gear pair with HPSTC corresfprapd  undergo the higher bending stresses developedein th
to a contact ratio of 1.6. gear pair during meshing, the same generating caok
The proposed fillet geometry has anotherbe used to cut the mating wheel teeth, althougir the
advantage compared to other non-generated gedr tootoot fillet geometry will not be strictly circulaas for
forms since it can be cut on conventiohabbing the pinion. Anyway the wheel teeth will also exhibi
machines or rack-cutting machines without the nefed increased strength compared to the conventionas one
special tooth number-specific milling tools. generated with the standard circular tipped radk/ho

106:
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<77
N7,
N

Fig. 11: Cutting process of the circular filletebth by
the generating
enveloping surfaces

In Fig. 10 the full path of contact correspondtng
a pinion tooth flank with circular filleted teeths i
illustrated in detail. Note that the path of comté&
composed of a straight linear part inclined at 20the

rack and creation of the

7.

horizontal at which the meshing and the power

transmission between gears takes place and of

a

complicated reversing end part at which the cuttings.

action (i.e. Meshing with the generating rack tdoth
takes place.

Finally in Fig. 11 the cutting (generating) progses 9-

of such a fillet is illustrated. Note that the gjid part
of the rack remains unchanged so in fact the niaeth
are still standard involute teeth retaining all thell
known advantages of the involute.

CONCLUSIONS

The effect of the novel proposed circular fillet 1o
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