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Abstract: Problem statement: The problem of giving sufficient condition for certain class of
meromorphic functions defined as differential operator was studied. Approach: The differential
operator of meromorphic functions containing fractional power was proposed and defined. The
preliminary concept of subordination was introduced to give sharp proofs for certain sufficient
conditions of the differential operator aforementioned. Results: Having new operator, subordination
theorems established by using standard concept of subordination and reduced to well-known results
studied by various researchers. The operator was then applied for fractional calculus and obtained new
subordination theorem. Conclusion: Therefore, by having new operators, new criteria and new set of
subordination theorems could be obtained with some earlier results and standard methods.
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INTRODUCTION

The study of meromorphic functions has been the
major interests for many authors in the field of
univalent functions. Recently, various differential
operators have been introduced for certain class of
analytic univalent functions in the unit disk. In this
article, we follow the similar approach by introducing a
differential operator of meromorphic functions in the
punctured disk. We begin by giving some well-known
notations and preliminary results on the class of
meromorphic functions and also the basic knowledge of
subordination. Later we derive the differential operator
aforementioned. Once the differential operator being
derived, we shall discuss on the conditions for
subordination.

Now, let ¢ be the class of functions F(z) of the

form:

1 o0
F(z)=—+ Zanz""“’l, a1

n=0

Which are analytic in the punctured unit disk
U:={zeC,0>/z[>1} And let g be the class of

o

functions of the form:

E(z) = 1 Daz " azl
Z =0

Which are analytic in the punctured unit disk U.
Let us recall the principle of subordination between
analytic functions: let the functions f and g be analytic
in A:={zeC,|z|<1}, then we say that the function f is

subordinate to g if there exists a Schwarz function W(z)
analytic in A such that:

f(z) =g(w(2)), ze A
We denote this subordination by:

f <gorf(z)<g(z),ze A

If the function g is univalent in A the above
subordination is equivalent to:

£(0) = g(0) and f(A) = g(A)

Let ¢:C’xA—C and let h be univalent in A
Assume that p,¢ are analytic and univalent in A if p
satisfies the differential superordination:

h(z) < ¢(p(2)),2p'(2),2°p"(2); 2) (1

Then p is called a solution of the differential
superordination. (If f is subordinate to g, then g is called

to be superordinate to f.) An analytic function q is
called a subordinant if q <p for all p satisfying (1). An
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univalent function q such that p <q for all subordinants
p of (1) is said to be the best subordinant.
Let ¢ be the class of analytic functions, in U of

the form f (z):l+z::0anz“ and let € be the class of
z

analytic functions, in U of the form:
1 w»
f(z)=—->" a,2".a,20,n=0,1,...
z

A function f(z)ee® is meromorphic starlike if
f(z) #0 and:

—‘R{m}>0, zeU
f(z)

Similarly, the function f(z)
convex if f'(z) #0 and:

is meromorphic

zf"(z)

-R{1+ )

+>0,ze U

Ravichandran ef al.'"! studied sufficient conditions
for subordination for class (¢*) of meromorphic

functions:
_7f'(2)

m <q(z),ze U

A function F(z) €€ (e;) such that F(z) =0 is called
meromorphic starlike if:

zF'(2)

R

1>0,zeU

And the function F(z) is meromorphic convex if
F'(z) #0 and:

w1+ XD o seu
F'(2)

"(z

MATERIALS AND METHODS

We define a differential operator as follows. Let
Feg!, then:

1 o0
Dgny(z) =F(z)= - + Zanz"+0H
n=0

D:MF(Z) =Qa-A+1)F(z)+
Qa—N)7F'(2)
-1 + i[(ZOL -AM)(n+a)+1]a,z"" 2)

Z =0

D! ,F(z) = D(D* 'F(2))

S DlQa-M)(n+a)+1]a,z""
z

n=0

We will establish some sufficient conditions for
functions Fee¢! and Feg, to satisfy:

4D}, F@)1 _
—W<q(z), zeU,n=1,2,... 3)

where, F(z)=0,q(z) is a given univalent function in U.

Moreover, we will give applications for this result in
fractional calculus. We shall need the following known
results.

Lemma 1: Shanmugam e al”! Let q(z) be convex
univalent in the unit disk A and v and yeC with
29'(z) ¥
q(@ v
and: wp(z) + yzp'(z) < wq(z) + yzq'(z) then p(z) <q(z) and
q is the best dominant.

in A

R{1+ +>0 If p(z) is analytic

Lemma 2: Let q(z) be univalent in the unit disk A and
0 and ¢ be analytic in a domain D containing q(A) with
o(w)=0 when weq(a) Set?!:

Q(2) = zq'(2)9(q(2)),h(z) = 6(q(2)) + Q(2)
Suppose that:
e  Q(z) is starlike univalent in A and

zh'(z)
z

e N >0 for ze A

If:
0(p(2)) + zp'(2)o(p(2)) < 8(q(2)) + 2q'(2)p(q(2))

Then p(z) <q(z) and q(z) is the best dominant.
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RESULTS

Now we establish some sufficient conditions for
subordination of analytic functions in the classes ¢

and ¢ .

Theorem 1: Let the function q(z) be convex univalent
in U such that q'(z) # 0 and:

9%{1+Zq/7(z)+3}>0,y¢0 4)
9@ v
k ’
Suppose that —Z[le'”ﬂ is analytic in U If Feg!
D, ,F(z)

satisfies the subordination:

7D} F(2)]
Dl;,).F(Z)
=<yq(2) +v2q'(2)

2Dy, F(@)]" 7Dy, F@)
[D:,F(z)]  D},F(z)

v +y[1+

I

Then:

7D} ,F(2)]
chi,xF(Z)

<q(z),zeU

and q(z) is the best dominant.
Proof: Let the function p(z) be defined by:

(2) = - ADuF@T

p(z) = —————,z€
DZ,LF(Z)

it can easily be observed that:

D*.F(z)]
vp(2) +y2p'(z) = _ AP, F@T

D} ,F(2)
7Dy, F@)]" 7Dy, F@)]
W D Ror T DR
<yq(z) +vzq'(z)

Then by the assumption of the theorem we have
that the assertion of the theorem follows by an
application of Lemma 1.

When k =0, we obtain the following result:

Corollary 1: Let the function q(z) be univalent in U. If
q satisfies:

143

_zF'(2) zZF'(z) zF'(2) ,
Fo) i+ @ Fo) Il <wva(2) +vzq'(2)
Then:
_7ZF(2)
o) <q(z),ze U

and q(z) is the best dominant.

Theorem 2: Let the function q(z) be univalent in U

such that q(z)#0,ze U, zq((z) is starlike univalent in
q(z
U and:
Rilq)+11+ 2D W@y oL 0q)20,2¢U  (5)
b 9@  q()

If Fee, satisfies the subordination:

4D}, F(z)]
D}, F(z)
2q'(z)
q(z)

7Dy, F@)]"  7AD,F@)]
[D:,F(z)]  D,F()

a[— 1+b[1+

<aq(z)+b

Then:

Z[DZ,AF(Z)]'
B DI;,AF(Z) <)

and q(z) is the best dominant.

Proof: Let the function p(z) be defined by:

7D, ,F(2)] 2cU

p(z):=~ DEF()
By setting:

0(®) = aw and @(®) := R, b#0
®

It can easily observed that 6(w) is analytic in
C,p(®) is analytic C\{0} that
¢(m) # 0,me C\ {0} Also we obtain:

in and

V4

Q) = 24/ (2)0(a() = b c?(iz)) and h(z) = 0(q(2)) + Q(2)

zq'(2)

= b
aq(z) + o
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It is clear that Q(z) is starlike univalent in U:

zh'(z)
Q(z)

zq"(z) _zq'(z)
q@ q(z)

Ry }=‘n{%q(z)+[1+ 11>0

Straightforward computation, we have:

ap(z) =b () _ a[- Z[DE"*F(Z)],] +b[1+ Z[Dkﬁ,xF(Z)]”
p(2) D, ,F(z) [D*,F(z)]

_ 4D, FT fte)

D%, R |

Then by the assumption of the theorem we have
that the assertion of the theorem follows by an
application of Lemma 2.

When k=0 we obtain the following result:

Corollary 2: Let the function q(z) be univalent in U. If
q satisfies:

3 zF'(2) zF"(2) zq'(z)
(a+b)[ F2) 1+b[1+ F2) 1<aq(z)+ biq(z)
Then:
_7F'(2)
F) <q(z),ze U

and q(z) is the best dominant.

DISCUSSION
Results obtained in Theorem 1 and 2. can be

applied for the fractional integral operators. Assume
that:

f(2)=2" 6,2"

And let us begin with the following definitions:

Definition 1: The fractional integral of order o is
defined, for a function f(z) by

L) = [ HO6-04G 00 <)

where, the function f(z) is analytic in simply-connected
region of the complex z-plane (C) containing the

origin and the multiplicity of (z-¢)*”" is removed by

144

requiring log(z—¢) to be real when (z—¢) >0 Note that

Za—l

I(a)
more properties'.
From Definition 1, we have:

If(z) = f(z) x for z>0 and 0 for z < 0P For

Zafl

['(a)

«© n+o-1
a zZ
n=0 1

If(z) = f(z)x

Zail o no_
l"(ot) Zn:O(I)"Z - Z

(pn

where, a_ =
(a)

,foralln=23,....

Thus:
| - + I -
—+1!f(2)ee; and —-1f(2)ee, (¢, 20)
z z

Then we have the following results:

Theorem 3: Let the assumptions of Corollary 1. hold,
then:

iy
_lli <q(z),ze U
—+1f(z)
z

and q(z) is the best dominant.

Proof. Let the function F(z) be defined by:
1
F(z):=—+1f(z), ze U
VA

Theorem 4: Let the assumptions of Corollary 2. hold,
then:

2~ 1t()y
-z

1 ()
z

<q(z),ze U

and q(z) is the best dominant.

Proof: Let the function F(z) be defined by:
1 o
F(z):=—-1f(z), ze U
z

CONCLUSION

The operator defined was motivated by various
work studied earlier by the researchers!’®. This



J. Math. & Stat., 5 (3):141-145, 2009

operator can be generalised further and many other
results such as the coefficient estimates and distortion
theorem can be obtained.
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