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Abstract: Problem statement: Spectrally Efficient Frequency Division Multiplexdn (SEFDM)
system promises bandwidth savings by multiplexingerlapped non-orthogonal sub-carriers.
However, the loss of orthogonality results in irasi@g the complexity of generation and detection of
the signal. In this work, we propose simple framewfor the generation of the SEFDM signal based
on the Inverse Discrete Fourier Transform (IDFAjpproach: This study further proposes the use of
the Discrete Fourier Transform (DFT) as the reaeirent end, specifically for extracting the stttis

of the signal needed for recovering the transmitigghal. The proposed transmitter designs employ
similar building blocks as Orthogonal Frequency iBion Multiplexing (OFDM) based systems,
hence, would facilitate an easy migration and/oexistence with OFDMon the transmitter side.
Furthermore, the proposed framework may facilitdée IDFT design for any Frequency Division
Multiplexed (FDM) signal with arbitrary sub-carrgerspacing.Results and Conclusion: The
equivalence of the IDFT generated signal and thdulabors based signal is proved mathematically,
nonetheless, numerical simulations were perforntederify that equivalence and to test for the
performance of the digitally generated signal in @W channel. Numerical results confirmed the
required spectrum compression and Bit Error RaERBperformance at a much reduced complexity.

Keywords: Required spectrum, bit error rate, numerical resuligitally generated, generated signal,
spectrally efficientdivision multiplexing, transmitted signal, propogeainsmitter, similar
building

INTRODUCTION different architectures. Fast OFDM (Rodrigues and
Darwazeh, 2002) and M-ary Amplitude Shift Keying
Demand from wireless communications has alwaydASK) OFDM (Xiong, 2003) are two systems that
necessitated a search for techniques to save ¢eps  independently suggested bandwidth savings of 50% of
wireless spectrum. Orthogonal Frequency Divisionthe OFDM bandwidth for one dimensional modulation
Multiplexing (OFDM) has been proposed as a multiSchemes. In addition, a system that proposes dasimi
carrier scheme that provides immunity against the&oncept as SEFDM termed High Compaction Multi
frequency selective channel, therefore, enablingcarrier (HC-MC) system appeared in (Hamamura and
efficient utilization of the spectrum (Weinsteindan Tachikawa, 2004). HC-MC achieves spectral efficienc
Ebert, 1971; Raleigh and Cioffi, 1998; Hanzo, 2003)by reducing transmission time of an equivalent OFDM
and (Hanzo and Keller, 2006). In OFDMthe sub-System. Moreover, (Rusek and Anderson, 2005; 2009)
carriers are placed at specific locations to satiee ~ Proposed the so called Multistream Faster than Kyqu
orthogonality rule. Recently, Spectrally Efficient Signaling (FTN) promising enhanced spectral
Frequency Division Multiplexing (SEFDM) system is Utilization backed up by the study in Mazo (1975),
proposed as a system that promises better utdizatf = Where Mazo established that it is possible to iasee
bandwidth by reducing the spacing of the sub-cesrie the signaling rate by 20% without experiencing any
Higher spectral efficiency is achieved by relaxihg performance degradation. The main differences
orthogonality rule, defined for OFDM, to allow the between all these systems is the architecture ef th
carriers to be placed at closer frequency separalio ~ System proposing spectral efficiency.
fact, the concept of non-orthogonal multi carrier Work in the literature has confirmed that despite
systems has appeared under different scenariosawiththe non-orthogonal structure of the sub-carriers,
common goal to increase spectral efficiency yethwit efficient detection of the SEFDM signal is achieleab
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However, loosing orthogonality brings along manyOFDM system proposed in (Xiong, 2003). The
design and implementation challenges. In partictter ~ Proposed transmitters facilitate the digital getieraof -
generation of the signal requires a bank of inddpen  the SEFDM signal which can be received using

modulators which becomes particularly complex with/€CeIVers structures as in (Rodrigues and Darwazeh,
the increase in the number of carriers whilst the2003’ Kanaragt al., 2008b; 2009). The performance of

. ; the digitally generated signal is verified by siatidns.
_detect|or_1 qf the signal needs to account f_or th%Zurthermore, the framework is extended to provide
intercarrier interference due to the loss of orthdity. simplified SEFDM receiver front end based on the
Maximum Likelihood (ML) is shown to provide pjscrete Fourier Transform (DFT).

matching performance to OFDM in AWGN channel  The rest of this study is organized as follows:

(Rodrigues and Darwazeh, 2003). Nevertheless, Mlgpectrally Efficient FDM system is briefly outline@he
detection is particularly complex, with a compuial  |pFT  implementations of SEFDM  transmitter  is

complexity that_grows exponenti_ally with_the_sizfahe presented. Section extends the study to proposglesim
system. In addition, due to the intercarrier irge2icé  pET pased correlators for the SEFDM receiver. Secti
in the system linear detection techniques sucheas Z o\ qates the proposed transmitters in terms of
Forcing (ZF) and MinimumMean Square ErTOr .o tational complexity and applicational advaetag
(MMSE), ffauled to ach|eve bit error rates that canThe study is concluded in section.

compete with todays wireless applications requirgmne

(Kanaras et al., 2008a; 2008c). However, the Spectrally efficient FDM signals. SEFDM signal is
application of Sphere Decoding algorithm hasconstructed by modulating blocks of the input data
confirmed that SEFDM can achieve optimum BERStream on parallel carriers (Rodrigues and Darwazeh
performance with a much reduced complexity (Kanara€003), as shown in Fig. 1. The input data stream is
et al., 2008b; 2009). Overall, research in SEFDM'ePresented as complex symbols denoted by
system has confirmed that detection of SEFDM s'EgnaI;;rgl'lgl JSE‘]SV/Pt)O c%ir:/%tﬁe?/smu;ﬁmt?gsi'n;—Stesirirllaﬂlsfoi
corrupted with additive white Gaussian noise idhga

- X . blocks and modulates each block over the non-
Systems providing bandwidth savings of up to 25% ar qihogonal carriers. At the receiver, the incormsignal

proposed without any error penalty compared Qg projected over orthonormal bases and detectied us
OFDM. In addition, (Chorti et al., 2010) has getection algorithms such as ML or SD.
demonstrated that the SEFDM system is capable 2 of The carriers in SEFDM systems are spaced by a
delivering attractive performance in fading chasnel fraction of the inverse of the symbol duration dedo
Aside from the complex detection, SEFDM systemas o where o =AfT, Af is the frequency distance
is limited by its transmitter structure. SEFDM petween the sub-carriers and T is the symbols idurat
transmitter consists of a bank of modulators rugrabh  Thus the SEFDM carriers violate the orthogonality
the sub-carriers frequencies. For large system isize condition of OFDM systems where the spacing is bqua
becomes exceptionally complex to have this bank ofo the inverse of the symbol duration. The spectral
modulators. In addition, the system will be moreefficiency improvement of the SEFDM signal over the
susceptible to frequency offsets and timing erras, OFDM approaches @/with the increase in the number
the number of oscillators increases. Kanaehsal.  of carriers. Figure 2 depicts the subcarriers of th
(2009) the use of Fractional Fourier Transform THF  SEFDM system and OFDM System to illustrate how
for SEFDM signal generations was proposed. The FrF{ne spectrum is compressed in SEFDM system.
can be realized with efficient algorithms basedtlom Equation 1 gives the time domain SEFDM signal
Bluestein algorithm for the Fast Fourier Transformgg (t) in complex baseband representation, WiKgi®

evaluation. However, this algorithm requires atstea ,mper of sub-carriers ang & the symbol modulated on
three modules of the Inverse Discrete Fourienye n, sub-carrier in thd"ISEFDM frame:

Transform (IDFT) of length of double the number of
carriers and pre-processing in the form of rotation 1 ene
(Bailey and Swarztrauber, 1991). In contrast, OFDM - \ _ 1
signal is efficiently generated with a single IDfJalz X xﬁl;nzos'" exp (e (= /) =
and Weinstein, 1969; Weinstein and Ebert, 1971). In
this study we propose simple IDFT implementatians t Consider the first SEFDM frame from (1), sampled
generate signals with fractional frequency spaciige  at (T/N) intervals where N= N, the frame is expressed
framework proposed here requires minor changesen t in (2)for k = 0, 1, - - - ,N-1, wherg denotes i input
input symbols stream to facilitate the IDFT desin  symbol in the frame under consideration. X [k] {8 k
any signal with an arbitrary subcarriers spacinchsas  timesample of the first frame of x (t) in (1). Tfetor
SEFDM and M-ary Amplitude Shift Keying (ASK) 1/4/Nin (2) is for normalization purpose:
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Fig. 1. The SEFDM system model
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The system in (2) can be expressed in matrix form

as Eq. 3:
X =®S (3)
where, X =[x, - - -, X.1]' 0 is a vector of transmitted

samples of x (t) in (1) and S =p[s - -, &1 O is a
vector of input symbols , [-]' denotes a vectonmatrix
transpose operation. The sampled SEFDM carriers are

Fo i 5 e given by he matrix® where ® is an NxN matrix
Fl'e(fﬂ)lenc}’ (Hz) whose elements are given b9, | (1/\/N) exp
a

(j2rmink/N) for 0< n< Ne-1, 0< k< N-1.

1.2 Figure 1 depicts the SEFDM receiver as proposed
in (Rodrigues and Darwazeh, 2003). The receivel@msp
i a bank of correlators that collects sufficientistias from
' the received signal. This is achieved by projecting
s signal onto orthonormal bases (Proakis and S&leng).
@ 0.4 Let the received signal be denoted by y (t), where
v Eq. 4:
0.2
0 y(t) = x(t) + w(t) (4)
-0.2 P NXAN 1 w (t) an additive white Gaussian noise term. Tfe i
-0.4 Pl : collected statistics is obtained as Eq. 5:
Fofifs fiv1 .
Frequency (Hz) o= I y(t)b (t) (5)
(b) 0
Fig. 2. OFDM carriers (left) and SEFDM carriershtiy The bases ;b(t) are orthonormal in order to

SEFDM carriers fill narrower bandwidth while preserve the white nature of the noise in the syste
delivering the same data rate to the end point  However, projection onto a set of basis differaoinf
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the one used for signal generation means that the The definiton of M is crucial to the IDFT
intercarrier interference is not eliminated. Thenptete  representation of the SEFDM signal. Assuming thiat N
set of received statistics is then described a$Eq. is an integer, the SEFDM signal can be expressed as

R=LS +W (6)
X' = (1/a) QS' @)

where, the correlation between the orthonormal dase
and the original carriers is denoted by the NN 1 o— L , .
matrix L and R, S and W are Al statistics vector, such that X k] = X" [k] for 1<k<N32Q kls an MxM
transmitted symbols vector and noise samples vectdDFTmatrixwith entriesq, , =—ex Jctn
respectively. The L matrix is found to be upper L M
triangular confirming the existence of intercarrier<M-1, M >N and M = Nd to establish the equivalence
interference (Kanaraet al., 2008a). The properties of between (3) and (9).
matrix L determines the quality of the obtained  Equation 9 expresses the SEFDM signal as theNfirst
statistics and also determines the detection mésinan outputs of the IDFT of a modified input symbols teec
The sufficient statistics R are fed to a detectratt These N outputs represent time samples of the SEFDM
employs complex detection algorithms to extract thesignal; therefore, can be fed into a digital tolagae
transmitted signal with the aim of minimizing thet B converter to generate the signal in time. Figure 3
Error Rate (BER) as outlined. depicts atransmitters for th_e cas@ll an intege r. The

As the focus of this study is on simple ways tochange in the size of the input symbols vector essu
generate the SEFDM signal the rest of thisthat the frequency samples of the SEFDM system
correspondence will be dedicated for the design angoincides only with the frequency samples of théTD
performance verification of simple digital SEFDM that are W!thm_ the banldW|dth of the SEFDM signal.
transmitters based on the standard IDFT operationl he reduction in bandwidth offered by SEFDM system
Furthermore, the proposed framework for generatinds achieved by suppressing the unwanted frequency
SEFDM signals is extended to provide stones by setting the corresponding inputs to zero.
implecorrelators in the first stage of the receiver If more than N outputs are considered the effectiv

L bandwidth compression will be reduced as the N
The IDFT Based SEFDM Transmitter: SEFDM 1045 correspond to a symbol duration of T ang an
signal is generated using a bank of modulatorsingnn . . .
at the sub-carriers frequencies. For large sysizetise increases in the number of samples beyond that is
complexity of the analogue system increase£ffectively an increase in the symbol duration and
dramatically. In addition, there will be a serioushencealargen. _ _ o
constraint on the frequency precision of the caitis in The transmitter in Fig. 3 is effectively similaw t
the system. In contrast, OFDM signal is efficientlythe zero padding in IDFT evaluation when a higher
implemented using IDFT. For an N carrier OFDM frequency resolution is needed.
system, the input symbols are fed int@ld point IDFT,
wherep is the number of samples per carrier, then the S o~  — X(0)

j,ogn,k

outputs of the IDFT are fed into a digital to amgle —
converter to generate the continuous time domaginasi 5 X{1)
(Weinstein and Ebert, 197; Macedo and Sousa, 1997) Input
We will show how the IDFT can be used to generate _s¥mbols | | : nia 12O,
non-orthogonal signals such as the SEFDM signatrevh : :
the IDFT of a sequence Y =qlwi, - - -, M4]' denoted N .
with the vector F* {Y } is given by Eq. 7 (Oppenheiret sN-1 | 5 PO % (N-1)
al., 1999): | mer |
_ 1 j2rm P— L
R =3y exp (2 )
“ \/N ;\/ N ¥ N zeros< : ; ~Ignored
Consider the SEFDM signal as in (3) and extend
the input signal vector to length M by appending\M- L— —

zeros such as Eq. 8:
Fig. 3: The IDFT implementation for SEFDM
g = {S. O<i<N (8) proportional transmitter. Zeros are inserted after
0 N=<i<M the input symbols to suppress unwanted frequency
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Fig. 4: Multiple IDFTs reduced complexity implematibn for SEFDM transmitter

The difference is that only part of the generate&T

is considered in order to maintain the characierist
relationship for SEFDM signaléf = a/T. An advantage
of this design is that the zeros could be positidoefore,
after or around the input symbols so as to dedide t
location of the SEFDM signal in the spectrum.

SEFDM as a sum of multiple IDFT: Manipulation of

the SEFDM signal representation in (9) can lead t

another new design that uses multiple shorter IDF
operations. In (9) it is shown that Eq. 10:

X[K] =1/ VN Mz_ls;ﬂ exp (2tjmk / M) (10)

Let a be a rational number, thatds= b/c for b, ¢
2 O N. Define the M long vector S’ where Eq. 11.:

v S igl
S'(i)= 11

® { 0 i0znl 1D
forM=cN,Z2=[0,1, - - M-1land1=[0,b;-,b
(N-1)]. k=0, 1, - - -, N-1. For such systemisg#t
X [k] from (10) can be rearranged to Eq. 12:

1 g j2n(i+|c)k)

X[K] =— . _ 12

[ ] m;;sulc exp[ cN ( )

by substituting by m
simplified to Eq. 13:

X[K] :ﬁiexp[%jz_s.m ex (13)

1=0

&

the input as a cxN matrix in column major order,

performing N-point IDFT on each row and multiplying

the result by certain exponentials. In matrix fotrfi2)

can be represented as in (14), where < [-] dertbges
diagonal elements of the argument matrix, ro = exp

[Jz—nj andd = exp(jz—nj .
N cN
Figure 4 shows how multiple shorter IDFTs are

sed in place of one large IDFT in Fig. 3. In thastp
processingblock the"koutputs of the ¢ IDFT stages are
multiplied each by a complex exponential and
combined to produceX [k]. For each value there is a
need to perform ¢ N-point IDFT operations and
multiply by complex exponentials. The overall
complexity of the system is expected to decreasié as
uses multiple parallel shorter IDFT compared to the
design in (9) and is demonstrated numerically. In
addition, the complexity can be further reduced by
generating the complex exponentimpﬁ]zm( fori=
0,--+,cland k=0, - -, N beforeh n§bylemplan
IDFT (or more efficiently an IFFT) operation of gh
cN points initialized with {1, 0, O, - - - , 0} farcircular
shifts. The scheme could be especially useful fstesns
with large numbers of carriers as it becomes leasilble
to use very long IDFT to generate the signal. Eqodlt2
shows that SEFDM could be effectively seen as a
combination of multiple OFDM systems translated in

i + lc. (12) can be further frequency so as to reduce the spacing of the suieisa

SEFDM DFT receiver: The SEFDM receiver consists
of two main parts: the first extracts the statstid the
incoming signal and the second analyzes thesetstati

to produce an estimate of the transmitted signal.

The last term in (12) is the N long IDFT of the Originally the sufficient statistics are generatby
sequencegs). This could be implemented by arranging correlating the incoming signal with orthonormasés.
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The orthonormal bases can be obtained through the Vo R(1) 5o
orthonormalization of the non-orthogonal carriestng ¥ R(2) 51
Gram Schmidt technique and its modified versions.
After that ML criterion is applied onto the suffécit vt — > gp ML
statistics to estimate the originally sent symbols o
(Rodrigues and Darwazeh, 2003). In this study, we Vo I\"%E?HIR(N-U S Ne—1
propose that the SEFDM signal is alternatively = —
correlated with the conjugates of the original iemssr — —
instead of the orthonormal bases. The main advantag (1-o) /ot Tenored
of this proposal is the elimination of the Zeros
orthonormalization process which adds up to the — 7 >
complexity of the system.
Assuming that the received signal y (t) is sampled_. _ .
to give the vector Y of size Nx1. Correlating thignal dF'g' 5: DFT based SEFDM receiver
with the conjugate carriers will produce the statss ; .
vector R such that Eq. 14-16: Hence (19) can be realized as Eq. 18:
= *Y'’
1 1077 R = (1) Q*Y (19)
1 ro ro'* where, Q* represents the M point DFT matrix for M =
N/a and Eq. 20:
1 ro"? rotN-12
Y, O0<i<N
[ o : < Y'= 20
X, S 8 v Sa {o N<i<M 20
=0 S.c See1 Se1 (14) )
X : Or equivalently Eq. 21 and 22:
h Sov-ie S 1 & (jomik 27k
o1 .. 1 RIK] = Zexp[J sz (i+ Ic)exp[l . ) (21)
10 gnt
: N 5 Where:
1 oo ... QW-D2
Y. il
=p* Y'(i)y=4""® 22
R =®*Y (15) () {0 N (22)
= O* (PS +W) (16)

Figure 5 and 6, Depict receivers structures based o
(19) and (21). The two designs show how the
correlation with the conjugate carriers is realizeith
standard DFT blocks. The generated statisticseated
an ML detector to estimate the transmitted symbols.

Based on the obtained statistics R, the detedion
the sent symbols can be pursued. One possibleéolut
is to search for the solution that satisfies Eq. 17

argmin||R-CS| (17)

For S satisfying the constellation cardinality andPerformance analysis: Section presented three
O* P, SEFDM transmitters based on the IDFT. The spectrum

of the digitally generated signal by any of theethr

The DFT correlators: Applying the same concepts transmitters is presented in Fig. 7. It is cleattthe

as, the correlation with the conjugate carriers ban transmitters  provided the required spectrum
realized with the Discrete Fourier Transform (DFT).compression as the signal generated by a bank of
The DFT of a sequence Y =lyys, - - -, ¥4l modulators. Whero = 1, the proposed transmitters
denoted with the vector F {Y} is given by will automatically reduce to the well known OFDM

C=

(Oppenheinet al., 1999): IDFT based system. It is worth noting that for any
arbitrary sampling rate the transmitters described

F (Y} = Zy exp [ JZT[nkj (18) here will produce the required compressed spectrum
of SEFDM system.
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The main differences between the proposed designs
section are in the size and number of IDFT modirles
the transmitter. The design in (9) uses a singlETID
module of size NI, hence, requires that d&l/is an
integer number. The design in section uses multiple
IDFT modules which are shorter in length.

Differences in the number and size of the IDFT in
the proposed design will offer different computatib
complexity. The computational complexity of the
directly generated SEFDM signal as in (2) i€ N
complex multiplications and N (N-1) complex
additions. The complexity of the proposed transsstt
in section is expected to be much lower than thecdi
generation of the signal as the complexity of the
designs is of O (N log N) when the IDFT is
economically evaluated by Fast Fourier Transform
(FFT) algorithm. Assuming that the complexity of TFF
algorithm isyN log, N complex multiplications and
additions, whergy is a constant; the complexity of the
transmitter in section will be Eq. 23:

vy (N/a log, N/a) =y (N/a log, N-N/a log, a) (23)

Section described a reduced complexity design for
o = b/c. The computational complexity of this design
a combination of the complexity of the cN long IDFT
plus N complex multiplications and (c-1) N complex
additions. Figure 8 shows the complexity of the
proposed systems in sections by plotting the nurober
multiplicationswith respect to the number of cagitor
a givena as an example of the expected computational
savings for the proposed systems. It is clear that
proposed systems provide substantial computational
savings especially for large system sizes when
compared with the direct generation of the signal.
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T — signals for a flexible range of frequency sepamatithe

—‘—gggggﬁfgifl equivalence of the digitally generated signal ahd t
S, : Analogue SEFDM BPSK oscillator based one is proved mathematically. Nigak
L | P e g verifications confirmed that the transmitters proelthe

required bandwidth compression with the same.

BER performance as the oscillator based signal.
The structure of the proposed transmitters employ
similar building blocks as OFDM systems, hence] wil
facilitate a smooth changeover between existing
systems based on OFDM to systems employing
TN SEFDM. Moreover, systems that allow for multi-rate
communications could benefit from these methods
- : where the operation could be switched between OFDM

1 2 3 1 5 6 and SEFDM. Such feature could be especially useful
EbiNo (45) for applications where the available spectrum ckang
Such mode of operation can be more suited for the
uplink as the base station is more capable to
accommodate the complex SEFDM receiver. The main
limitation of these simple transmitters is thatniqy
require a larger IDFT when compared with OFDM.

The time domain signal is expected to slightly : : :
. . ) Nevertheless, when compared with generation with
differ fTom the SEF_DM signal - generated 'in (1) bank of modulators, these methods will result in
depending on the size of the IDFT used, as an

expected consequence of different sampling resmiuti reduced CkO.St oftth(ej sdy?tem. In addt|.t|on, .(tjhel prmos
in time domain. Nevertheless, the generated signa{ amework 1s extended 1o the receplion side leating

would have the required compressed spectrum a e proposal of the DFT to extract the sufficigmatistics
depicted in Fig. 7. The outputs of the transmitter,Of the incoming signal. Numerical results has coméd

which are time samples, may be chosen in a way th&milar BER performance to the correlators basguasi _
eases their demodulation and allow for post codihg Further enhancement may be sought by exploring
these samples. Reception of the signals generatéfechanisms to simplify the IDFT/DFT design of
could follow any method used to receive the origina SEFDM system in order to present SEFDM system as a

Fig. 9: BER performance of IDFT based SEFDM
system for 8 carrier systern,= 0.8 and BPSK
and 4QAM modulating symbols

signal described in (Kanarasal., 2008b). realistic competitor for next generation communazs.
Finally a complete SEFDM system is simulated in
AWGN channel as in (Rodrigues and Darwazeh, 2003). ACKNOWLEDGMENT
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